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Abstract
Stability evaluations of soil or rock excavation are significantly affected by the shape of the underground cavity. Whilst 
most of the previous stability research was in circular tunnelling problems, rectangular tunnels are nevertheless seldom 
studied even though the latter is gaining more popularity in practices, especially in railway engineering. The purpose of 
the technical note is to bridge the current research gap using the robust lower and upper bound finite element limit analysis 
to study the undrained stability of wide rectangular tunnels in cohesive soils under both collapse and blowout scenarios in 
two-dimensional conditions. A dimensionless stability number is presented to define the solution and the associated failure 
mechanisms are examined with three distinct types of mechanisms. In addition, a machine learning model, namely, multi-
variate adaptive regression splines (MARS), is used to develop design equations for evaluating soil stability. The findings 
in this study provide a reliable solution to improve the current design standard for the stability of rectangular underground 
spaces in undrained clays.
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Introduction

Underground soil or rock excavations such as for tunnelling 
and mining applications require substantial effort in the eval-
uation of soil stability at various design stages of excavation. 
Such a stability evaluation can be significantly affected by 
its shape, as required by the need in maximizing the under-
ground space. Indeed, a tunnel boring machine (TBM) is an 
efficient and effective tool for excavating a circular tunnel 
and it has been used widely in the past few decades (Jam-
shidi 2018). Nevertheless, underground excavation work that 
is rectangular or square is more difficult to build and very 
few research on stability evaluation were reported. Despite 
this, the use of rectangular underground spaces has become 
more and more popular in recent years in railway engineer-
ing (Yatsumoto et al. 2019; Vinod and Khabbaz 2019; Solei-
man Dehko et al. 2019; Chen et al., 2021).

The stability of tunnels in cohesive, cohesive-frictional, 
and cohesionless soils has been the subject of numerous sci-
entific studies. Published literatures on the stability problem 
of circular tunnels in cohesionless and frictional soil may 
include several researchers such as (Mühlhaus 1985; Leca 
and Dormieux 1990; Chambon and Corté 1994; Mollon 
et al. 2009, 2010; Zhang et al. 2017; Shiau et al. 2021a). 
In recent years, elliptical tunnels have been a study subject 
by several other researchers (Shiau et al. 2021a, b). Among 
these investigated in cohesionless soil tunnels, the upper 
bound limit analysis was performed except for Mühlhaus 
(1985) who employed the lower bound limit analysis method 
for the first time in this field of problem.

Since the advanced development of limit analysis with 
finite elements and mathematical programming, several 
researchers focused on simulating the various forms of 
tunnels in cohesive and cohesive-frictional soils, includ-
ing circular tunnels (e.g., Sloan and Assadi 1993; Wilson 
et al. 2011; Yamamoto et al. 2011; Sahoo and Kumar 2014), 
elliptical tunnels (e.g., Yang et al. 2015) and square/rectan-
gular tunnels (e.g., Assadi and Sloan 1991; Abbo et al. 2013; 
Wilson et al. 2013). The latest stability problem of square/
rectangular tunnels in cohesionless soil was carried out by 
Dutta and Bhattacharya (2019) by employing the lower 
bound finite element limit analysis approaches to determine 
the lining support pressure inside the tunnels. It is to be 
noted that no published literature on the undrained stabil-
ity problem of a wide rectangular tunnel in cohesive soil 
can be found. Collapse failure (downward movement) and 
blowout failure (upward movement) are the two main modes 
of tunnel failure. The self-weight of a soil mass and ground 
surcharge pressures are two critical components connected 
to collapse failures, whereas blowout failures are only due 
to external forces exerted against the soil weight (Shiau and 
Al-Asadi 2018; 2020a, b; 2021, 2022a, b). However, most 

stability studies of rectangular tunnels were on the “col-
lapse” side, none of the blowout studies can be found in the 
literature.

The aim of this study is to apply the rigorous upper and 
lower bound finite element limit analysis (FELA) method in 
conjunction with the Tresca yield criterion to investigate the 
undrained stability of wide rectangular tunnels in cohesive 
soils under both collapse and blowout situations. Numerical 
results obtained from FELA are represented by a dimen-
sionless stability number that is a function of the cover to 
depth ratio and the width to depth ratio. Furthermore, the 
numerical results are used as the artificial set of data for 
a machine learning MARS model ~ multivariate adaptive 
regression splines. MARS is capable of effectively captur-
ing the nonlinear interactions between a set of input vari-
ables and output variables in multiple dimensions as well 
as evaluating the associated sensitivities. The MARS-based 
sensitivity analysis and design equations for predicting the 
limit state solutions of rectangular tunnel stability provide a 
reliable evaluation of factor of safety (FOS) that can be used 
by designers in their preliminary design.

Fig. 1  Rectangular tunnel in symmetry condition-problem definition
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Problem statement

The problem statement of a wide rectangular tunnel with a 
symmetric plane is shown in Fig. 1. The wide rectangular 
tunnel in undrained clay can be reasonably determined under 
plane strain conditions with a width B, a height D, and a 
cover depth H, because of the large length in a longitudinal 
direction. Both the surface surcharge (σs) and the internal 
support pressure (σt) are considered as positive compres-
sive pressures. The soil mass around the tunnel is assumed 
to be a perfectly rigid plastic material and is considered as 
homogenous and isotropic with the Tresca yield criterion. 
The soil material property is represented by the undrained 
shear strength (Su) and the soil unit weight (γ). The critical 
stability number approach (Broms and Bennermark 1967) 
in conjunction with the dimensionless technique is used to 
compute the stability solutions of rectangular tunnels in 
cohesive soil. The critical stability number (Nc) is shown 
in Eq. (1).

