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Damage identifcation (DI) methods using changes in static and modal fexibility (MF)–based defections are efective tools to
assess the damage in beam-like structures due to the explicit relationships between defection change and stifness reduction
caused by damage. However, current methods developed for statically determinate beams require the calculation of mathematical
scalar functions which do not exist in statically indeterminate beams and limit their application mainly to single-span bridges and
cantilever structures.Tis paper presents an enhanced defection-based damage identifcation (DBDI) method that can be applied
to both statically determinate and indeterminate beams, including multispan girder bridges. Te proposed method utilises the
defections obtained either from static tests or proportional defections extracted from output-only vibration tests. Specifcally,
general mathematical relationships between defection change and relative defection change with respect to the damage
characteristics are established. From these, additional damage-locating criteria are proposed to help distinguish undamaged spans
from the damaged ones and to identify the damage location within the damaged span. Notably, a span-similar virtual beam
(SSVB) model concept is introduced to quantify the damage and make this task straightforward without the need to calculate
complicated mathematical formulae. Tis model only requires information of the beam span length, which can be conveniently
and accurately obtained from a real structure. Te robustness of the method is tested through a series of case studies from
a numerical two-span beam to a benchmark real slab-on-girder bridge as well as a complex large-scale box girder bridge (BGB).
Te results of these studies, including the minimal verifcation errors within fve percent observed in the real bridge scenario,
demonstrate that the proposed method is robust and can serve as a practical tool for structural health monitoring (SHM) of
important highway bridges.

Keywords: damage identifcation; modal fexibility–based proportional defection; output-only; span-similar virtual beam; static
defection; structural health monitoring

1. Introduction

Structural health monitoring (SHM) is an essential part of
structural safety management programs to safeguard im-
portant civil engineering structures. Damage identifcation
(DI) forms the core of SHM systems which aims to detect the
onset of damage and enable proactive maintenance mea-
sures before the damage escalates and compromises the

structure’s functionality [1, 2]. Te fundamental principle of
DI methods lies in the fact that structural damage induces
detectable alterations in the structural responses. Terefore,
by measuring these changes, one can assess the damage with
respect to its presence, location and severity [3]. Defection-
based damage identifcation (DBDI) methods utilising
changes in fexural defections are viable techniques for these
purposes owing to the explicit relationship between
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defection change and stifness reduction due to damage
[4, 5]. Te research on DBDI methods has received con-
siderable attention as evident from various methods de-
veloped and studied utilising either the static defections
obtained from static load tests [4, 6–18] or pseudo-
defections [19–25] and proportional defections [26, 27]
estimated from modal fexibility (MF) matrices resulted
from vibration tests.

DBDI methods traditionally utilise static defections
acquired through static load testing. Within this approach,
existing methods are frequently incorporated with iterative
optimisation techniques to compute the damage parameters.
Sanayei and Onipede [6] introduced an iterative algorithm
to determine structural element stifness changes by com-
paring analytical and measured static displacements under
known static loads. Similarly, Banan, Banan and Hjelmstad
[7, 8] utilised constrained least-square minimisation method
to minimise the discrepancy between the measured dis-
placement and that from a fnite element (FE) model.
Further developments include algorithms by Sanayei et al.
[10] and Wang et al. [11] that incorporate static defection
and other structural responses such as static strain and
natural frequencies for damage detection and severity es-
timation. Other approaches, such as those by Bakhtiari-
Nejad, Rahai and Esfandiari [12] and Chen, Hong-Ping
and Chuan-Yao [13], utilised optimisation techniques and
the changes in load vectors or displacement curvatures to
locate and quantify damage. Yang and Sun [14] presented
a static-based damage localisation and quantifcation ap-
proach using the fexibility disassembly technique and
a damage localisation vector derived from the static response
equation. Kourehli et al. [15] applied simulated annealing
algorithms to solve objective functions formulated from
modal data and static displacements to locate and quantify
damage in beam and frame structures. Grandić and Grandić
[16] addressed the sparsity of static measurement to locate
and quantify damage in simply supported beams in-
corporating the grey relational coefcient and curvature of
displacement infuence line.

By incorporating with an iterative or optimisation al-
gorithm, above methods succeeded in both locating and
quantifying damage. Without the aid of these techniques,
some methods experienced difculties in estimating the
damage extend. Choi et al. [17] developed a damage locating
method utilising the ratio of bending moment to the fexural
rigidity. However, the applicability was limited only to
specifc beam types and single damage scenarios. Another
method leverages changes in displacement curvature and
a grey relational coefcient to identify damage location [18].
However, it lacks a direct relationship between the co-
efcient and damage severity, hindering quantifcation ca-
pability. In addressing this limitation, Le et al. [4] proposed
a DBDI method that stands out for its ability to directly
locate and quantify damage from measured defection
changes without optimisation or a refned FE model. Tis
method leverages mathematical relationships between de-
fection changes and damage characteristics, ofering
a physical way to locate and quantify damage in closed-form
solutions. However, it requires calculations of specifc

mathematical functions valid only for certain statically de-
terminate beam types, such as simply supported and
cantilever beams.

Above traditional DBDI methods using static defections
often require controlled load test settings under one-of
periodic monitoring programs. Tese practices can be
challenging in continuous monitoring programs of in-
service structures, particularly highway bridges and most
vertical structures such as shear buildings. An alternative
approach, constituting the second DBDI approach, leverages
pseudo-defections that are not measured but estimated
indirectly from MF matrices constructed from natural fre-
quencies and mass-normalised mode shapes obtained from
vibration tests [19–25]. Te basic idea behind this approach
is that the column fexibility at a measured degree of freedom
(DOF) is physically the static displacement vector obtained
from an applied unit point load (UPL) at that DOF.
Terefore, from a measured MF matrix, it is possible to
estimate the MF-based defections under arbitrary virtual
point loads acting at the DOFs and their combinations.
Several methods have succeeded in locating and quantifying
damage in shear-dominant beam-like structures such as
shear buildings based on formulae that relate the storey
drifts and the damage severities [19–21]. For bending-
dominant beam-like structures, such as bridge girders,
most of the existing methods using MF-based defections
and their derivatives primarily focus on damage detection
and localisation [22, 23]. Quantifying damage severity has
proven challenging due to the absence of a clear link between
changes in MF and reductions in stifness. Le et al. [24]
addressed this by extending the damage-induced defection
change formulae from their previous work [4] to a series of
MF-based defection and relative defection changes and
successfully used them to locate and quantify damage in
beams. However, the method still necessitates calculating
specifc mathematical functions that are not valid for stat-
ically indeterminate beams.

Te mass-normalised mode shapes used to construct
the MF matrices are available from forced-vibration tests
or can be calculated from arbitrarily scaled mode shapes
from ambient modal data by using a validated FE model or
performing repeated mass change testing methods
[28–31]. However, for large-scale structures, obtaining
well-validated FE models is not always possible, and it can
be difcult to add masses to real structures, especially
under operational conditions [29]. Nevertheless, in the
absence of mass-normalised mode shapes, it is still pos-
sible to assess the damage by using the so-called pro-
portional modal fexibility (PMF) matrices constructed
from arbitrarily scaled mode shapes [26, 27, 32–35]. It was
proven that PMF matrices maintain important damage-
driven information to help identify the damage. Tere-
fore, the proportional MF-based defections extracted
from PMF matrices can be used to assess the damage in
beam-like structures.

Tis paper presents an enhanced defection-based
method that can locate and quantify damage in difer-
ent beam-like structures, including statically determinate
and indeterminate beams. Te method utilises either the

2 Structural Control and Health Monitoring

 schm
, 2024, 1, D

ow
nloaded from

 https://onlinelibrary.w
iley.com

/doi/10.1155/2024/4087831 by A
ndy N

guyen - U
niversity O

f Southern Q
ueensland , W

iley O
nline L

ibrary on [16/11/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



changes in static defections or output-only MF-based
proportional defections. Additional damage locating
criteria compared to original methods in [4, 24] are de-
veloped to identify the damage location in multispan
beams. A new damage quantifcation method is proposed
to quantify the damage and make this task straightforward
without the need to calculate complicated mathematical
formulae as required in existing methods for statically
determinate beams. Te remainder of this paper is
organised as follows. First presented is the theory on the
developed method and its enhanced components for lo-
cating and quantifying damage under diferent scenarios.
Next, comprehensive verifcations and applications onto
FE models, the benchmark I-40 multiple span plate-on-
girder bridge and a large-scale box girder bridge (BGB)
are carried out to examine the capacities of the method.
Te paper concludes with a summary and fnal remarks on
the study.

