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1. Introduction

As it is well-known, solitary waves are a rather
ubiquitous phenomenon in the oceans [Apel et al.,
. One of the interesting specific features of
these phenomena is the oblique interaction be-
tween the solitons that were observed for the sur-
face waves in laboratory conditions back in 1960s
(see, e.g., [Wiegel, and references therein).
The in situ observations were made in particular
by Ablowitz and Baldwin [2012]. Three examples
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of solitary wave interactions observed on a surface
of shallow water are shown in [Figure 1

Similar structures were observed for internal waves.

The first was, apparently, the laboratory experi-
ment by Mazworthy . In the ocean, the in-
teracting internal soliton fronts were observed by
many researchers, in particular, by Small [2002]
and Wang and Pawlowicz [2012]. |[Figure 2| shows
an example from the latter work; the data from this
paper will be used below for the estimation of the
wave pattern motion using our theoretical findings.

Regarding the theory of the phenomenon, one
can refer to the works by Miles
who considered the oblique interaction of two soli-
tary waves of the KdV-Boussinesq type using an
approximate method similar to that suggested by
Whitham for the one-dimensional soliton in-
teraction. He suggested a classification of interac-
tions as weak and strong depending on the relation-
ship between the parameter of nonlinearity N and
the angle v between the soliton fronts, where N
is proportional to the soliton amplitude. Accord-
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Figure 1. Photographs of

(colour online).
observed wave patterns demonstrating different
cases of solitary wave interaction on a shal-
low water, the X-type (a), H-type (b), and

Y-type (c). Photos were copied from Figures
1, 2 and 3 in the paper [Ablowitz and Baldwin
2012] (more similar photos can be found in
the websites (Ablowitz, M. J., Photographs.
Available online (accessed on 2 April 2020):
https:/ /sites.google.com /site/ablowitz/line-
solitons/x-type-interactions) and (Baldwin, D. E.,
Nonlinear waves. Available online (accessed on 2
April 2020): http://www.douglasbaldwin.com /nl-
waves.html).

ing to this classification, the interaction is weak if
N < sin?(y/2) and strong otherwise. Miles also
considered the “resonant” interaction of solitons
when the wave pattern consists of three solitary
waves stationarily moving in a certain direction.
Here we develop a kinematic approach to the sta-
tionary moving a two-soliton pattern in a general
case and demonstrate the validity of this approach
by comparison with the exact two-soliton solutions,
resonant and non-resonant. From the available
two-dimensional model equations describing, in
particular, surface and internal solitary waves (such
as 2D versions of the Boussinesq, Gardner, and
Benjamin-Ono equations), only the Kadomtsev-
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Petviashvili (KP) equation is completely integrable
[see, e.g., Ablowitz and Segur, Anker and
Freeman, Newell and Redekopp, Sat-
suma, Zakharov, . This allows one to

construct exact two-soliton solutions describing the
interaction of two solitary waves moving at an an-
gle to each other. Here we use the corresponding
exact solutions of the KP equation for two-soliton
structures moving as a whole. Besides verifying
the simple kinematic approach, we use the latter
to define the direction and speed of motion of the
whole wave pattern that was not disclosed in exact
solutions thus far. Within the suggested approach,
one only needs to know the speeds of solitary waves
and directions of their propagations in the chosen
coordinate frame. These parameters are usually
measurable or observable in experiments (see, for
example, [Figure 1{and [Figure 2|) and known a priori
within many realistic model equations (even non-
integrable). Note that even if the total interaction
pattern moves stationary, each soliton propagates
in the direction perpendicular to its front, so that
the total pattern includes “sliding” of soliton fronts
with respect to each other.

2. Kinematics of Plane Soliton Fronts

Some important properties of the oblique inter-
action of solitons can be understood using a sim-
plified physical consideration of interacting solitons
regardless of a specific model. In this Section we
choose the coordinates in which the total pattern
of the interacting solitons moves without distortion
along the z’-axis with the constant speed U, so that
it is immovable in the coordinates £ = ' — Ut and
Y. schematically shows this configuration
for two cases. In one can see the general
case when two soliton fronts experience finite shifts
in space due to the nonlinear interaction (more de-
tails will be given in the next Section using exact
solution of the KP equation); the shifts are charac-
terized by a bridge between the left and right pairs
of soliton fronts. In the special, resonant
case is shown when the phase shifts become infinite
and the bridge transforms into the third soliton.