Equation (1) combines the surcharge (σs), the soil self-
weight (γH), and the support pressure (σt), and it is a func-
tion of the two geometrical design parameters i.e., H/D 
and B/D. Where Nc denotes the critical stability number of 
rectangular tunnels, H/D denotes the cover to depth ratio, 
and B/D denotes the width to depth ratio. Equation (1) is 
applicable to undrained analysis with soil internal friction 
angle ϕu = 0.

Since Nc is the dimensionless critical stability number, 
the input parameters such as σs, γ, and Su in Eq. (1) are arbi-
trary constants. Thus, the objective of the limit solution in 
this study is to determine the critical support pressure σt 
that would result in either a collapse or a blowout scenario. 
A positive unit compressive pressure σt is initiated for a 
blowout solution, whilst an opposite direction (i.e., negative 
tensile unit pressure) is given to obtain a “collapse” solu-
tion. The obtained σt is then substituted back into Eq. (1) 
to compute the critical stability number Nc. The range of 
investigation of the design parameters (H/D and B/D) are 
selected as H/D = 1–10 and B/D = 1–10.

Numerical modelling

This technical note utilized OptumG2 (Krabbenhoft et al. 
2015) with rigorous finite element upper and lower bounds 
techniques to find out the stability solutions of rectangular 
tunnels in undrained clayey soils. The results produced using 
this approach are accurate and can bracket the true solution 

(1)
Nc =

�s + �H − �t

Su
= f

(

H

D
,
B

D

)

.

from above and below in a very tight bound. Unlike some 
other upper bound analytical approaches, finite element limit 
analysis does not require any assumptions about the failure 
surface in advance. This FELA technique has been effec-
tively used to study several geotechnical stability structures 
under varied stress circumstances (Shiau et al. 2004, 2006 
Sloan 2013).

According to the UB formulation, the clay is discretized 
into six-noded triangular elements with velocity components 
at all nodes. The kinematically admissible velocity field is to 
be found everywhere in the domain as well as at the bound-
ary conditions. The load is calculated from the principle 
of virtual work based on compatibility and the flow rule 
formulations. As a result, the support pressure is related to 

Fig. 2  a Numerical model and b Typical adaptive mesh
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the problem's unknown velocities using the virtual work, 
which compares the rate of work done between external 
loads to the internal energy dissipation at triangle compo-
nents. On the other hand, in the LB formulation, the clay 
around the tunnel is divided into several three-nodded linear 
triangular elements, with three unknown stress components 
at each node. Note that stress discontinuities are allowed 
to the lower bound mesh at common edges of neighboring 
triangular elements. The objective function in the optimiza-
tion is to maximize the support pressure (σt) of the tunnel 
while taking into account the statically permissible stress 
constraints, such as element equilibrium, stress discontinui-
ties, stress boundary conditions, as well as failure criterion.

The numerical model of the rectangular tunnel generated 
by OptumG2 is shown in Fig. 2a for half of the tunnel due 
to the problem symmetry. A standard boundary condition 
is employed for all the analyzes considered in the paper. A 
fully fixed condition is applied at the base while the nodes 
at the left and right boundary are free to move in the vertical 
direction only i.e., soil movements in the normal direction 
are prevented. Two free surfaces are noted; being the top 
ground surface and the inner tunnel surface. The sizes of 
model domains were carefully chosen and tested to ensure 
that the plastic yield zone development has no influence on 
the solution. It is also imperative to ensure the overall veloc-
ity field is distributed within the boundary to avoid any inac-
curacy that may arise owing to the mesh domain selection. 
Note that both collapse and blowout scenarios are studied 
in the paper. Technically speaking, to obtain a “blowout” 
solution, it is necessary to change the pressure direction of 
σt in the objective function. More discussion of the solution 
process are presented in the next section. Also, note that the 
numerical models of the rectangular tunnel in this study are 
the original model.

A typical final adaptive mesh of this problem is shown 
in Fig. 2b. For all analyses, the adaptive mesh functionality 
and optimization features are engaged. This adaptive feature 
would improve the solution accuracy as the mesh density is 
the greatest in zones with significant plastic shear strains. 
This study utilizes five iterations of adaptive meshing, with 
the number of components gradually increasing from 5000 
to 10,000 throughout the course of the five repetitions. It is 
important to note that the resulting adaptive mesh resembles 
a failure mechanism with non-zero shear power dissipation 
(Yodsomjai et al. 2021).

Numerical results

A series of stability numbers of this problem are produced 
using a set of input parameters including (B, D, σs, γ, H, 
and Su) in both blowout and collapse analyses. The range 
of investigation of the design parameters (H/D and B/D) are 

selected as H/D = 1–10 and B/D = 1–10. Note that a positive 
unit compressive pressure σt is initiated for a blowout solu-
tion, whilst a negative tensile unit pressure is given to obtain 
a “collapse” solution. The ultimate limit solution is to deter-
mine the critical tunnel pressure σt that would be substituted 
back to Eq. (1) to compute the critical stability number Nc. 
The determined Nc results are compared and verified with 
previously published solutions in the following sections.