2. Theory

2.1. Development of Defection-Based Damage Locating
Method for Multispan Beams

2.1.1. Beam Defection Formulation in the Undamaged State.
Consider an m-span continuous Euler–Bernoulli beam
(m≥ 1) with constant fexural stifness EI (Figure 1(a)).
Under an arbitrary UPL acting on the beam, the defection
function for each span can be expressed according to the
principle of virtual work method [36] as follows:

u
h

xi, xL( 􏼁 �
1

EI
􏽚

Li

0
M

h
s, xL( 􏼁 m s, xi( 􏼁 ds, i � 1, m,

(1)

where uh(xi, xL) is the defection at section xi within the ith

span (0≤xi ≤Li) under the UPL at xL, Mh(s, xL) is the
corresponding bendingmoment value of the beam at section
s (Figure 1(b)), “h” stands for “healthy” or intact state and
m(s, xi) is the virtual bending moment value of the ith

released simply supported beam at section s under the virtual
unit point load (VUPL) acting at section xi (Figure 1(c)).Te
beam defection is a second ordered function with respect to
xi as depicted in Figure 1(d).Te defection formula can now
be rewritten as follows:

u
h

xi, xL( 􏼁 �
1

EI
u0 xi, xL( 􏼁, i � 1, m, (2)

where u0(xi, xL) is the integration term in equation (1):

u0 xi, xL( 􏼁 � 􏽚
Li

0
M

h
s, xL( 􏼁 m s, xi( 􏼁 ds, i � 1, m. (3)

For statically determinate beams, u0(xi, xL) can be easily
formulated and used for quantifying damage in [4, 24].
However, such formulae are not available for multispan
beams since the bending moment Mh(s, xL) does not exist
in closed-form solution. Terefore, it is necessary to develop
an alternative to the existing formula-based method that can
be applicable for multiple span beams.

2.1.2. Efect of Damage on the Bending Moment.
Consider a single damage at a beam segment a≤ x1 ≤ a + b

on one of the beam spans (Figure 2(a)). Let α be the damage
severity coefcient of the damaged element, i.e., its
remaining fexural stifness is (1 − α) EI. Te distance a from
the left support to the damage and the damage’s length b are
the damage locating identifers, which means the de-
termination of a and b will enable the damage localisation. In
Figure 2, DC denotes defection change whereas RDC refers
to relative defection change.

Diferent from statically determinate beams, damage on
one span of multispan beams will reduce the relative stifness
of that span and will therefore lead to a redistribution of
internal forces throughout the beam according to the mo-
ment distribution method [36]. In particular, the bending
moment will increase in the undamaged spans and decrease
in the damaged span (Figure 2(b)). Te bending moment in
the damaged state Md(xi, xL) can be presented by

M
d

xi, xL( 􏼁 � M
h

xi, xL( 􏼁 + ΔM xi, xL( 􏼁, i � 1, m, (4)

where ΔM(xi, xL) is the moment change due to the damage.
On grouping, equation (4) can be rewritten as

M
d

xi, xL( 􏼁 � 1 + ζM xi, xL( 􏼁􏼂 􏼃M
h

xi, xL( 􏼁, (5)

where ζM(xi, xL) is the relative moment change at co-
ordinate xi under the UPL at xL, or:

ζM xi, xL( 􏼁 �
ΔM xi, xL( 􏼁

M
h

xi, xL( 􏼁
⎛⎝ ⎞⎠. (6)

Since both Mh(xi, xL) and Md(xi, xL) are independent
of EI, the relative moment change ζM(xi, xL) is a function of
the damage characteristics (a, b and α) and is independent of
the fexural rigidity EI. As depicted in Figure 2(b), the tri-
angular shape of both Mh and Md on the second span
(without UPL applied) leads to ζM(x2, xL) being constant
for all x2, a consequence of simple geometric operations. It
follows:

1 + ζM x2, xL( 􏼁 � 1 + ζM2
xL( 􏼁, (7a)

where ζM2
(xL) is the average value of ζM(x2, xL) among the

coordinates x2 on the second span. For the frst span, where
the UPL is applied, the nonlinearity of the bending moment
diagrams causes ζM(x1, xL) to remain constant only for
x1 ≤ xL and to vary when xL < x1 < L1. However, given that
early damage in multispan beams causes insignifcant mo-
ment change ΔM(xi, xL) compared to the original
Mh(xi, xL), the ζM(xi, xL) values along the beam span are
signifcantly less than 1 (ζM(xi, xL)≪ 1). Consequently, the
following mathematical approximation holds:

1 + ζM x1, xL( 􏼁 � 1 + ζM1
xL( 􏼁, (7b)

where ζM1
(xL) represents the average value of ζM(x1, xL)

among the coordinates x1 on the frst span. For a general
case when the UPL is applied at any location along the beam,
combining equations (7a) and (7b) leads to the following
approximation:

Structural Control and Health Monitoring 3
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1 + ζM xi, xL( 􏼁 � 1 + ζMi
xL( 􏼁, i � 1, m, (8)

where ζMi
(xL) represents the average value of ζM(xi, xL)

among the coordinates xi on the ith span. For illustration,
a FE analysis was carried out and results are presented in the

Appendix to validate the approximation made in equation
(8). Terefore, for each UPL position xL, ζMi

(xL) can be
considered as a scalar for each beam span. On substitution of
(8) into (5), an approximate relationship between the
damaged and undamaged bending moment is given by

UPL
1

EI
X1 X2

X2

XL

2
EI

u
s

L1
L2

s
UPL Mh (s, XL)

m (s, X2)

VUPL

VUPLX1

Mh (s, XL)

m (s, X1)

uh (X1, XL)
uh (X2, XL)

(a)

(b)

(c)

(d)

Figure 1: Principle of virtual work for multispan beam: (a) beam confguration; (b) bending moment diagram; (c) virtual bending moment
diagrams of the released simply supported beams; (d) defection curve.

Damaged elementUPL

1
XL

EI
X1 X2

2
EIEI(1-α) EI

Damaged element

Peak

Peak

RDC

DC

a b

s

s

u
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L1 L2
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Md (s, XL)

m (s, X2)

DC (X1, XL) DC (X2, XL)

RDC (X2, XL)
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A2 (X1)

ΔM2
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ΔM1

Mh

Md

(a)

(b)

(c)
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Figure 2: Damage-induced DC and RDC patterns: (a) beam confguration; (b) bending moment diagrams (Mh, Md); (c) virtual bending
moment diagrams of the released SS beams; (d) DC pattern; (e) RDC pattern.
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M
d

xi, xL( 􏼁 � 1 + ζMi
xL( 􏼁􏽨 􏽩M

h
xi, xL( 􏼁, i � 1, m. (9)

2.1.3. Defection Change Pattern on the Undamaged Span
Induced by Damage. For the undamaged span (second span
of Figure 2), from the principle of virtual work, the de-
fection function can be expressed as follows:

u
d

x2, xL( 􏼁 � 􏽚
L2

0

1
EI(s)

M
d

s, xL( 􏼁 m s, x2( 􏼁 ds. (10)

On substitution of equation (9), and noting that EI(s)�

EI� constant in the intact span, equation (10) is expanded
and rearranged as

u
d

x2, xL( 􏼁 � 1 + ζM2
xL( 􏼁􏽨 􏽩

1
EI

􏽚
L2

0
M

h
s, xL( 􏼁 m s, x2( 􏼁 ds􏼢 􏼣. (11)

Note that the expression in the second square bracket is
the undamaged defection uh(xi, xL) (recall equation (1)),

and the damage-induced defection change DC and relative
defection change RDC are given by

DC x2, xL( 􏼁 � u
d

x2, xL( 􏼁 − u
h

x2, xL( 􏼁 � ζM2
xL( 􏼁 u

h
x2, xL( 􏼁, (12)

RDC x2, xL( 􏼁 �
DC x2, xL( 􏼁

u
h

x2, xL( 􏼁
⎛⎝ ⎞⎠ � ζM2

xL( 􏼁. (13)

Since ζM2
(xL) is a scalar, equation (12) reveals that the

damage-induced defection change in the undamaged span
is proportional to the defection uh(x2, xL), and thus it
appears as a continuous curve without any abrupt changes
(Figure 2(d)). Moreover, from equation (13), RDC is ap-
proximately constant in the undamaged span (Figure 2(e)).
Tese unique patterns can be used to distinguish the un-
damaged spans from the damaged one in multiple
span beams.

2.1.4. Defection Change Pattern on the Damaged Span In-
duced by Damage. Now consider the damaged span, i.e., the
frst span in Figure 2, and the defection formula can be
expressed as follows according to the principle of virtual
work:

u
d

x1, xL( 􏼁 � 􏽚
L1

0

1
EI(s)

M
d

s, xL( 􏼁 m s, x1( 􏼁 ds. (14)

By separating the damaged segment [a, a+ b], the de-
fection function is transformed to

u
d

x1, xL( 􏼁 �
1

EI
􏽚

L1

0
M

d
s, xL( 􏼁 m s, x1( 􏼁ds +

1
(1 − α)EI

−
1

EI
􏼠 􏼡 􏽚

a+b

a
M

d
s, xL( 􏼁 m s, x1( 􏼁ds

�
1

EI
􏽚

L1

0
M

d
s, xL( 􏼁 m s, x1( 􏼁ds +

α
(1 − α)EI

􏽚
a+b

a
M

d
s, xL( 􏼁 m s, x1( 􏼁ds.