The equation that secures the stationary motion
along the 7’ axis, i.e., the same velocity U of the
entire wave pattern is:
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Figure 2. (colour online). a) The image of interacting internal soliton fronts taken
from an aircraft in Strait of Georgia, Canada (this is a copy of Figure 5 from [Wang
and Pawlowicz [2012]). b) A schematic sketch of the interacting wavefronts shown in
frame (a) and their individual directions of propagation. As a result of interaction of
the western front with the eastern front, the bridge between them (the merged front)
is generated. This sketch is the slightly processed copy of Figure 7 from [Wang and
Pawlowicz [2012]. For details see Subsection 5.1.
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Figure 3. (colour online). Schematic sketch of two interacting solitary waves experi-
encing finite nonlinear front shifts (a) and an infinite front shift (b).
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Vo
cos ¥y’

o= (1)
where Vi 2 are the moduli of solitary wave veloc-
ities which are normal to their fronts in isotropic
media and defined by a solution for a single soli-
ton in the absence of the second one (which is ev-
ident for the front parts far from the interaction
area); we assume that they are known. The angles
71,2 are measured from the y/-axis normal to the
direction of motion of the whole pattern (see
. It should be emphasized that this simple
approach is valid in an arbitrary inertial reference
frame provided that the velocities of solitary waves
are taken in that reference frame. This reasoning is
quite general and applicable to any model possess-
ing solitary wave solutions and having a solution
in the form of a steadily moving set of solitons. As
mentioned, the individual solitons propagate per-
pendicular to their fronts, and the unchanged to-
tal pattern is preserved by synchronization of their
propagation (the same is true for the linear wave
fronts reflecting from a rigid boundary).

In the exact solutions of the KP equation de-
scribed below in a different coordinate frame x, y,
the direction of the pattern motion and its speed
U are not determined explicitly. However, the am-
plitudes of solitons, their velocities V; 2, and the
angle between their fronts, v = v; + 2, are inde-
pendent of the orientation of a coordinate system.
To relate these values with U and the direction of
pattern motion along the x’-axis, we rewrite Eq.
in a slightly different form, for example, for the
angle v as:

coS Y1

cos(y =) _ ¥
cos 71 v

‘7 ‘7 — | COS
Om_tan1< [V~ 7|>7
sin 7y

and y2 =7 — . (2)
For small angles 71 2 (as in the KP equation con-

sidered below) and small nonlinearity when 17172 =
c(1 + s12), where ¢ is the speed of long linear
waves and s12 < 1 this relationship reduces to
11 = (2|As| +42)/2y or |As| ~ ~y1|Avy|, where
As = s3 — s and Ay = 72 — 71. Because we
assumed that V; 2 and « are known, the expression
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determines the direction of the pattern motion,
and its speed U is now given by Eq. . We shall
illustrate below the details by a few examples.

In the context of the KP equation in application
to a real physical system when the nonlinearity is
assumed to be small, the total velocities of solitons
V1,2 are close to each other and all angles in Eq.
are small. The important role in the soliton
interactions is played by the front shifts which are
characterized by a bridge between two pairs of in-
coming and outcoming fronts shown in [Figure 3p.
As mentioned, at some relationship between the
solitary wave parameters, the bridge becomes in-
finitely long and reduces to the third solitary wave;
in this case, the wave pattern represents a resonant
triad shown in [Figure 3p. For the triad pattern (or
if a bridge of a finite length is sufficiently long to
be close to a soliton), the kinematic relation
should be met for any pair of solitons:

GV V% W 3
COS7y1  COS72  COS7Y3

The relations and allow us to determine
both the direction and speed of the pattern motion
in any reference frame.

3. Exact Analytical Solution for
Two-Soliton Interaction in the KP2
Model

The simplified approach developed above can
be demonstrated in application to the Kadomtsev-
Petviashvili equation with the “normal dispersion”
dubbed the KP2 equation. The equation was de-
rived for weakly nonlinear wave beams when the
wave fronts can slightly deviate from the direction
of propagation coinciding with the z-axis [Kadomi-
sev and Petviashuvili, . Here we briefly dis-
cuss some analytical solutions of the KP2 equa-
tion [Ablowitz and Segur, Anker and Free-
man, Newell and Redekopp, Satsuma,
Zakharov, and compare them with the

results presented in Section 2.