Verification

To verify the computed FELA solutions, numerical com-
parison of Nc between the present results and those by Abbo 
et al. (2013) is shown in Fig. 3. Note that the results in Fig. 3 
are all tunnels under collapse failure. There were no existing 
solutions of Nc for blowout cases of rectangular tunnels in 
the past. Thus, only the upper bound solutions are used in 
this comparison. Numerical Nc results have shown that the 
two solutions are in good agreement for the considered range 
of H/D = 1–10 and B/D = 1–4. This has indicated that the 
current FELA solutions are accurate and the comparison has 
provided a high level of confidence in all later parametric 
analyses. In addition, the results of Nc for circular tunnels 
by Shiau and Al-Asadi (2021) are employed in Fig. 3. It can 
be seen that the circular tunnel has greater stability than that 
of the square tunnel (B/D = 1) for all values of H/D. This is 
due to the circular shape having a larger arching effect than 
the rectangular shape with square corners.

Parametric studies

Shown in Fig. 4 is the variation of critical stability num-
ber Nc with the increasing depth ratio (H/D) for the various 

Fig. 3  Comparison of upper bound Nc result between the present 
study and previous study
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width ratio B/D = 1–10. On the positive Nc collapse side, the 
value of Nc increases nonlinearly with the increase in H/D 
for all values of B/D. The larger the B/D value, the wider 
the rectangular tunnel, and the smaller the critical stability 
number Nc. Also, note that the curve transformation from 
nonlinear to linear as the value of B/D increases (B/D = 10). 
On the blowout side, negative values of Nc are presented. 
This can be understood from Eq. (1), in that, the inner pres-
sure σt must be greater than the combined download pressure 
(σs + γH). In such blowout cases, the resulting values of Nc 
are negative. It is not surprised to note that symmetrical 
results are obtained in the undrained blowout study. The 
same blowout discussions can, therefore, be made as those 
for the collapse scenario, i.e., the larger the B/D value, the 
wider the rectangular tunnel, and the smaller the “absolute” 
value of critical stability number Nc. See Tables 1, 2 for the 
complete set of data.

Shown in Fig. 5 is a comparison of the failure mecha-
nisms for H/D = 1, 5, and 10. The chosen case is of B/D = 1. 
On the left-handed side (LHS) of each colored contour plot, 
it is the shear dissipation. The non-zero shear dissipation 
(colored) indicated the potential shear band. The actual 
values of the contour are not important in such a perfectly 
plastic soil model, and therefore it is not shown in most 
research publications. On the right-handed side (RHS) of 
each plot is the final adaptive mesh. As discussed before, 
the adaptive mesh is also indicative of shear bands, which 
is the failure mechanism. Three distinct failure mechanisms 
are identified. The corner failure mode is mostly found in 
cases of shallow tunnels such as H/D = 1 (Fig. 5a). As the 
tunnel is located deeper, the wall and roof failure take place 
(see H/D = 5, Fig. 5b). Finally, for a deep tunnel such as 
H/D = 10 (Fig. 5c), the failure model is a combination of 
wall, roof, and base failures. It should be noted that the pro-
posed failures in Fig. 5 are similar to the patterns of failure 

Fig. 4  Nc results for collapse and blowout (H/D = 1–10, B/D = 1–10)
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mechanisms suggested by Abbo et al. (2013) based on the 
rigid block mechanisms. The figures demonstrating three 
failures redrawn from those introduced by Abbo et al. (2013) 
are also shown in Fig. 5.

Figure 6 shows a comparison of failure mechanisms for 
B/D = 1, 5, 10. The depth ratio is chosen as shallow i.e., 

H/D = 1. Corner failures are recorded in all cases of B/D. 
Note the potential roof collapse near the symmetrical plane 
as the value of B/D is large (see Figs. 6b, c). On the other 
hand, as the tunnel is placed deeper, such as H/D = 7 (Fig. 7) 
and H/D = 10 (Fig. 8), the associated failure mechanisms are 
different. The larger the value of B/D, the more tendency 

Table 1  Nc results in collapse and blowout

(H/D = 1–5)

Parameter Collapse, Nc Blowout, Nc

H/D B/D LB UB LB UB

1 1 1.947 1.962 − 1.911 − 1.981
2 0.973 0.984 − 0.949 − 0.999
3 0.627 0.635 − 0.619 − 0.642
4 0.416 0.422 − 0.415 − 0.426
5 0.292 0.295 − 0.290 − 0.298
6 0.213 0.215 − 0.212 − 0.217
8 0.124 0.127 − 0.129 − 0.128
10 0.081 0.083 − 0.081 − 0.084

2 1 3.033 3.055 − 3.001 − 3.070
2 2.101 2.117 − 1.928 − 1.976
3 1.404 1.414 − 1.292 − 1.318
4 0.975 0.981 − 0.968 − 0.987
5 0.842 0.848 − 0.770 − 0.788
6 0.691 0.696 − 0.624 − 0.637
8 0.470 0.473 − 0.416 − 0.423
10 0.331 0.334 − 0.291 − 0.295