(15)

Let β be a derivative (i.e., in the sense of a variant) of the
damage severity, defned by the following equation:

β �
α

1 − α
. (16)

As proven in [4, 24], using β as a damage severity de-
rivative ofers a convenient way for characterising the
damage information from damage-induced defection
changes. On substitution of equations (9) and (1), the de-
fection function in the damaged span is given by

u
d

x1, xL( 􏼁 � 1 + ζM1
xL( 􏼁􏽨 􏽩u

h
x1, xL( 􏼁 +

β
EI

􏽚
a+b

a
M

d
s, xL( 􏼁 m s, x1( 􏼁ds. (17)
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Let g(x1, xL) be the integration term in the above
equation so that:

g x1, xL( 􏼁 � 􏽚
a+b

a
M

d
s, xL( 􏼁 m s, x1( 􏼁ds. (18)

Equation (18) indicates that g(x1, xL) is the volume
integral of the two trapezoids areas A1(xL) and A2(x1),
which are parts of the bending moment diagrams Md andm
within the damaged segment [a, a+ b] as depicted in
Figures 2(b) and 2(c). It can be inferred from Figure 2(c) that

A2(x1) area is maximum when x1∈[a, a+ b]. Terefore,
g(x1, xL) is a peak-like function with respect to x1, and the
peak is at the damaged element [a, a+ b]. Similarly, from
Figure 2(b), A1(xL) area is maximum when xL ∈[a, a+ b].
Terefore, the peak’s magnitude of g(x1, xL) is higher when
the UPL is applied closer to the damaged element [a, a+ b].

From equations (2), (17) and (18), the damage-induced
defection change DC and relative defection change RDC on
the damaged span are given by

DC x1, xL( 􏼁 � u
d

x1, xL( 􏼁 − u
h

x1, xL( 􏼁 � ζM1
xL( 􏼁 u

h
x1, xL( 􏼁 + β

1
EI

g x1, xL( 􏼁, (19)

RDC x1, xL( 􏼁 �
DC x1, xL( 􏼁

u
h

x1, xL( 􏼁
⎛⎝ ⎞⎠ � ζM1

xL( 􏼁 + β
g x1, xL( 􏼁

u0 x1, xL( 􏼁
􏼠 􏼡. (20)

Compared to formulae in equations (12) and (13) for the
undamaged span, the DC and RDC formulae in equations
(19) and (20) for the damaged span comprise of an addi-
tional peak-like function, which inherit the g(x1, xL) pat-
terns described above. Te additional parts are highlighted
in Figures 2(d) and 2(e). Consequently, the DC(x1, xL) and
RDC(x1, xL) in the damaged span are peak-like functions
with respect to x1, and the peak’s magnitudes at the damaged
segment are higher when the UPL is applied closer to the
damaged element [a, a+ b] (Figures 2(d) and 2(e)). Tese
distinctive damage-induced patterns can be used to help
identify the damaged span and the damaged location in
multiple span beams.

It should be noted that the above damage-induced DC
and RDC patterns for the damaged span are similar to the
damage-locating criteria for statically determinate beams
reported in previous research [4, 24]. However, the DC and
RDC functions in previous research are special cases of
equations (19) and (20) on which ζM2

(xL) � 0 (since the Mh

and Md are the same), and the two scalar functions
g(x1, xL) and u0(x1, xL) exist in closed-form solutions. By
contrast, the DC and RDC forms developed in this paper are
general and applicable for both statically determinate and
statically indeterminate beams.

2.1.5. Te Proposed Damage Locating Concept for Multispan
Beams. From the above development, it is evidenced that
both DC and RDC plots provide distinctive damage-induced
patterns that can reveal the damaged span and damaged
element in continuous beams based on the following
multiple damage locating criteria:

1. Te DC plots on the undamaged span emerge in
continuous curves without any abrupt changes. Tis
results in approximately constant RDC plots on the
undamaged span.

2. By contrast, both DC and RDC plots are peak-like
functions on the damaged span, with a peak at the

damaged element. Tis feature helps to locate the
damaged element within the damaged span.

3. Temagnitudes of the ‘peak’ of the DC and RDC plots
are larger when the UPLs are closer to the damage
location and largest when the UPL is applied at the
damaged element. Tis characteristic can help to
navigate the inspection load towards the damage
location for more accurate detection results.

Te frst criterion serves as an additional damage lo-
cating indicator for identifying undamaged spans in mul-
tispan beams. Te latter two criteria, which are based on the
new general mathematical relationships developed in pre-
vious sections, resemble the damage locating concepts
presented in [4, 24] but are applicable to both statically
determinate and indeterminate beam types.

As will be illustrated in subsequent numerical and ex-
perimental verifcations, the proposed damage locating
method initially identifes potential damage location at peak
regions of a single DC or RDC plot, guided by the frst and
second criteria. Te identifed damage location is then re-
fned and confrmed by systematically scanning other DC
and RDC plots under various UPL positions, applying the
third damage locating criterion.

2.2. Development of Damage Quantifcation Method for
Multispan Beams. Once the damage element is identifed
using the method outlined in the previous section, the next
step is to quantify the severity of the damage. Since the
moment change magnitude due to damage is proportional to
the damage severity, the relative bending moment change
ζMi

(xL) can be expressed as follows:

ζMi
xL( 􏼁 � β ζ50%Mi

xL( 􏼁, i � 1, m, (21)

where ζ50%Mi
is a referenced relative moment change of the

beam in a virtual damage state having β� 1. From equation
(16), β� 1 when α� 50%, which explains the notation ζ50%Mi

and its superscription 50%. On substitution of equation (21),

6 Structural Control and Health Monitoring
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the relative defection changes from equations (20) and (13)
become

RDC xi, xL( 􏼁 �

β ζ50%M1
xL( 􏼁 +

g x1, xL( 􏼁

u0 x1, xL( 􏼁
􏼠 􏼡􏼢 􏼣 (damaged span),

β ζ50%M2
xL( 􏼁 (undamaged span).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(22)

Or in a shorter form:

RDC xi, xL( 􏼁 � β RDC50%
xi, xL( 􏼁, i � 1, m, (23)

where RDC50% is a referenced relative defection change
defned as follows:

RDC
50%

xi, xL( 􏼁 �

ζ50%M1
xL( 􏼁 +

g x1, xL( 􏼁

u0 x1, xL( 􏼁
􏼠 􏼡 (damaged span),

ζ50%M2
xL( 􏼁 (undamaged span).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(24)

For statically determinate beams, the RDC50% function
can be conveniently obtained in closed-form solutions as
demonstrated in [4, 24]. Tis enabled damage severity
calculation directly from the measured RDC, which is only
valid for a particular beam type such as simply supported
beams or cantilever beams. However, such closed-form
mathematical expressions do not exist in multiple span
beams due to the indeterminacy of the bending moment and
the g(x1, xL) function. An alternative approach to address
this unavailability is proposed as follows.

Since ζ50%Mi
, g(x1, xL), u0(x1, xL) are independent of the

fexural stifness EI, it is apparent from (24) that the RDC50%

is a geometrical function and independent from the beam
cross section and material properties. Terefore, RDC50%

can be obtained from any virtual FE beam model, whose
span confguration is as same as the real beam, with arbitrary
fexural stifness EI. For bridge girders with constant EI, all
the information required for the virtual model is the span
lengths and support conditions of the real beam. Te virtual
beammodel is named herein as the SSVBmodel. In practice,
the SSVB can be a geometrically updated FE model of the
real structure, which can be conveniently obtained from
inspection and as-built documents.

A procedure to obtain the RDC50% from the SSVBmodel
is summarised as follows:

1. Develop an SSVB FE model whose confguration is as
same as the real girder, with arbitrarily constant beam
section and material properties.

2. Obtain the intact defection vectors uh
SSVB(x, xL) from

the SSVB model under the same UPL applied to the
real beam.

3. Once the damaged element is identifed on the real
beam using the damage locating criteria outlined in

Section 2.1.5, its location and length (a and b) are
updated to the SSVB model with a virtual damage
severity assigned as α� 50%.

4. Extract the defection vectors u50%
SSVB(x, xL) from the

virtual damaged SSVB model under the same UPL
previously applied to obtain the undamaged
uh

SSVB(x, xL).
5. Calculate the referenced relative defection change

RDC50% vectors following

RDC50%
x, xL( 􏼁 �

u
50%
SSVB x, xL( 􏼁 − u

h
SSVB x, xL( 􏼁

u
h
SSVB x, xL( 􏼁

⎛⎝ ⎞⎠. (25)

After the referenced RDC50% function is determined
from equation (25), the damage severity of the real structure
is estimated following the damage–severity–consistency
(DSC) concept proposed by the present authors in [4, 5, 24],
which can be summarised as follows. First, a DSC function is
calculated by equation (26). Ten, the damage severity
derivative is calculated from equation (27) by averaging the
DSC function. Subsequently, the damage severity coefcient
is calculated for a specifc UPL following equation (28). Te
fnal damage severity can be fne-tuned by averaging results
obtained from some UPLs of interest.