Consider the KP2 equation in the coordinate
frame moving along the z-axis with the speed of
long linear waves c:

a (0n on 0°n B
oz (8t+an8x+ﬁ&v3 =

c0%n

20y’

(4)
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This equation is completely integrable by the in-
verse scattering method; its solitary solutions can
be presented in the most convenient form through
the Hirota transform (see e.g., [Ablowitz and Bald-
win, Ablowitz and Segur, Anker and
Freeman, Newell and Redekopp, Sat-
suma, [1976]). With the help of the ansatz

o8 d?
o dz?
Eq. can be presented in the bilinear form:

n(z,y,t) =12 InF (z,y,1), (5)

C C
F(E+5Em+§@@=dﬂ%+f

5 () +

3 [4F$me ~3 (FM)Q] . (6)
The one-soliton solution to this equation is:

where k£ and [ are arbitrary parameters and

(7)

cl?

w (k1) :'Bks—i—iE (8)

In the original variables this solution represents a
soliton:

h2wt—]~;3:—ly. ()
The soliton amplitude is determined solely by the

parameter k: As = 38k%/a, whereas its speed de-
pends both of k and [:

n(x,y,t) = Assec

o w(k )
T URLD
aA

s (4 3
3 2aA oS

where ¢ = tan~!(I/k) is the angle between the di-
rection of soliton propagation normal to its front
and the z-axis. Note that in the Korteweg-de
Vries (KdV) equation which is the particular case
of the KP2 equation when ¢ = 0, the relation-
ship between the soliton speed and amplitude is
Vs = aAg/3.

The soliton propagates at an angle to the hor-
izontal axis z and the components of the soliton
velocity Vi = (V,, V) are:

(10)

w (k1) k

Vi = Vacosp = 5
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The two-soliton solution has the form:

Vy = Vising = (11)

F (ZE, Y, t) =1+ ewlt_klx_lly + ew2t_k2$—l2y+

e(wl+w2)t7(k1+k2)x7(l1+l2)y+‘b7 (12)
where w; (ki,l;) = Bk3 + § 1= (i=1,2), F = In B,
 6BKTKS (k1 — ko) — c (K1l — kol1)®
68k2k2 (k1 + ko)* — ¢ (k1ly — kaly)?
20 (\/Al — \/Ag)2 — ¢ (tan g — tan <p1)2 (13)

¢ (tan py — tan ¢;)?

20 (VAT + VA3)? —

and tan ¢ 2 = l12/k1,2, 1,2 are the angles between
the directions of soliton propagation and z-axis.

In general, describes the interaction of two
plane solitons, experiencing the front shifts in space
after the interaction; the typical configuration is
similar to what is shown in or in
fure k.

The two-soliton solution is non-singular if
B > 0, and the spatial shift of each soliton front
due to interaction (see |Figure 3| and |Figure 4) is
determined by the parameter ®. TWO examples of
a two-soliton solution as per Eqs and (| . are
shown in M Figure 4| for n(z,y,0 At t ;é 0 the total
pattern moves as a whole in some direction 2’ to
be determined.

The length of the bridge between the soliton
fronts depends on the parameter B which deter-
mines the phase shift ® in the solution . When
the soliton parameters ki, k9,11, and [y are such
that B is close to one (for example, if k1 > ky or
vice versa), the front shifts are very small. How-
ever, as one can see from Eq. B cannot be
equal to one exactly, and therefore, within the KP2
model, the front shift never equals to zero.

When the soliton parameters are such that B —
0, the front shift goes to minus infinity, and the
bridge between the soliton fronts becomes infinitely
long (see . In the limiting case, the
bridge represents a new soliton with the ampli-
tude A3 = 38(k; — k2)?/a which is less than A,
and Ay, and the total solution represents a triad of
resonantly interacting solitons (see [Ablowitz and
Baldwin, Ablowitz and Segur, Anker
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(b)

=v

Figure 4. (colour online). Contour-plots of soliton fronts as per solution (12)),
and with the soliton parameters in the frame a) are: k1 = 1, ko = 1.1, lo = =1 =
9.0726 x 1072 (B = 2.36 x 1078), soliton amplitudes are A; = 3, Ay = 3.63. In the frame
b) k1 = 0.1, ko = 0.11, I = —I; = 1.9053 x 1072 (B = 2.16 x 10%), soliton amplitudes are
A =0.03, A3 = 0.0363. The plots were generated for « = 8 = 1 and ¢ = 2 in the domain
(=100, 100) x (—500,500) in frame a) and in the domain (—250,250) x (—1000, 1000) in

the frame b).

and Freeman, Miles, Newell and Re-

dekopp, Satsuma, [1976]). In another limit-
ing case when B — oo and correspondingly ® =

InB — oo, the two-soliton solution degenerates
again into the triad but of a different configura-
tion (see . The amplitude of the third,
resonant soliton is higher than the amplitudes of
two other solitons As = 38(k1 + k2)?/a.