3 1 3.610 3.640 − 3.598 − 3.668
2 2.708 2.730 − 2.694 − 2.742
3 1.950 1.962 − 1.940 − 1.970
4 1.484 1.496 − 1.453 − 1.478
5 1.171 1.179 − 1.162 − 1.183
6 0.976 0.981 − 0.970 − 0.985
8 0.727 0.730 − 0.719 − 0.733
10 0.547 0.549 − 0.545 − 0.646

4 1 4.091 4.120 − 4.066 − 4.147
2 3.205 3.250 − 3.197 − 3.265
3 2.524 2.534 − 2.504 − 2.544
4 1.951 1.961 − 1.939 − 1.968
5 1.561 1.569 − 1.555 − 1.575
6 1.305 1.307 − 1.294 − 1.312
8 0.970 0.980 − 0.971 − 0.984
10 0.778 0.783 − 0.772 − 0.786

5 1 4.493 4.524 − 4.452 − 4.551
2 3.654 3.657 − 3.603 − 3.673
3 2.970 2.991 − 2.922 − 3.003
4 2.409 2.429 − 2.386 − 2.421
5 1.952 1.963 − 1.943 − 1.966
6 1.632 1.634 − 1.620 − 1.639
8 1.221 1.225 − 1.215 − 1.229
10 0.972 0.980 − 0.971 − 0.983

Table 2  Nc results in collapse and blowout

(H/D = 6–10)

Parameter Collapse, Nc Blowout, Nc

H/D B/D LB UB LB UB

6 1 4.836 4.873 − 4.786 − 4.898
2 3.965 4.001 − 3.953 − 4.026
3 3.322 3.343 − 3.310 − 3.363
4 2.798 2.806 − 2.768 − 2.816
5 2.312 2.324 − 2.308 − 2.339
6 1.952 1.954 − 1.944 − 1.967
8 1.454 1.465 − 1.456 − 1.475
10 1.165 1.172 − 1.165 − 1.180

7 1 5.134 5.178 − 5.083 − 5.203
2 4.280 4.315 − 4.240 − 4.336
3 3.624 3.660 − 3.610 − 3.675
4 3.118 3.133 − 3.090 − 3.144
5 2.655 2.670 − 2.639 − 2.680
6 2.264 2.274 − 2.254 − 2.281
8 1.707 1.715 − 1.702 − 1.720
10 1.367 1.372 − 1.363 − 1.376

8 1 5.397 5.441 − 5.316 − 5.467
2 4.552 4.590 − 4.510 − 4.611
3 3.906 3.936 − 3.871 − 3.953
4 3.388 3.410 −3.350 − 3.424
5 2.949 2.968 − 2.930 − 2.978
6 2.554 2.568 − 2.541 − 2.576
8 1.955 1.959 − 1.943 − 1.965
10 1.562 1.568 − 1.558 − 1.573

9 1 5.608 5.669 − 5.549 − 5.696
2 4.795 4.837 − 4.738 − 4.857
3 4.153 4.185 − 4.097 − 4.203
4 3.634 3.661 − 3.610 − 3.677
5 3.200 3.223 − 3.184 − 3.234
6 2.834 2.837 − 2.792 − 2.849
8 2.189 2.199 − 2.177 − 2.206
10 1.753 1.764 − 1.752 − 1.769

10 1 5.821 5.872 − 5.751 − 5.898
2 5.018 5.062 − 4.979 − 5.083
3 4.380 4.412 − 4.314 − 4.429
4 3.862 3.871 − 3.812 − 3.906
5 3.430 3.425 − 3.394 − 3.466
6 3.052 3.075 − 3.031 − 3.086
8 2.419 2.429 − 2.407 − 2.437
10 1.950 1.959 − 1.945 − 1.965
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it is for a corner failure and a local roof failure near the 
symmetrical plane. The smaller the value of B/D, the more 
tendency it is for a combined wall-roof-base failure. Hav-
ing said that, the value of H/D also plays an important role 
in the resulting mechanisms. A summary of failure modes 
for all investigated cases (H/D = 1–10 and B/D = 1–10) is 

presented in Fig. 9. The identified three distinct zones are: 
(1). Zone I: Corner failure (CF); (2). Zone II: Wall and roof 
failure (WRF); and (3). Zone III: Wall, roof, and base fail-
ure (WRBF). This figure is useful for practical engineers to 
determine the likely associated ground failure extents.

Fig. 5  Failure mechanisms (LHS) and final adaptive mesh (RHS) for B/D = 1
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The design equation and sensitivity analysis 
using MARS

MARS algorithm

In this study, MARS model–a machine learning method is 
used to develop a mathematical equation for predicting the 
stability number of the investigated tunnels and determining 
the relative importance of input variables. MARS model was 
firstly presented by Friedman (1991) for solving nonlinear 
regression problems based on a tree-based model of machine 
learning methods. MARS model has been widely applied in 
the geotechnical field (i.e., Lai et al. 2021; Qi et al. 2021; 

Zhang 2019; Zhang et al. 2019; 2021; Zheng et al. 2019; 
Ray et al. 2022; Zhou et al. 2021; Singh et al. 2022; Zeroual 
et al. 2022).