DSC x, xL( 􏼁 �
RDC x, xL( 􏼁

RDC50%
x, xL( 􏼁

􏼠 􏼡, (26)

β xL( 􏼁 � DSC x, xL( 􏼁, (27)

α xL( 􏼁 �
β xL( 􏼁( 􏼁

1 + β xL( 􏼁( 􏼁
. (28)

Structural Control and Health Monitoring 7
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It should be noted that the accuracy of the damage
quantifcation results relies on correctly identifying the
damaged length (b) assigned to the SSVB model. Tis value
is infuenced by factors such as the availability of defection
measurements around the damage, the type of damage and
measurement noise, which will be thoroughly explored in
Sections 3–5. When distinct peaks appear at beam elements
on the DC or RDC plots, a direct estimation of b is possible
(see in Section 3), typically requiring sufcient beam de-
fection measurements around the damage locations. In
other cases, estimating the damage length may require
engineering judgement based on the nature of the damage
and observed defection change patterns. Examples (in
Section 4) include assuming an efective length for a single
open crack or adjusting the assumed damage location and
length to discard false detections caused by measurement
noise. Once the damage location and length are verifed
through a comprehensive visual inspection, the proposed
SSVB method can accurately quantify damage (see in
Section 5).

2.3. Locating and Quantifying Multiple Damage inMultispan
Beams. From the principle of superpositionmethod, the DC
and RDC caused by multiple damage locations are cumu-
lative combinations of DC and RDC caused by each of the
damage separately. Terefore, the damage locations can be
identifed at the peaks of the measured DC and RDC plots
according to the proposed damage locating criteria in
Section 2.1.5. Once the damaged elements are located, their
damage severities are calculated using the SSVB concept for
multiple damage as follows. From equation (23), the
mathematical form of the RDC under multiple damage
locations can be presented by

RDC xi, xL( 􏼁 � 􏽘
d

j�1
βj xL( 􏼁RDC

50%
j xi, xL( 􏼁, (29)

where d is the number of identifed damaged elements.
Equation (29) can be rewritten in matrix form as

RDC50%
xL( 􏼁􏽨 􏽩

N×d
β xL( 􏼁􏼈 􏼉d×1 � RDC xL( 􏼁􏼈 􏼉N×1, (30)

where N is the number of measurement points and
[RDC50%] is the matrix containing d referenced relative
defection change RDC50%

j􏽮 􏽯
N×1

vectors obtained from the
SSVB model under virtual damages. Te damage severity
derivatives βj can be obtained by solving the system of N
linear equations (30). Since the number of measurement
points N is often higher than the number of damage loca-
tions d, the system of equations (30) is often overdetermined
(the equations outnumber the unknowns). For an over-
determined system, an approximate solution using the
method of ordinary least squares (the least square solution)
can be given as follows [37]:

β xL( 􏼁􏼈 􏼉d×1 � A
T
A􏼐 􏼑

−1
A

T
b, (31)

where A denotes the coefcient matrix [RDC50% (xL)] and
b denotes the vector of constants {RDC(xL)}.

Finally, the damage severity coefcients αj are calculated
using equation (28) for each of the damaged elements.

2.4. Use of Output-Only MF-Based Proportional Defection
Changes (PDCs). Above methodology can be perfectly ap-
plicable for static defections under traditional static force-
controlled testing conditions. However, as stated earlier, it is
not always possible to carry out such static tests, especially
on highway bridges with high trafc volumes. Le et al. [24]
demonstrated that the use of indirect defections obtained
fromMFmatrices can substitute the static defections for DI
purposes. In this research, we focus on another practical case
when the true MF matrices are not available under output-
only vibration tests. Te proportional defection concept is
thereby incorporated with above-proposed methodology to
extend its applicability to important cases when only am-
bient (operational) vibration test results conducted in
highway bridges are available.

Let us start with the following relationship between static
defection and the structural fexibility [36]:

u � Ff, (32)

where f is an arbitrary static load applied to the structure and
F is the structural fexibility matrix, which can be approx-
imated to the MF matrix with sufcient accuracy by using
a few modes of vibration as follows [38, 39]:

F ≈ MF � 􏽘
n

i�1

1
ω2
i

1
mi
ψiψ

T
i , (33)

where MF is the N ×NMF matrix, N is the number of DOF
of the structure, ωi, ψi and mi are the ith modal frequency,
mode shape and modal mass obtained from output-only
vibration tests and n is the number of measured mode
(n≤N). Te “≈” relationship becomes “ � ” when all modes
of vibration are used, which is impractical. However, for
damage detection purposes, it has been widely accepted
that a few early modes are sufcient. ψi are often chosen to
be unit mode shapes having unit length (ψTi ψ � 1). In
addition, for Euler–Bernoulli beams with constant or
nearly constant cross section, the mass matrix M can be
reasonably assumed to be diagonal [40], and the lumped
mass m is distributed equally among the DOFs of the
system. Terefore, the ith modal mass is formulated and
transformed to

mi � ψT
i Mψi � ψT

i Diag(m)ψi � m ψT
i ψi􏼐 􏼑 � m. (34)

On substitution of mi to equation (33), the MF matrix
becomes

MF �
1
m

􏽘

n

i�1

1
ω2

i

ψiψ
T
i

⎛⎝ ⎞⎠. (35)

While the above equation is only valid for
Euler–Bernoulli beams with uniform mass distribution, this
characteristic is notably relevant to highway bridge girders.
Te unavailability of the modal mass in output-only modal
tests naturally leads to the construction of the MF-like term

8 Structural Control and Health Monitoring
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within the parenthesis () in equation (35), which is pro-
portional to MF and named as the PMF matrix as follows:

PMF � 􏽘
n

i�1

1
ω2

i

ψiψ
T
i � mMF ≈ m F. (36)

By deducing equation (32), a MF-based proportional
defection uP can be extracted from the PMF, which difers
from the exact static defection by the scalar m:

uP � PMF f ≈ m (F f) � m.u. (37)

Assume structural damage does not cause signifcant
changes in mass. By comparing the undamaged (“h”) and
damaged (“d”) states, the relationship between MF-based
PDC and the true static defection change DC is given by

PDC � u
d
P − u

h
P � PMFd - PMFh􏼐 􏼑 f � PMFC f ≈ m u

d
− u

h
􏼐 􏼑 � m DC, (38)

where PMFC is the proportional modal fexibility change
matrix. Similarly, the relationship between MF-based pro-
portional relative defection change (PRDC) and the static
RDC is derived as

PRDC �
u
d
P − u

h
P

u
h
P

� PMFC ./MFh
􏼐 􏼑f � PRFC f ≈

m u
d

− u
h

􏼐 􏼑

m u
h

⎛⎝ ⎞⎠ � RDC, (39)

where PRFC is the proportional relative modal fexibility
change and proportional relative fexibility change, and
the notation “./” denotes the elementalwise division. It is
evidenced from equations (38) and (39) that the MF-based
PDC is proportional to the static DC and the MF-based
PRDC is approximately equal to the static RDC. Tese
mean all the observable damage locating criteria de-
veloped for static DC and RDC in Section 2.1.5 are
maintained when the output only MF-based PDC and
RDC are used. In addition, the MF-based PRDC can
substitute the static RDC to quantify the damage following
the method proposed in Section 2.2. For convenience, the
term MF-based RDC is used hereafter to replace MF-
based PRDC.

Figure 3 illustrates a convenient way to extract the MF-
based proportional defection from the proportional fexi-
bility matrices when virtual UPLs are used as the static load f.
Accordingly, the MF-based uP(x, xL � xi) vector under the
UPL acting at the ith DOF is simply the ith column of the
PMF matrix. Te operation is carried out for both un-
damaged and damaged states. Consequently, a series of MF-
based PDC and RDC vectors under multiple UPLs can be
extracted without the need to conduct multiple static
defection tests.

It should be noted that the poor signal-to-noise ratio
of fexural defections and mode shapes near supports may
afect the sensitivity of the method in identifying damage
at these locations. Addressing this will be part of the
authors’ future studies. Readers interested in this topic
can fnd relevant literature, such as [22], which introduces
approaches such as the damage-induced chordwise de-
fection for detecting and locating damage in these
regions.

3. Numerical Verification on a Two-Span Beam

Tis section illustrates the performance of the proposed
method through numerical verifcations on a two-span
reinforced concrete continuous beam model (Figure 4).
Te model is divided into 24 beam elements and 25 nodes.
Young’s modulus, Poisson’s ratio and mass density of the
material are 35GPa, 0.2 and 2500 kg/m3, respectively. Te
beam cross section is a rectangle of 0.3× 0.6m. Two damage
scenarios were simulated by reducing the beam member
stifness or fexural rigidity EI at diferent beam elements,
including single and double-damage cases (Table 1). Te
stifness reduction was numerically simulated using a pop-
ular method in damage detection research by assigning
a reduction on the material Young’s modulus while keeping
the beam section unchanged. An SSVB model of the beam
was also developed for damage quantifcation, with geo-
metrical and material properties summarised in Table 2. Te
SSVBmodel confguration is as same as the real beam, yet its
section and material properties are intentionally set difer-
ently to illustrate the arbitrariness of the fexural rigidity
according to the proposed method.