(@) 1y

4. Comparison of the Kinematic
Approach and Exact Solutions

As has been mentioned in Section 2, the soli-
ton parameters were taken in the reference frame
moving along the z’-axis with an arbitrary speed,
whereas in the KP2 equation , the coordinate
x is actually & = x — ct, and the equation per

Figure 5. (colour online). Contour-plots of soliton fronts as per solution , and
with the soliton parameters are: k1 = 1, kg = 1.1, I = —I, soliton amplitudes are
A; =3, Ay = 3.63. In frame (a) Iy = lq = 9.072647087265 x 10~2 so that B = 0; in
frame (b) Iy = .o = 1.90525588833 x 1072 so that B = co. The plot was generated for
a = =1and ¢ =2 in the domain (—100,100) x (—500,500) in frame (a) and in the
domain (—250,250) x (—1000,1000) in frame (b).
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Figure 6. (colour online). Contour-plots of soliton fronts as per solution (12)), and
with the soliton parameters as in at different time moments. The plot was
generated for « = =1 and ¢ = 2 in the domain (—100, 100) x (=500, 500) in frame a)
and in the domain (—1000, 1000) x (—1000, 1000) in the frame b).

se is valid if soliton speeds are small, V1o < c.
Here in contrast to Section 2, Vi 2 is the nonlin-
ear correction to the wave speed and it is pre-
sumed that in the physical coordinate frame the
total speed of each soliton is V1o = ¢(1 + s1,2),
where 512 = Vi 2/c.

To support the stationary configuration moving
as a whole, the relationship between the angles
71,2 and soliton speeds should be met, and from

Eq. we have:

cosn T

cosy2  Vy

A1 1+98cl?/20° A3 \/1 4 3612 /aAy (14)
Ay 14 98cl2/202A2 \ /1 + 3B12/aA;

To compare Eq. with the exact solution, it
should be remembered that, as mentioned, in
the direction of motion of the whole patterns
is not known a priori and should be found, whereas
in Section 2 it was assumed that the pattern moves
along the z’-axis. On the other hand, the angles
between the soliton fronts are invariant to the di-
rection of the drift. This direction is defined by Eq.
in which should now be used.

Consider first the configuration shown in [Fig]
ure 4h. For the parameters shown in the caption
to , from Eq. we find V7 = 1.004;
Vo = 1.213, so that Vo/V; = 1.208. The soli-
tons propagate at the following angles to the z-
axis: @1 = arctan(li/k1) = —5.2° and g =

arctan(la/k2) = 4.7°. The same angles soliton
fronts constitute with the y-axis (see [Figure 3),
therefore, the angle between the soliton fronts is
y = |e1] + o2 = 11+ 72 = 9.9°. Combining this
relationship with Eq. , we find v = 52.3°,
Yo = —42.4°.

The direction of the pattern drift is determined
by the angle § = ¢1 + 71 = p2 — v2 = 47.1°, and
the speed of drift is U = V;/cosvy; = 1.643. This
direction is shown by a black line with the arrow
in together with the exact two-soliton
solutions, at the two moments of time, t = —75
and t = 75. As one can see, the kinematic descrip-
tion completely agrees with the exact solution and,
moreover, predicts correctly the pattern velocity in
the z, y-plane.

Note that in the coordinate frame co-propagating
with the pattern velocity U (along the black line in
, the pattern is stationary, and the two-
soliton solution in this frame is a function of only
spatial variables. This can be confirmed by the
change of variables in the exact solution , :
x=¢&cosd—nsind and y = £sind +ncosd. Rotat-
ing the coordinate frame by the angle § determined
above, we obtain the stationary moving two-soliton
pattern in coordinate &, 7.