In general, the numerical process in MARS is to imple-
ment multiple linear regression models across the range of 
data. Instead of using nonlinear regression, MARS model 
is established in two steps. First, it splits the data into sev-
eral groups and performs a linear regression model in each 
group. The regression lines with different slopes generated 
from linear regression models are connected with knots 
and mathematically expressed by basic functions (BFs), as 

Fig. 6  Failure mechanisms for H/D = 1

Fig. 7  Failure mechanisms for H/D = 7
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shown in Fig. 10. The locations of the knots are automati-
cally searched by an optimal algorithm of MARS model. The 
basic function (BF) can be described as shown in Eq. (2).

where x is an input variable and t is a threshold value.
Second, it estimates a least-square model with its basis 

functions as independent variables by “pruning” algo-
rithm based on Generalised Cross Validation (GCV) (like a 

(2)BF = max (0, x − t) =

{

x − t if x > t

0 otherwise

tree-based model) to iteratively delete basis functions with 
the least fits. The definition of GCV is shown in Eq. (3). 
where RMSE denotes the root mean square error for the 
training dataset, d denotes the penalty factor, R denotes the 
number of data points, and N denotes the number of basic 
functions.

Based on the difference between GCV values between 
the previous and pruned models, MARS can examine the 
impact of each input parameter on the output parameter (Gan 

(3)GCV =
RMSE

[

1 − (N − dN)∕R
]2

Fig. 8  Failure mechanisms for H/D = 10

Fig. 9  Summary of all failure mechanisms

Fig. 10  Illustration of MARS model process
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et al. 2014; Steinberg 1999). This progress can be simply 
represented by Eq. (4)

where Δg is the difference in GCV between the previous and 
pruned models, ith parameter denotes the removed parameter. 
The larger the Δg, the more impact the removed parameter 
is.

To build a formula between the input and output vari-
ables, the MARS model combines all basic functions (BFs), 
as shown in Eq. (5), where a0 denotes a constant, N denotes 
the number of BFs, gn denotes the nth BF, an denote the nth 
coefficient of gn.

Similar to the concept as in most numerical analyses, by 
increasing the number of basic functions (i.e., increasing the 

(4)RII(i) =
Δg(i)

max {Δg(i),Δg(2),Δg(3), ....,Δg(n)}

(5)f (x) = a0 +

N
∑

n=1

angn(X)

number of splitting data groups shown in Fig. 10), it would 
significantly improve the performance of MARS models.

MARS modelling and results

In this study, numerical results of the stability numbers Nc 
and the input variables of H/B and D/B (see Tables 1, 2) are 
used as the artificial data sets. There are four MARS models 
to analyze, namely for cases of collapse (UB, LB) and blow-
out (UB, LB). The optimal MARS models are firstly selected 
by considering the effects of the number of basic functions 
on two criteria of statistical analyses. They are the coef-
ficient of determination (R2 value) and Mean Squared Error 
(MSE), as shown in Fig. 11. It is obtained that the R2 value 
may increase and MSE decreases dramatically by increasing 
of number of BFs varied from 5 to 25 for all cases. When 
the number of BFs is larger than 25, the change in R2 value 
and MSE are insignificant and almost stable when the num-
ber BFs reaches 35 for all cases. It can, therefore, be con-
cluded that the MARS models can be used for determining 

Fig. 11  Effect of number basic functions on R2 and mean square error (MSE)
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Fig. 12  Relative Importance 
Index (RII) of investigated input 
parameters

Table 3  Basic functions and the proposed equation for the determina-
tion of Nc (Collapse LB)

Nc = 1.9911 – 0.718887 × BF1 + 1.23918 × BF2 + 0.4
72754 × BF3 – 0.719808 × BF4 – 0.0325413 × BF5 – 
0.0604259 × BF6 + 0.17425 × BF7 – 0.101537 × BF8 + 0.171618 × BF
9 + 0.24606 × BF11 – 0.03598 × BF14 – 0.0131068 × BF15 + 0.10195 
× BF18 – 0.0990932 × BF19 – 0.168136 × BF22 + 0.0669792 × BF23 
+ 0.0168681 × BF25 + 0.0417739 × BF27 + 0.0307377 × BF28 – 0.02
95754 × BF29 + 0.0731142 × BF31 – 0.0369426 × BF33

BF Equation BF Equation

BF1 max [0, (B/D – 4)] BF15 max [0, (H/D – 3)] × BF12
BF2 max [0, (4 – B/D)] BF18 max [0, (4 – H/D)] × BF9
BF3 max [0, (H/D – 4)] BF19 max (0, (H/D – 2)]
BF4 max [0, (4 – H/D)] BF22 max [0, (4 – B/D)] × BF19
BF5 max [0, (H/D – 4)] × BF1 BF23 max [0, (B/D – 3)]
BF6 max [0, (4 – H/D)] × BF1 BF24 max [0, (3 – B/D)]
BF7 max [0, (H/D – 4)] × BF2 BF25 max [0, (B/D – 8)] × BF19
BF8 max [0, (4 – H/D)] × BF2 BF27 max [0, (H/D – 7)] × BF24
BF9 max [0, (B/D – 2)] BF28 max [0, (7 – H/D)] × BF24
BF11 max [0, (B/D – 6)] BF29 max [0, (H/D – 5)] × BF12
BF12 max [0, (6 – B/D)] BF31 max [0, (B/D – 5)]
BF14 max (0, (7 – H/D)] × BF12 BF33 max [0, (H/D – 8)]