Figure 5 illustrates the resultant mode shapes of the
beam in the intact state. Mode shapes in the damaged states
are visually similar to the undamaged ones and are therefore
omitted for brevity. Table 3 compares the frst four natural
frequencies of the real beam in the undamaged state and the
two damage scenarios. Te reduction in the natural fre-
quencies refects the existence of damage. Te resultant
modal frequencies and unit mode shapes from both the real
beam and SSVB models were then used to calculate the
proportional fexibility matrices and extract the proportional
defections following a procedure illustrated in Figure 3.

Structural Control and Health Monitoring 9
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Figure 6 demonstrates the DI results for the single
damage D1.1 using changes in MF-based PDC and RDC.
Tree observable damage locating criteria are clearly shown
in Figures 6(a) and 6(b). First, it can be observed from

Figure 6(a) that all the MF-based PDC plots under various
UPLs present a consistent pattern with a smooth curve on
the frst span and a peak on the second span of the beam.
Tis indicates the existence of a single damage on the second

Output-only
vibration tests

Modal frequencies ωi
Unit mode shapes ψi

FEM SSVB model

PMF =

MF-based up (X, XL = Xi)

f11

fi1

fn1

f1i

fii

fni

f1n

fin

fnn

··
··
··
··

··
··
··
··
··

··
··

··

··

··

··

··

Figure 3: Extraction of MF-based defections from PMF matrices.

Node No.
1 3 5 7 9 11 13 15 17 19 21 23 25

12 m12 m
Element No.

(1) (3) (5) (7) (9) (11) (15) (17) (19) (21) (23)

Figure 4: Te two-span continuous beam model.

Table 1: Damage scenario defnition.

Damage case D1.1 D1.2
Created damaged element(s) (19) (7) (19)
Created damage severity∗ 15% 15% 30%
∗Flexural stifness reduction.

Table 2: Comparison of real beam and the SSVB.

Properties Real beam SSVB model
Beam span lengths 2×12m 2×12m
Material Concrete Concrete
Young’s modulus 35GPa 30GPa
Cross section 30× 60 cm 30× 80 cm

Mode 1

Mode 2

Mode 3

Mode 4

Figure 5: Te frst four bending mode shapes in undamaged state.

10 Structural Control and Health Monitoring

 schm
, 2024, 1, D

ow
nloaded from

 https://onlinelibrary.w
iley.com

/doi/10.1155/2024/4087831 by A
ndy N

guyen - U
niversity O

f Southern Q
ueensland , W

iley O
nline L

ibrary on [16/11/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



span at beam element No. 19 according to the frst damage
locating criterion proposed in Section 2.1.5. In addition, the
RDC plots in Figure 6(b) also reveal an abrupt change (peak)
at beam element No. 19 on the second span and depict nearly
constant values on the frst span of the beam. Tis pattern
confrms the occurrence of damage at element 19 relevant to
the second damage locating criterion. Further, the magni-
tudes of the PDC and RDC plots are largest when the UPL is
applied at nodes 19 and 20, which is pertinent to the third
damage locating criterion. Terefore, the damage detection
results accurately refect the developed damage locating
concepts for continuous beams as presented in Section 2.1.5.

Given that defections are extracted at all degrees of
freedom, both PDC and RDC plots clearly depict damaged
elements. Tis enables the precise determination of the
damage length, a crucial factor in estimating damage severity
using the SSVB method. To quantify the damage, a damaged
element is created at the beam element No. 19 on the SSVB
model (same position as the identifed damage above), with
a virtual damage severity of 50%. Te referenced RDC50%

vectors at selected UPLs are then numerically obtained from
equation (25) following the procedure provided in Section
2.2 using the MF-based proportional defections extracted
from the SSVB model. As an illustration, Figure 6(c) shows
the MF-based RDC (from real beam) and RDC50% (from
SSVB) together with the consistency DSC function which is
the ratio between RDC and RDC50% following equation (26).
It shows that DSC is nearly constant among all the node
numbers, which means that the measured RDC is pro-
portional to the RDC50%, and that being perfectly relevant to
equation (23). As defned in equation (27), the damage
severity derivative β� 0.18 is obtained by averaging the DSC
values among the nodes. Finally, from equation (28), the
damage severity coefcient is conveniently estimated to be
15.3% as shown in Figure 6(d), which is very close to the
correct value of 15%. Damage quantifcation results under
other UPLs were also found to be close to 15%. Terefore,
the proposed method accurately locates and quantifes the
single damage case D1.1.

Figures 7(a), 7(b) and 7(c) illustrate the procedure to
identify the double damage case D1.2, with two damaged
elements occurring on diferent spans, whereas Figure 7(d)
shows the corresponding damage quantifcation result. Te
MF-based PDC plots under various UPLs (Figure 7(a))
clearly indicate two peaks at beam elements No. 7 and 19.
Te fgure also indicates that the peak’s magnitudes of the
PDCs on the frst span are larger when the UPL is closer to
Node 8 (beam location 7m). Similarly, the PDC peak’s
magnitude on the second span is the largest when the UPL is

at Node 19 (beam location 18m). Terefore, the existence of
damage at beam elements No. 7 and No. 19 is determined
according to the frst and third damage locating criteria
proposed in Section 2.1.5. Furthermore, the existence and
locations of the two damaged elements are confrmed by
observing the MF-based RDC plots under UPLs at Node No.
8 and No. 19 presented in Figure 7(b). In this scenario, there
are no constant parts on the RDC plots since both spans are
subjected to damage. To quantify this double damage case, it
is necessary to calculate two referenced relative defection
change vectors RDC50%

i corresponding to each of the
damage elements (Figure 7(c)). To obtain the RDC50%

1 vector
for the frst damage, the bending stifness EI of the beam
element No. 7 on the SSVB model is reduced by 50%. Te
MF-based defection vectors before and after the damage
uh

SSVB and u50%
SSVB are then used to calculate the RDC50%

1
following equation (25). Analogously, the referenced
RDC50%

2 vector for the second damage is obtained from
simulating the second damage at beam element No. 19. Te
resultant RDC50%

1 , RDC50%
2 and RDC vectors presented in

Table 4 are substituted into equation (30), resulting in
a system of 22 linear equations as follows (22 is the number
of beam nodes excluding the three supports):

RDC50%
􏽨 􏽩22x2 β􏼈 􏼉2x1 � RDC{ }22x1. (40)

Te system is overdetermined since it has 22 equations
and only 2 unknowns. As explained in Section 2.3, the
damage severities can be estimated by the method of least
squares as follows:

β􏼈 􏼉2x1 � 0.1838 0.4432􏼈 􏼉
T

. (41)

Te second norm of the marching vector
‖[RDC50%] β􏼈 􏼉 − RDC{ }‖ � 7.9106E − 04 ∼ 0, which in-
dicates that the above approximate solution is accurate.
Finally, from equation (28), the damage severities are de-
rived as α1 � 15.53% and α2 � 30.71% using the data under an
UPL acting at node No. 8. Similar damage quantifcation
results under other UPLs are summarised in Table 5 showing
consistent results with minimal standard deviations. Te
average damage severity values among all UPLs are
α1 � 15.7% and α2 � 30.6% with minor errors compared to
correct values of 15% and 30% for damage 1 and damage 2,
respectively.

From the above numerical verifcations, the developed
DBDI method incorporating SSVB model demonstrated
highly accurate damage detection, localisation and quanti-
fcation capabilities in both single and multiple damage
scenarios in multiple span beam models.

Table 3: Natural frequencies of the beam model (Hz).

Mode No. Intact D1.1 D1.2
1 7.05 7.00 6.88
2 10.95 10.89 10.77
3 27.94 27.92 27.87
4 35.03 35.014 34.90

Structural Control and Health Monitoring 11
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Figure 6: Damage detection results in D1.1 scenario: (a) PDC under diferent UPLs; (b) corresponding RDC plots; (c) RDC and DSC plots
under UPL at node No. 19; (d) damage quantifcation result.
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Figure 7: Continued.
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4. Numerical andExperimentalVerificationson
a Real Slab-on-Girder Bridge

In this section, the proposed DBDI method is numerically
and experimentally verifed on a complex girder bridge
structure. Te structure of interest is the I-40 slab-on-girder
bridge, which has been a well-known benchmark for SHM
studies and DI verifcations originally reported by Farrar
et al. [41]. Section 4.1 describes the confguration of the
bridge and the benchmark modal testing results serving as
input data for this research. A FE model of the bridge is
developed in Section 4.2 for developing its SSVB model in
Section 4.3 and numerical verifcations in Section 4.4. Fi-
nally, the benchmark experimental modal data will be used

to assess the real damage on the bridge in Section 4.5 and
results will be compared to numerical assessment in
Section 4.2.