The same calculations can be carried out for the
pattern shown in [Figure 4p. Using the param-
eters shown in the figure caption, we find again
from Eq. Vi = 0.045; Vo = 0.041, so that
Vo/Vi = 0.912. The solitons propagate at the an-
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gles to the x-axis: ¢1 = arctan(l;/k;) = —10.8°
and @9 = arctan(ly/kg) = 9.8°. The angle between
the soliton fronts is v = |¢1]|+¢2 = y1+7v2 = 20.6°.
Combining this relationship with Eq. (2, we find
y1 = —3.9°, 72 = 24.5°.

The direction of the pattern drift is determined
by the angle § = 1 +71 = w2 —y2 = —14.71°, and
the speed of the drift is U = Vj/cosvy; = 0.046.
This direction is shown by the black line in
ure 6p) together with the exact two soliton so-
lutions and at two time moments, t =
—1.5x10* and t = 1.5 x 10*. This figure illustrates
again a good agreement between the kinematic de-
scription and exact solution of KP2 equation.

For the triad configurations shown in [Figure 5
the parameters are very close to those specified in
the caption to[Figure 4] therefore the directions and
speeds of the pattern motion are also very close to
those presented above and shown in

4.1. On the Observed Multisoliton
Structures on a Shallow Water

As mentioned above, the two-dimensional config-
urations of interacting surface-wave solitons were
observed both in the laboratory and over a flat
bottom in shallow beach sea areas. In particular,
in Ref. [Ablowitz and Baldwin, from which
the photos shown in were taken, the au-
thors, using the dimensionless KP2 equation, have
demonstrated that its exact solutions can qualita-
tively represent a very similar structures as fre-
quently observed wave patterns. The KP2 equa-
tion in that paper is equivalent to our Eq. with
a =06, =1, c =6, and the dimensionless pa-
rameters k; and P; = [;/k; were used to mimic the
patterns presented in the photos taken in the dif-
ferent areas of Eastern Pacific with the water depth
between h = 5 cm and 20 cm. We applied the de-
veloped concept to the several cases presented in
[Ablowitz and Baldwin, using the expression
for the soliton amplitude, A; = 38k*/a (see the
formula after @) Then, the speeds of the inter-
acting solitons, and finally, the speed and direction
of the drift of the whole pattern with respect to the
r-axis were found. After that, we have estimated
the real solitary wave parameters using the scal-
ing to the dimensional physical variables for the
average water depth h = 15 cm. As the result,
we have obtained that in the different cases shown
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in [Ablowitz and Baldwin, , the amplitudes of
solitons range from 7.5 cm to 30 c¢m, and their ve-
locities, from 1.72 m/s to 2.94 m/s, whereas the
linear long-wave velocity is ¢g = 1.21 m/s. These
values are beyond the limits of validity of the KP2
equation which is applicable to the weakly nonlin-
ear wave perturbations (note that one of the soli-
tary waves shown in is, apparently, break-
ing). Besides, the angles between the directions
of soliton propagation and the x-axis in the KP2
equation are not small that also contradicts to the
applicability of the KP2 equation. Thus, to quan-
titatively describe the interesting and rather ubig-
uitous multisoliton patterns of large amplitudes in
shallow basins, another, strongly nonlinear models
are necessary.

5. Application of the Kinematic
Approach to the 2D Benjamin-Ono
Equation

5.1. Theoretical Formulation

When the stratification in the deep ocean is
such that one of the layers is thin in comparison
with the wavelength of internal wave, the basic
equation describing long weakly nonlinear waves
is the Benjamin-Ono (BO) equation; its 2D ver-
sion derived in Refs. [Grimshaw, Grimshaw
and Zhu, Matsuno, Tsuji and Oikawa,

is:

o [ on on B 0? Oon(m’,t)dm’ B
oz \ ot " or T 7oz / vz |
<o 01

where the symbol p stands for that the principal
value of the integral should be considered and the
expression for the coefficients ¢, o, and 8 can be
found in the papers cited above. Unlike the one-
dimensional version, this equation is non-integrable.

This equation has a single solitary solution rep-
resenting a plane wave obliquely propagating at an
angle to the x-axis:

A
kx + ly — wt)?’

U($a97t): 1+( (16)
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where

Co l2

w (k1) = Bk + W

(17)

The soliton amplitude is determined solely by the
parameter k: A = 48k/«, whereas its speed V =
(V2 + Vy2)1/ 2 (in the reference frame moving with
the velocity c¢o in which equation is written)
depends both of k and I:

_ wkl)
V2 412

aA 1+2Ct 9
1 o tan” @ | cosp

For the components of the soliton velocity the for-
mulae are the same as in Eq. .