Table 4  Basic functions and the proposed equation for the determina-
tion of Nc (Collapse UB)

Nc = 2.035 – 0.702954 × BF1 + 1.23278 × BF2 + 0.475089 × B
F3 – 0.684739 × BF4 – 0.032949 × BF5 – 0.0475025 × BF6 + 0.17
3106 × BF7 – 0.114032 × BF8 + 0.204152 × BF9 + 0.272293 × BF
11 – 0.0410779 × BF14 – 0.0179609 × BF15 + 0.0875601 × BF18 – 
0.098312 × BF19 – 0.161922 × BF22 + 0.0167148 × BF25 + 0.048357
1 × BF27 + 0.0432518 × BF28 – 0.0286598 × BF29 + 0.0671558 × BF
31 – 0.0379595 × BF33

BF Equation BF Equation

BF1 max [0, (B/D – 4)] BF15 max [0, (H/D – 3)] × BF12
BF2 max [0, (4 – B/D)] BF18 max [0, (4 – H/D)] × BF9
BF3 max [0, (H/D – 4)] BF19 max [0, (H/D – 2)]
BF4 max [0, (4 – H/D)] BF22 max [0, (4 – B/D)] × BF19
BF5 max [0, (H/D – 4)] × BF1 BF24 max [0, (3 – B/D)]
BF6 max [0, (4 – H/D)] × BF1 BF25 max [0, (B/D – 8)] × BF19
BF7 max [0, (H/D – 4)] × BF2 BF27 max [0, (H/D – 7)] × BF24
BF8 max [0, (4 – H/D)] × BF2 BF28 max [0, (7 – H/D)] × BF24
BF9 max [0, (B/D – 2)] BF29 max [0, (H/D – 5)] × BF12
BF11 max [0, (B/D – 6)] BF31 max [0, (B/D – 5)]
BF12 max [0, (6 – B/D)] BF33 max [0, (H/D – 8)]
BF14 max [0, (7 – H/D)] × BF12

the relative importance of input variables (H/B, D/B) on the 
stability number with the use of 35 BFs. It can also be used 
to build a correlation formula between input variables and 
the stability number for all cases of collapse (UB, LB) and 
blowout (UB, LB).

Presented in Fig. 12 are the results of relative important 
assessments through the use of the relative importance index 
(RII), as the definition in Eq. (4). A RII value of 100% is con-
sidered as the most important variable in the determination 

of the critical stability number Nc, and this is true for the 
width ratio B/D. For the depth ratio H/D, the RIIs are in 
the range of 94.86–98.49%. Though these RIIs are less than 
100% by a small amount, the effect of H/D on the critical 
stability number Nc is also regarded as significant.

The correlation equations between the input variables 
and the critical stability number Nc with their BFs are pre-
sented in Tables 3, 4, 5, 6, respectively, for (Collapse, LB), 
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(Collapse, UB), (Blowout, LB), and (Blowout, UB). The 
four equations are shown in Eqs. (6, 7, 8, 9).

(6)

N
LB

c - collapse
= 1.9911− 0.718887 × BF1 + 1.23918 × BF2

+ 0.472754 × BF3 − 0.719808 × BF4 − 0.0325413

× BF5 −0.0604259 × BF6 + 0.17425 × BF7

− 0.101537 × BF8 + 0.171618 × BF9 + 0.24606

× BF11 − 0.03598 × BF14 −0.0131068 × BF15

+ 0.10195 × BF18 − 0.0990932 × BF19 − 0.168136

× BF22 + 0.0669792 × BF23 + 0.0168681 × BF25

+ 0.0417739 × BF27 + 0.0307377 × BF28 − 0.0295754

× BF29 + 0.0731142 × BF31 − 0.0369426 × BF33

(7)

N
UB

c - collapse
= 2.035− 0.702954 × BF1 + 1.23278

× BF2 + 0.475089 × BF3 − 0.684739

× BF4 − 0.032949 × BF5 − 0.0475025

× BF6 + 0.173106 × BF7 − 0.114032

× BF8 + 0.204152 × BF9 + 0.272293

× BF11 − 0.0410779 × BF14 − 0.0179609

× BF15 + 0.0875601 × BF18 − 0.098312

× BF19 − 0.161922 × BF22 + 0.0167148

× BF25 + 0.0483571 × BF27 + 0.0432518

× BF28 − 0.0286598 × BF29 + 0.0671558

× BF31 − 0.0379595 × BF33

(8)

N
LB

c - blowout
= −2.53932 + 0.853413 × BF1 −1.37941

× BF2 − 0.23592 × BF3 + 0.587962

× BF4 + 0.15796 × BF6 − 0.0889785

× BF7 − 0.170739 × BF9 − 0.292476

× BF11 − 0.032003 × BF13 + 0.0368904

× BF14 + 0.0401248 × BF15 − 0.142922

× BF18 + 0.0450297 × BF19 + 0.128742

× BF21 − 0.0208616 × BF23 − 0.0279392

× BF24 − 0.0259664 × BF25 − 0.273361

× BF27 + 0.124927 × BF32 − 0.0350765

× BF33 + 0.0436685 × BF34

(9)