4.1. Te Benchmark I-40 Bridge and the Experimental Modal
Data. Figures 8, 9 and 10 illustrate the confguration of the
I-40 slab-on-girder bridge constructed in the early 1960s
over the Rio Grande River in New Mexico, USA. Te tested
part of the bridge consists of three continuous spans with
a total length of 129m.As schematised in Figures 9 and 10,
the superstructure of the bridge consists of a 13.05 m-wide
reinforced concrete slab, two 3.11 m-deep steel plate girders
and a system of stringers and foor beams.Te dimensions of

2 4 6 8 10 12 14 16 18 20 22 24
Node number

RDC50%

0.1

0.05

0

Damage 2Damage 1

RDC2
50%

RDC1
50%
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Damage severity
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19
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Figure 7: Damage detection results for D1.2 scenario: (a) PDC under diferent UPLs; (b) RDC plots under UPLs at nodes No. 8 and 19; (c)
RDC50% plots under UPL at node No. 8; (d) damage quantifcation result.

Table 4: RDC50% and RDC values under the UPL at Node 8∗.
Node No. RDC1

50% RDC2
50% RDC Node No. RDC1

50% RDC2
50% RDC

2 0.1055 0.0101 0.0240 14 0.1167 0.0334 0.0360
3 0.1100 0.0101 0.0248 15 0.1169 0.0426 0.0401
4 0.1180 0.0101 0.0263 16 0.1174 0.0539 0.0452
5 0.1302 0.0102 0.0285 17 0.1180 0.0681 0.0517
6 0.1482 0.0104 0.0319 18 0.1186 0.0866 0.0600
7 0.1748 0.0108 0.0368 19 0.1190 0.1114 0.0710
8 0.1771 0.0115 0.0376 20 0.1190 0.1193 0.0748
9 0.1532 0.0125 0.0337 21 0.1188 0.1095 0.0705
10 0.1365 0.0140 0.0314 22 0.1183 0.1027 0.0674
11 0.1250 0.0162 0.0303 23 0.1178 0.0983 0.0654
12 0.1178 0.0195 0.0305 24 0.1175 0.0957 0.0643
∗RDC values at beam supports (node No. 1, 13 and 25) do not exist.

Table 5: Damage severity estimation from diferent UPLs.

Damaged elements Severity
UPL at node No.

Average Standard deviation
5 8 11 17 19 22

Damage 1 β1 0.1828 0.1838 0.1844 0.1846 0.1861 0.1899 0.185 0.002
α1 15.46% 15.53% 15.57% 15.59% 15.69% 15.96% 15.7% 0.16%

Damage 2 β2 0.4439 0.4432 0.4382 0.4391 0.4390 0.4373 0.440 0.003
α2 30.74% 30.71% 30.47% 30.51% 30.51% 30.43% 30.6% 0.12%
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the plate girder section are given in Figure 11(a). Te
stringers are supported by a system of 36-foor beams
framing into the girders. Te girders are supported by roller
and pinned supports placed on the substructure. Interested
readers can refer to [41, 42] for a more detailed description of
the bridge.

As described in Farrar et al. [41], four levels of damage
were introduced near the midpoint of the middle span of the
north plate girder (Figure 12) by cutting its web and lower
fange. Schematic of the three last damage cases, E-2 to E-4,
is depicted in Figures 11(b), 11(c), 11(d) and 13. A series of
forced and ambient vibration tests on the bridge were
conducted by the Los Alamos National Lab in 1993 in the
undamaged and damage states for modal parameter iden-
tifcation [41]. Te acceleration responses of the bridge were
measured at 26 locations distributed along the two plate

girders as shown in Figure 12. Te frst three damage sce-
narios were reported to have small efects on the structural
responses and the resultant minor changes in modal fre-
quencies were reportedly masked by environmental efects
[43, 44]. To the best of the authors’ knowledge, previous
literature has not successfully achieved a comprehensive
quantifcation of these damage cases. Terefore, the most
severe damage case (E-4) will undergo both numerical and
experimental evaluation, while less severe cases (E-2 and E-
3) will be assessed numerically in this study. Tis approach
facilitates the quantifcation of the actual damage in E-2 and
E-3, supporting the hypothesis that their minor severity
makes them challenging to detect in real-world testing.

Table 6 summarises the measured natural frequencies of
the frst six modes in the intact and the fourth damage case
E-4. As can be seen from the table, there was a signifcant

Figure 8: I-40 bridge in Albuquerque, USA [41].

39.7 m 39.7 m49.6 m

Exp

ExpExp
Ground

level

Splice plate

Damage location
Splice plate

Exp
–2.0%
SlopePinned

Figure 9: Elevation view of the I-40 bridge [41].

Slope 1.5%

Stringers

170
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Plate
girder
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36 WF 182 or
36 WF 150 Floor beam

Slope 1.5%

L 5×5×5/16
bracing

Plate
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2.025 m 2.25 m 2.25 m 2.25 m 2.25 m 2.025 m
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21 WF 62 21 WF 62

Figure 10: Main structural components [41] (draw not to scale).
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drop in the fundamental frequency equivalent to a −8.5%
relative change, which normally indicates that severe
damage had occurred on the structure. Te measured unit
mode shapes of the bridge in the undamaged state are
presented in Figure 14 and compared with the numerical
mode shapes obtained later from the FE analysis in
Section 4.2.

4.2. Development of the I-40 Bridge FEModel. A FE model of
the I-40 bridge was developed using the SAP2000 software
based on geometrical information and modal testing results
described in Section 4.1. Numerical investigation from this
model will test the performance of the proposed VBDI
method on a complex structure and estimate the damage
severity of the simulated damage scenarios for later

175

31.175

3.28 m
3.048 m

9.5

609.631.175

Slab

3.11 m

1219.2

Damage case 2
(D2.2, E–2)

Damage case 3
(D2.3, E–3)

Damage case 4
(D2.4, E–4)

1219.2 1219.2

152.4 152.4 609.6

9.5 mm wide cut
9.5 mm wide cut

(a) (c) (d)(b)

Figure 11: Cross section of the plate girder: (a) slab-on-girder section; (b–d) schematic of damage scenarios inficted in steel girder (adapted
from [41, 43], dimensions in mm).

N13 N12 N11 N10 N9 N8 N7 N6 N5 N4 N3 N2 N1

S13 S12 S11 S10 S9 S8 S7 S6 S5 S4 S3 S2 S1

South girder

East
abutment

North girder

Damage location 250 mm to N7

Figure 12: Sensor layout and location of damage (after [41]).

Damage case 4

609.6

1,219.2

Figure 13: Te fourth damage (after [41, 43]).

Table 6: Experimental natural frequencies (Hz) (adopted from [41]).

Test damage
scenarios

Modes
1 2 3 4 5 6

Undamaged 2.48 2.96 3.50 4.08 4.17 4.63
Damage case E-4∗ 2.27 (−8.5%) 2.83 (−4.4%) 3.49 (−0.3%) 3.99 (−2.2%) 4.15 (−0.5%) 4.52 (−2.4%)
∗Values in (. . .) indicate relative changes (%) compared to undamaged state.
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experimental verifcation. Since this study focuses on DI on
the bridge girders, it is reasonable to exclude the sub-
structure in the FE model (Figure 15).

Each span of the bridge was subdivided into 12 equal
segments resulting in 36 slab-girder composite portions
(Figure 16). Modal parameters are extracted from 37 output
points at the bottom fange of the girders, some of which are at

the same positions as the sensors as described in the feld test
(Figure 12). Material properties are presented in Table 7,
which were manually adjusted to minimise the diferences
between the modal parameters of the FE analysis and ex-
perimental results. Figure 14 compares numerical mode
shapes with testing results in the undamaged state, which
shows satisfactory agreement in terms of mode shape

Mode 1

Mode 2

Mode 3

Mode 4

Mode 5

Mode 6

Y

XZ

Y

XZ

Y

XZ

Y

XZ

Y

XZ

Y

XZ

(a) (b)

Figure 14: Experimental (a) verses FE analysis ((b), see Section 4.2) undamaged mode shapes of I40 bridge.
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patterns. Table 8 (column 2) shows the numerical natural
frequencies, with acceptable relative diferences compared to
the testing results of only 1.6%, 2.2% and 4.3% for the frst
three fexural modes (modes 1, 3 and 4).Te frst and the third
torsional modes (modes 2 and 6) also have an acceptable error
of ∼6%.Te largest relative diference comes from the second
torsional mode (mode 5) of 14.6%, which can be explained by
the fact that obtaining high accurate experimental results for
higher-order modes in complex structures is challenging.
Since fexural modes are the main contributors to the de-
fection behaviours of bridge girders, the developed FE model
can be considered a good representation of the real bridge for
numerical damage investigation purposes.