The exact two-soliton solution representing two
plane waves propagating at an angle to each other
is unknown, whereas in 1D case the BO equation
is completely integrable and has N-soliton solu-
tions (see, e.g., [Ablowitz and Segur, Mat-
suno, [1980]). Soliton interaction in the 2D
case was studied in Ref. [Matsuno, by means
of the asymptotic approach and numerically in Ref.
[Tsuji and Oikawa, , however nether the di-
rection, nor the speed of the pattern propagation
were studied in those papers.

The kinematic approach developed in Section 4
yields that the direction of the pattern drift is de-
termined by the angle § = @1 + 71 = @2 — 79,
and the speed of the drift is U = V;/ cos~y;, where
p1 = arctan(ly /kq) is the angle between the direc-
tion of motion of one of the solitons with the z-
axis, and -y; is the angle between its front and the
perpendicular to the direction of motion which is
determined by Eq. . Thus, again with the help
of the kinematic approach we can determine the di-
rection and speed of motion of two-soliton pattern
if we know the parameters of individual BO soli-
tons, k12 and [y 2, although the front shifts cannot
be determined from this approach. The attempt to
determine the front shifts was undertaken by Mat-
SUnNO on the basis of an asymptotic theory.
We are currently developing an alternative asymp-
totic theory to derive the front shifts; the result
will be published elsewhere.

(18)
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5.2. Internal Waves in the Two-Layer
Benjamin-Ono Model

A typical application of the BO equation is re-
lated to the oceanic internal waves. In many ob-
servations, the water stratification is close to the
two-layer, including the cases when the thickness h
of the upper layer is much smaller than the total
depth H. If the characteristic length A of internal
waves is such that h < A < H, then the wave
can be described by the 2D BO equation . In
the latter, for the two-layer model, n(z,y,t) stands
for the displacement of a pycnocline, and the coeff-
cients of Eq. in the Boussinesq approximation

are (see, e.g., [Apel et al.,|2007)):

co — if’gh, 5= (9

3c ch
it 5
where ¢ is the linear long wave speed, dp/p is the
relative density difference between the layers, and
g is the acceleration due to gravity.

Here, we apply the kinematic approach to the
observational data presented for the Case A in
[Wang and Pawlowicz, 2012] for internal waves in
the Strait of Georgia, Canada (see [Figure 2/above).
The stratification in the Strait was indeed close
to two-layer with the thickness of the upper layer
h =~ 5 m, dp/p ~ 0.014, and the total average
depth H = 150 m. With such parameters, one can
readily estimate the speed of long linear waves on
the pycnocline, ¢y = 0.82 m/s, and the coefficients
of nonlinearity, & = —0.246 s~ and disper-
sion 3 = 2.048 m?/s. Below we follow the authors’
presumption that the observed pattern represents
the interaction of two solitary waves, whereas in
such a case, the post-interaction western front in
should be parallel to the eastern front,
as shown by the green line with the upper index T.

The amplitudes of solitary waves estimated in
that paper with the eastern and western fronts
were equal approximately 41> = —3.3 m. The
directions of front motion are shown in [Figure 2p)
above: p; = —60° and 2 = 23° with respect to the
zr-axis, so that the angle between the wave fronts
is v = 83°. Using these data and the relation-
ship between the soliton amplitude and parameter
k, A = 4Bk/a (see the formula after (17)), we find
for the western front in [Figure 2b): k3 ~ 0.1 m—1,
l1 = k1 -tan(p;) =& —0.171 m™" and for the east-
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ern front, ko = k1 ~ 0.1 m™!, Iy = ko - tan(p2) ~
0.042 m~!. These parameters allow one to esti-
mate the characteristic widths of solitary waves,
A = 1/(k2 + 122 Ay = 5.05 m, Ay =~ 9.3 m.
Then, using Eq. , we find that V; ~ 0.72 m/s,
Vo /~ 0.26 m/s. The speed of a soliton front in the
immovable reference frame is given by the formula:

V= \/(co + Vcosp)? 4 (Vsinp)?, (20)

which yields for the western front V; = 1.33 m/s

and for the eastern front, V, = 1.06 m /s. These val-
ues agree with data presented in Figure 9 of [ Wang

and Pawlowicz, [2011].
Now, using Eq. (2], we find the angles between

the soliton fronts and the normal to the direction
of the whole pattern drift, vy = 34.2° and v, =
131.2°. This allows one to find the speed of the
whole pattern drift, U = 1.61 m/s, as well as the
direction of its motion with the angle 6 = —25.8°
to the x-axis. The corresponding velocity vector U
is shown by the red arrow in [Figure 2p. Dashed
red line labelled “Norm” shows the axis normal to
vector U.