N
UB

c - blowout
= 1.9911− 0.718887 × BF1 + 1.23918

× BF2 + 0.472754 × BF3 − 0.719808

× BF4 − 0.0325413 × BF5 − 0.0604259

× BF6 + 0.17425 × BF7 − 0.101537

× BF8 + 0.171618 × BF9 + 0.24606

× BF11 − 0.03598 × BF14 − 0.0131068

× BF15 + 0.10195 × BF18 − 0.0990932

× BF19 − 0.168136 × BF22 + 0.0669792

× BF23 + 0.0168681 × BF25 + 0.0417739

× BF27 + 0.0307377 × BF28 − 0.0295754

× BF29 + 0.0731142 × BF31 −0.0369426 × BF33

Table 5  Basic functions and the proposed equation for the determina-
tion of Nc (Blowout LB)

Nc = –2.53932 + 0.853413 × BF1 – 1.37941 × BF2 – 0.23592 × 
BF3 + 0.587962 × BF4 + 0.15796 × BF6 – 0.0889785 × BF7 – 
0.170739 × BF9 – 0.292476 × BF11 – 0.032003 × BF13 + 0.036890
4 × BF14 + 0.0401248 × BF15 – 0.142922 × BF18 + 0.0450297 × B
F19 + 0.128742 × BF21 – 0.0208616 × BF23 – 0.0279392 × BF24 – 
0.0259664 × BF25 – 0.273361 × BF27 + 0.124927 × BF32 – 0.035076
5 × BF33 + 0.0436685 × BF34

BF Equation BF Equation

BF1 max [0, (B/D – 4)] BF19 max [0, (B/D – 8)] × BF3
BF2 max [0, (4 – B/D)] BF21 max [0, (H/D – 6)]
BF3 max [0, (H/D – 4)] BF22 max [0, (6 – H/D)]
BF4 max [0, (4 – H/D)] BF23 max [0, (B/D – 3)] × BF22
BF6 max [0, (4 – H/D)] × BF1 BF24 max [0, (3 – B/D)] × BF22
BF7 max [0, (H/D – 4)] × BF2 BF25 max [0, (B/D – 3)] × BF3
BF9 max [0, (B/D – 2)] BF27 max [0, (B/D – 8)]
BF1 max [0, (B/D – 6)] BF28 max [0, (8 – B/D)]
BF12 max [0, (6 – B/D)] BF29 max [0, (H/D – 2)]
BF13 max [0, (H/D – 7)] × BF12 BF32 max [0, (4 – B/D)] × BF29
BF14 max [0, (7 – H/D)] × BF12 BF33 max [0, (H/D – 8)] × BF28
BF15 max [0, (H/D – 3)] × BF12 BF34 max [0, (8 – H/D)] × BF28
BF18 max [0, (4 – H/D)] × BF9

Table 6  Basic functions and the proposed equation for the determina-
tion of Nc (Blowout UB)

Nc = 1.9911 – 0.718887 × BF1 + 1.23918 × BF2 + 0.4
72754 × BF3 – 0.719808 × BF4 – 0.0325413 × BF5 – 
0.0604259 × BF6 + 0.17425 × BF7 – 0.101537 × BF8 + 0.171618 × BF
9 + 0.24606 × BF11 – 0.03598 × BF14 – 0.0131068 × BF15 + 0.10195 
× BF18 – 0.0990932 × BF19 – 0.168136 × BF22 + 0.0669792 × BF23 
+ 0.0168681 × BF25 + 0.0417739 × BF27 + 0.0307377 × BF28 – 0.02
95754 × BF29 + 0.0731142 × BF31 – 0.0369426 × BF33

BF Equation BF Equation

BF1 max [0, (B/D – 4)] BF19 max [0, (B/D – 8)] × BF3
BF2 max [0, (4 – B/D)] BF21 max [0, (H/D – 6)]
BF3 max [0, (H/D – 4)] BF22 max [0, (6 – H/D)]
BF4 max [0, (4 – H/D)] BF23 max [0, (B/D – 3)] × BF22
BF6 max [0, (4 – H/D)] × BF1 BF24 max [0, (3 – B/D)] × BF22
BF7 max [0, (H/D – 4)] × BF2 BF25 max [0, (B/D – 8)]
BF9 max [0, (B/D – 2)] BF26 max [0, (8 – B/D)]
BF11 max [0, (B/D – 6)] BF27 max [0, (H/D – 2)]
BF12 max [0, (6 – B/D)] BF30 max (0, (4 – B/D)] × BF27
BF13 max [0, (H/D – 7)] × BF12 BF31 max [0, (B/D – 3)] × BF3
BF14 max [0, (7 – H/D)] × BF12 BF33 max [0, (H/D – 8)] × BF26
BF15 max [0, (H/D – 3)] × BF12 BF34 max [0, (8 – H/D)] × BF26
BF18 max [0, (4 – H/D)] × BF9
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The accuracy of the Eqs. (6, 7, 8, 9) can be demonstrated 
by using Fig. 13, where a comparison between the values 
of stability numbers is made between the proposed correla-
tion equation and the FELA results. Numerical results have 
shown a good agreement between the two solutions with a 
very high R2 of 99.97%. It can, therefore, be concluded that 
the proposed correlation equations can be used effectively 
in design practices.