Four damage scenarios were then numerically simulated on
the validated I-40 FE model as described in Table 9. Te frst
damage scenario (D2.1) was generated by reducing themember
stifness of both concrete slab and steel girder by 30% (damage
severity α� 30%) over an 8.26-m-length of the slab-girder
portions at the middle region of the middle span (Fig-
ure 17).Te analysed natural frequencies of D2.1 are presented
in Table 8 (column 3) showing slightly decreases compared to
the FE undamaged results.Te known extent of damage, in this
case, provides a perfect scenario to validate the accuracy of the
proposed method for quantifying damage in complex
structures.

Te last three damage scenarios (Figure 18), denoted
as D2.2, D2.3 and D2.4, were numerically created by
removing material from the girder’s web and fange in
a manner similar to the actual cuts of the three feld test
damage cases E-2, E-3 and E-4 shown in Figures 11 and 13.
Te resultant numerical natural frequencies are presented
in Table 8. Te minor relative decreases in the frst natural
frequencies of −0.2% (D2.2) and −0.3% (D2.3) indicate
small stifness reduction in the second and third cases. By
contrast, there is a signifcant relative decrease of −8.8% in
the fundamental natural frequency of the last damage case
D2.4 (Table 8, column 6), which closely approximates the
feld test result of −8.5% (Table 6). Since the known 30%
damage severity in D2.1 only causes a −1.3% relative
reduction in the frst natural frequency, a relative decrease
of −8.8% in D2.4 preliminarily indicates that this should
be a much more severe damage scenario. Te unknown
severity of damage in D2.2, D2.3 and D2.4 scenarios
necessitates the quantifcation to give a reference for later
experimental study, and the proposed DBDI method will
be employed for this task in the following sections. Te
model of opened cracks studied by Christides and Barr
[45] is applied to estimate the stifness reduction in the
crack vicinity. As suggested by Sinha et al. [46], the total
efective damage length can be taken as three times the

Stringers

Concrete Slab

Floor beams

North girder RS
South girder

RS

Pinned
support

Roller support (RS)

Figure 15: 3D view of the I-40 slab-on-girder bridge FE model.

Girder elements Fem output points

N13
S13

N12
S12

N11
S11

N10
S10

N9
S9

N8
S8

N7
S7

N6
S6

N5
S5

N4
S4

N3
S3

N2
S2

N1
S1

3.31 4.13 4.13 3.31

Figure 16: FE output points compared to experimental sensor locations (N1 to N13: sensors on North girder, S1 to S13: sensors on South
girder, to see with Figure 12).

Table 7: Material properties of the validated FE model.

Structural components Young’s modulus (GPa) Poisson’s ratio Mass density (kg/m3)
Concrete slab 24 0.2 2500
Steel girders, strings, foor beams 200 0.3 7850

Structural Control and Health Monitoring 17
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girder height. With the girder’s height of H � 3.28m
(Figure 11), the efective damage length for these cases will
be taken as 9.84m (Table 9).

4.3. Te SSVB Model of the I-40 Bridge Girders. A FE SSVB
model was developed to compute the reference RDC50% for
damage quantifcation in the numerical and experimental
studies on the I-40 bridge. Te beam has the same span and
support confguration as the I-40 bridge’s main girder as
shown in Figure 19. Te beam material was selected as
concrete, with a rectangle cross section of 1.0m× 3.0m for
modelling simplicity. Young’s modulus, Poisson’s ratio and
mass density of the concrete were 35GPa, 0.2 and 2500 kg/
m3, respectively. Figure 20(a) illustrates the model with
virtual damage severity of 50% applied to an 8.26m long

portion to quantify the damage case D2.1. Similarly,
Figure 20(b) presents a virtual model with 50% damage
assigned over a 9.84m long portion to quantify the severity
of the cut-like damage cases D2.2, D2.3 and D2.4 as de-
scribed in the previous section.

4.4. Numerical Verifcation of the I-40 FE Model. Te mass-
normalised mode shapes extracted from the FE model and
SSVBmodel were converted into unit mode shapes to simulate
output-onlymodal data extracted from ambient vibration tests.
Te frst three bending and three torsionalmodes of the I-40 FE
model were used to calculate the MF-based proportional de-
fections, while the frst three bending modes of the SSVB
model were used to calculate the referenced RDC50% (since
torsional modes do not exist in 2-dimensional SSVB model).

Table 8: Numerical natural frequency (Hz).

Mode number
FE damage scenarios

Note
Intact1 D2.12 D2.22 D2.32 D2.42

(1) (2) (3) (4) (5) (6) (7)
1 2.441 (−1.6%) 2.409 (−1.3%) 2.436 (−0.2%) 2.433 (−0.3%) 2.227 (−8.8%) 1st fexural mode
2 3.132 (5.8%) 3.118 (−0.5%) 3.150 3.149 3.056 (−2.4%) 1st torsional mode
3 3.572 (2.1%) 3.568 (−0.1%) 3.571 3.571 3.568 (−0.1%) 2nd fexural mode
4 4.256 (4.3%) 4.240 (−0.4%) 4.254 4.252 4.160 (−2.3%) 3rd fexural mode
5 4.777 (14.6%) 4.761 (−0.3%) 4.774 4.772 4.686 (−1.9%) 2nd torsional mode
6 4.919 (6.2%) 4.909 (−0.2%) 4.919 4.919 4.914 (−0.1%) 3rd torsional mode
1Values in (. . .) are relative changes compared to undamaged test results in Table 6.
2Values in (. . .) are relative changes compared to numerical intact results in column 2.

Table 9: Damage scenario defnition for the I-40 bridge investigations.

Damage case D2.1 D2.2 D2.3 D2.4

Damage type Reducing member fexural stifness Cutting/removing material on girder’s web and
fange (Figures 13 and 18)

Damage severity 30% To be determined

Damaged length 8.26m (Figure 17) To be estimated as 9.84m (three times the girder’s
height)

Pinned support

8.26 m

30% stiffness reduction

Intact materials North girder

Figure 17: Simulation of damage scenario D2.1.

North girder Cut position

Pinned support
39.7

25.05
49.6

24.55
39.7

Figure 18: Damage cases D2.2, D2.3 and D2.4 (dimensions: m; revisit Figure 13 for detailed damage description).
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Figure 21 illustrates the DI results for the frst damage
case D2.1. For the North girder (Figure 21(a)), both MF-
based PDC and RDC plots clearly reveal an abrupt peak at
the simulated damaged portion. In addition, the magnitude
of the PDC’s peak is largest under UPLs applied around the
damaged region. Terefore, the simulated damage was ac-
curately detected and located according to the three pro-
posed damage locating criteria. Te damage severity
consistency vector DSC under UPL at node 19 (Figure 21(a),
second from top) was then calculated as the ratio between
the RDC and RDC50% following equation (27). Less obvious
consistent values of the MF-based DSC on the undamaged
spans compared to the damaged span refect the structural
complexity and limited number of modes used to calculate
the MF-based PDC. Nevertheless, the average DSC value
β� 0.415 provides satisfactory damage severity of α� 29.3%,
with negligible error compared to the simulated value of
30%. For the South girder, DI results in Figure 21(b) show no
abrupt peak on either the PDC or RDC plots, and therefore
no damage was detected according to the developed theory,
which is relevant to the fact that no damage was created on
this girder. Terefore, the proposed method demonstrates
excellent DI and quantifcation capabilities in the complex
girder bridge model using the SSVB concept.

Te method was then employed to assess the damage
cases D2.2, D2.3 and D2.4, where damage severity was
unknown in advance. Figure 22 shows the DI results for D2.3
and D2.3 scenarios for the North girder, while corre-
sponding results for the South girder similar to Figure 21(b)
are omitted for brevity. Te fgures show correct damaged
locations are detected and very small damage severity
predicted, being 4.8% and 6.2%, respectively, which correctly
refect the little changes in natural frequencies depicted in
Table 8. In fact, such small damage severity can be easily
masked by environmental changes and measurement errors.
Tis explains the difculty in identifying actual damage cases
E-2 and E-3 using real-world experimental data of the I-40
bridge reported in the literature.

Te method was then applied to assess the last damage
case D2.4, where the damage level was expected to be large.
Damage assessment results for the North girder are pre-
sented in Figure 23(a). Tree damage locating criteria can be
observed from the fgure: (1) MF-based PDC plot shows
a sharp peak at beam location 64.5m in the middle of the
second span, (2) MF-based RDC plot shows a sharp peak at
node No. 19 on the middle span and nearly constant por-
tions on the side spans and (3) magnitudes of the PDC and
RDC are largest when the UPL is applied near node 19.
Terefore, the single damage was correctly located at the cut
position around node No. 19 of the middle spans. As stated
earlier, an equivalent damage length of three times the beam
height is selected to quantify the damage severity. Te
referenced MF-based RDC50% was then calculated from the
SSVB model described in Section 4.3. From the RDC and
RDC50%, the damage extent was estimated to be 67.2%,
which is indeed severe damage in reality. For the South
girder, results of MF-based PDC and RDC in Figure 23(b)
indicate no abrupt peak, and therefore the damage state was
correctly discarded on this girder.