We have also estimated the parameters of the
bridge between the solitary wave fronts (the “merge
front” in [Figure 2pb. Given the angle of the bridge
3 = —4° with respect to the z-axis (see
and using Eqgs. and , we find its speed and
amplitude V3 ~ 1.49 m/s, As ~ —11 m, respec-
tively; the corresponding parameters k3 and l3 are:
k3~ 0.329 m™ !, I3 ~ —0.023 m~!, and the charac-
teristic width of the bridge A3 =~ 3 m.

However, there is again a certain disagreement
between small-angle approximation on which the
2D BO equation is based, and the observed
pattern where the angles between the soliton fronts
are not small. On the other hand, since in this
case the soliton amplitudes are known from the
measurements, the velocities of solitons can be ob-
tained independently from the corresponding one-
dimensional BO equation in which the direction x
is normal to the given soliton. Thus, instead of
Eq. , we let Vio = ¢o + @Ay2/4 and, respec-
tively, A12 = 45/aA12. Then, we find that the
speeds of soliton fronts in the immovable coordi-
nate frame are V; ~ 0.94 m/s and Vo =~ 1 m/s.
Using Eq. , we find the angles between the soli-
ton fronts and the normal to the direction of the
whole pattern drift, v; = 43.9° and ~» = 39.1°.
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This allows to find the speed of the whole pattern
drift, Uy = 1.3 m/s, as well as the direction of its
motion with the angle § = —16.1° to the z-axis.
Vector U; is shown in ) by black arrow.

The parameters of the bridge between the soli-
tary wave fronts can be estimated in a similar way.
Given the angle of the bridge @3 = —4° to the
z-axis (see [Figure 2p) and using Egs. and (3),
we find first the angle between the bridge front
and new normal to the drift velocity, v3 = —12.1°.
Then, the bridge speed and amplitude are V3 =
1.27 m/s and A3z ~ —7.36 m, respectively; the
parameters k3 ~ 0.221 m~ !, I3 ~ —0.015 m™!,
and the characteristic width of the bridge is Ag =
4.53 m.

These results differ, albeit not very strongly,
from those using the 2D BO equation (for exam-
ple, the drift directions differ by 9.7°). The direct
approach is simpler and supposedly more reliable,
and it is recommended in the cases when solitons
amplitudes are known from the experiment.

6. Conclusion

In this paper we have suggested a simplified kine-
matic description of the two-dimensional patterns
of obliquely interacting solitary waves. This ap-
proach is applicable to solitons in any model, in-
cluding those described by non-integrable and not
necessarily weakly nonlinear equations. To validate
the suggested approach, we compared it with the
analytical results of the integrable KP2 equation,
the only two-dimensional physical model for which
the exact solution is known for now. The devel-
oped method allows one to calculate directions and
speeds of the entire wave pattern propagation, in-
cluding the cases of resonant configurations. As an
application, we have considered the observational
data for the internal waves on the interface be-
tween two layers [Wang and Pawlowicz, us-
ing the kinematic approach for the 2D BO model,
and, more directly, using the soliton velocities valid
at any propagation angles. We also have evalu-
ated multisoliton pattern parameters within the di-
mensionless KP2 equation suggested in [Ablowitz
and Baldwin, for the modelling of the ob-
served patterns in the shallow sea areas, and briefly
discussed the problems arising due to the strong
nonlinearity and large angles between the soliton
fronts.
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In the future, we hope to extend the kinematic
approach to the consideration of more complicated
problems that, in our opinion, are not sufficiently
clarified in the existing literature. One of such
problems is the description of non-stationary dy-
namics of obliquely interacting solitons; another
is calculation of phase shifts in the non-integrable
models. The approach can be further developed
for the application to surface and internal waves
described, for example, by the 2D Gardner equa-
tion, Boussinesq set of equations, and other model
equations used not only in the fluid mechanics.
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