Factor of safety

A series of undrained stability studies of underground tun-
neling on the relationship between FoS and N was performed 
by Shiau and Al-Asadi (2018; 2020a, b; 2021). It was con-
cluded by the authors that the relationship between FoS and 
the “designed” N is in a hyperbolic form where FoS and 
the “designed” N are the vertical and horizontal asymptote, 

Fig. 13  Comparison of results– the finite element analysis and the proposed equation
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respectively. The equation proposed by the authors is 
shown in Eq. (10), where it implies that FoS = 1 when the 
“designed” N is equal to the critical Nc.

Using Eq. (10), while considering the combined effect of 
B/D and H/D on the “designed” stability number N, the fac-
tor safety FoS for the rectangular tunnel can be calculated 
using Eqs. (11) and (12) for the collapse scenarios. On the 

(10)FoS =
Nc

N

other hand, Eqs. (13) and (14) can be used for evaluating 
the blowout FoS.

where (NLB

c - collapse
), (NUB

c - collapse
), (NLB

c - blowout
), and (NUB

c - blowout
) are 

the equations developed by the earlier MARS models. See 
Eqs. (6, 7, 8, 9).

Using Eqs. (11, 12, 13, 14), a comprehensive set of FoS 
data is presented in Fig. 14 showing the asymptotic relation-
ship between N and FoS. The presented data are for both 
upper and lower bounds of (B/D = 1, H/D = 1, and 10). In 
addition, results for both the collapse (i.e., positive N) and 
the blowout (i.e., negative N) conditions are also presented 
in the figure. By drawing a horizontal line through FoS = 1, 
the four intersected points represent the respective values of 
Nc, where the corresponding FoS = 1. The greater the abso-
lute value of “designed” N, the less the value of FoS in both 
collapse and blowout scenarios. Indeed, the results in Fig. 14 
and Eq. (10) make perfect sense for the current undrained 
stability analysis, in that Su is the only strength param-
eter considered in the analysis. For drained analysis with 
non-zero soil frictional angle, the solutions are completely 

(11)
FoS

LB

- collapse
= (NLB

c - collapse
)∕N (for collapse, lower bound)

(12)
FoS

UB

- collapse
= (NUB

c - collapse
)∕N (for collapse, upper bound)

(13)
FoS

LB

- blowout
= (NLB

c - blowout
)∕N (for blowout, lower bound)

(14)
FoS

UB

- blowout
= (NUB

c - blowout
)∕N (for blowout, upper bound)

Fig. 14  FoS versus N (B/D = 1, H/D = 1 and 10)

Fig. 15  FoS versus N (B/D = 5, H/D = 4 and 10)

Fig. 16  FoS versus N (H/D = 4, B/D = 1 and 5)
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different and yet highly nonlinear, and the three stability 
factors approach is advocated (Shiau and Al-Asadi 2021).

Following the presentation in Fig. 14, the selected data 
for Fig. 15 are for (B/D = 5, H/D = 4 and 10). The same 
observation and discussion can be drawn as in Fig. 14. On 
the other hand, shown in Fig. 16 are solutions for a fixed 
depth ratio (H/D = 4) and two width ratios (B/D = 1 and 5). It 
should be noted that the smaller the value of B/D, the larger 
the FoS. All other observations are the same as in Fig. 14.

Conclusion

This paper has successfully studied the stability of wide 
rectangular tunnels for railway engineering applications. 
The relationship between the critical stability number Nc, 
the factor of safety FoS, and the designed stability number 
N were presented under both collapse and blowout condi-
tions. Using upper and lower bound limit analysis with finite 
elements and mathematical programming, rigorous stability 
solutions were produced for practical uses with great confi-
dence. Together with the use of the machine learning method 
MARS, both the relative importance index (RII) and the FoS 
design equations were also developed for practical uses. The 
following conclusions are drawn based on the current study.

1. The use of dimensionless critical stability number Nc 
for the stability evaluation of wide rectangular tunnels 
in cohesive soil is a feasible and practical approach. An 
increase in H/D causes an increase in Nc. On the other 
hand, an increase in B/D results in a decrease in Nc.

2. The relationship between FoS and the “designed” N is in 
a hyperbolic form where FoS and the “designed” N are 
the vertical and horizontal asymptote, respectively. The 
equation of (FoS = Nc/N) is valid, and it indicates that 
FoS = 1 when the “designed” N is equal to the critical Nc.

3. The study of associated failure mechanisms led to a con-
clusion of three distinct patterns of failures, namely the 
corner, the wall-roof, and the wall-roof-base failure. The 
current adaptive meshing technique is powerful as the 
resulting adaptive mesh resembles the non-zero shear 
dissipation contour plot (i.e., the failure mechanism). 
The findings are useful for practical engineers to deter-
mine the likely associated ground failure extents.

4. The MARS machine learning models showed that the 
width ratio B/D is more influential than the depth ratio 
H/D on the undrained stability number of wide rectangu-
lar tunnels in cohesive soils. The well-evaluated MARS-
based design equations with R2 = 99.97% are proposed 
for predicting the limit state solutions of rectangular 
tunnel stability. It can be a useful tool for practical engi-
neering practitioners.

5. Future work can be directed to studies of deep and wide 
rectangular tunnels in rocks and drained c- ϕ for long-
wall mining applications. The study of 3D local failure 
mechanisms considering geometric arching effects may 
further improve the understanding of the problem using 
more realistic 3D geometry.
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