4.5. Experimental Verifcation on the I-40 Bridge. From six
available experimental natural frequencies and unit mode
shapes, the output-only MF-based PDC and relative de-
fection change RDC under various UPLs are plotted in
Figures 24(a1) and 24(a2). By observing the MF-based PDC
and RDC plots, there is a clear peak at beam location 65m
(node No. 19, element No. 18-19) near the mid-region of the
second girder span under all the UPLs. Tere is also another
clear peak at node No. 31 (element No. 30-31) on the MF-
based RDC plots under the UPL at node No. 7 and 19.
However, when visiting the RDC plot under the UPL at node
No. 31, the peak at this point disappears. Tis is unexpected
based on the third damage locating criterion (Section 2.1.5),
which suggests a larger peak’s magnitude should appear
when the UPL is applied closer to the damage. Similarly,

EI EI EI

39.7 m 49.6 m 39.7 m

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

(b)

(a)

Figure 19: Te SSVB model in the undamaged state: (a) confguration; (b) node number.

EI EI EI EI

EI EI EI EI

50%EI

50%EI

(8.26 m)

(9.84 m)

(a)

(b)

Figure 20: Referenced damage states on the SSVB: (a) for D2.1; (b) for D2.2, D2.3, D2.4, E-4.
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a peak appears at node No. 11 on the RDC plot under the
UPL at node No. 31, but this peak is absent on the other two
RDC plots. Terefore, further investigation is needed to
determine the extent of the damage and confrm whether all
three peaks are caused by real damage.

First, assume that all the three peaks are subjected to
damage. Consider three damaged regions occurred on the
girder at elements No. 10-11, No. 18-19 and No. 30-31. By
gradually assigning these damaged regions to the SSVB
model, the reference RDC50%

i (i� 1,2,3) were computed. On
substitution and solving equations (30) and (31) (similar to
solving damage case D1.2 in Section 3), the damage se-
verities of the three damaged regions are determined and
shown in Figures 24(a3). Results indicate that the suspected
damage at beam elements No. 10-11 and 30-31 is not obvious
and can be discarded since by nature the damage severity
could not be greater than 100% or below zero percent.
Terefore, damage quantifcation result of the frst trail
would lead to the rejection of damage at the frst and the
third damage at beam elements No. 10-11 and 30-31.

For the second trail, only a single damaged region at
elements No. 18-19 is considered. Figures 24(b1), 24(b2) and
24(b3) show the DI result using MF-based proportional
defections under the UPL at node 19, which is closest to the
damage element. Te corresponding damage quantifcation
results are β� 1.76 and α� 63.7%, which is around 5% error
compared to previous numerical investigation result of
α� 67.2% for the damage case D2-4 in Figure 23(a).

It is evidenced from the above analyses that the proposed
DI method has the capacity to reject false positive detections
that are common in practice, especially in large-scale
structures, where measurement noise is unavoidable.

Te treatment of measurement noise data is next in-
vestigated. Te ovals in Figure 24(b1) and 24(b2) mark the
positions of sensors N2 and N4 in the feld test (Figure 12),
which present abnormal changes that are not relevant to
theoretical damage-induced patterns on the PDC and RDC
plots. It appears that high measurement noise was present in
these sensors, and this resulted in the unusual fuctuation
and low range of the damage severity consistency DSC plot
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Figure 21: DI results of D2.1: (a) North girder; (b) South girder.
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on the third span compared to other spans as shown in
Figure 24(b2). To improve the damage detection results,
high noisy sensors N2 and N4 are removed, and the cor-
responding mode shape displacements at these sensors are
interpolated from the remaining sensors using the shape-
preserving piecewise cubic interpolation. Te subsequent
damage detection results are presented in Figure 25(a).
Compared to Figure 24(b), the noisy data removal only
improves the result on the third span and does not afect the
original PDC, RDC and DSC plots at the remaining sensor
locations including the middle node of third span and the
entire frst and second spans. With a more consistent DSC
function, the damage severity is recalculated as α� 66.2%,
which approximates numerical result of 67.2% in
Figure 23(a), with only 1.5% error (Table 10).

Finally, it is of great interest to investigate the accuracy of
the proposed method using fewer modes of vibration.
Figure 25(b) presents the damage assessment results when
only the frst 5 modes are used, which provides less con-
sistent DSC plot, yet satisfactory damage quantifcation
results of 62.3% compared to numerical result of 67.2% using
all six modes. Figures 26(a) and 26(b) present the results
when only fexural modes are considered. It is evidenced that
while the damage locating criteria are clear on the plots, the

damage severity was overestimated with 24.4% and 26.6%
errors compared to those obtained numerically using six
modes (Table 10). Table 10 presents other DI results when
diferent number of modes are used. It is evident that the
secondmode (torsional mode) could not be discarded in this
case study, and that at least the frst two or three modes
should be considered to have accurate damage quantifca-
tion results.

In summary, numerical and experimental verifcations
of the benchmark I-40 girder bridge demonstrated that the
proposed DBDI method can accurately locate and quantify
diferent damage scenarios in complex structures. In addi-
tion, the method can eliminate false positive damage de-
tection due to measurement noise, which is unavoidable in
practice.

5. Experimental Validation on a Large-
Scale BGB

5.1. Test Description. To demonstrate the applicability of the
proposed method to statically determinate beams, further
experimental validation was carried out on a large-scale
single-span BGB model as shown in Figure 27. Te tested
model is a 6-m-long simply supported reinforced concrete
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Figure 22: DI results for North girder: (a) D2.2; (b) D2.3.
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single box girder, with a support-to-support span of 5.8m.
Te test model was constructed at the Queensland Uni-
versity of Technology for various SHM research topics
[47, 48], including DI in large-scale girder bridges in the
present paper. Te basic dimensions of the model are given
in Figure 28.

Te data acquisition system includes 17 lightweight
8630B5 Kistler piezoelectric accelerometers having 1V/g
sensitivity, ±5 g input range and a broad frequency response
range of 0.5–2000Hz. It also includes an NI cDAQ-9172
chassis and six NI-9234 bridge modules to form up to
24 single-axis accelerometer measurement channels. Among
various sensor layouts used during the test, the layout with
sensors mounted along the central line of the bottom and top
fanges is used in this study (Figure 28). Te transducers
were used to measure the BGB vertical acceleration at the
sampling rate of 2048Hz. An in-house LabVIEW pro-
fessional app was used to read and log the data in a fully
synchronised and automated acquisition manner [49].

Vibration tests were conducted to capture the modal
parameters of the intact structure before two damage states
were created. Te frst damage state, denoted in this paper as
D3.1, was formed under cyclic loads from a MOOG
(manufactured by Moog Inc.) test system placed at midspan
of the BGB (Figure 27). Six cracks named as CR2 to CR7
occurred at the bottom fange and lower part of the webs
within ±0.5m from the middle span in this damage scenario
(Figure 29). Te second damage state, denoted as D3.2, was
later created by applying further static loads in the same
position. As a result, two more cracks named CR1 and CR8
were found at approximately ±1m from the midspan, while
the previous six cracks opened and propagated further to the
upper part of the webs but did not reach the top fange
(Figure 29). Terefore, the visible damage length for damage
case D3.1 is 1m and 2m for the second damage case D3.2.

In each damage state, the MOOG was lifted from the
girder for free vibration tests. Vibration signals of the BGB
were recorded under random hammer excitation using the
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Figure 23: DI results for D2.4: (a) North girder; (b) South girder.
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data acquisition system. Modal parameters were then esti-
mated using the enhanced frequency-domain de-
composition (EFDD) method from the OMA software
ARTeMIS [50]. A typical modal estimation plot is presented
in Figure 30. Te identifed natural frequencies before and
after the two damage states are summarised in Table 11,
which shows a clear reduction trend associated with the
progressive damage introduced to the BGB. It should be
noted that modal parameters reported in this paper can be
diferent from those reported elsewhere due to diferent
testing conditions, mostly due to boundary changes after
each test rearrangement for diferent SHM research topics.
Figure 31 illustrates the frst three of the identifed mode
shapes, of which the frst is in pure bending, while the other
two are coupled modes with the bending response generally
being dominant. Obtaining higher-order pure bending
modes was challenging in this situation probably due to the
limitation in bandwidth of the manual excitation method
used in this case.

To serve as input data for DI, the identifed unit mode
shapes extracted from accelerometers mounted under the
bottom fange were interpolated into 13 output points at
a spacing of 400mm and 500mm (Figure 28) using the
shape-preserving piecewise cubic interpolation method.
Construction of the PMF matrices and extraction of the
proportional defections were performed subsequently to
create input data for DI in the next section.

5.2. DI Results. Besides confrming the presence and loca-
tion of the damage on the BGB, the main focus of this case
study is to test the SSVB concept in quantifying the damage
in statically determinate beams. Plots of DI results for the
two scenarios are presented in Figures 32(a) and 32(b).
Similar to the previous case studies, the damage location can
be identifed within the middle region of the box girder
corresponding to the peak region on the MF-based PDCs
and RDCs. Te damage location is also confrmed by the
increasing trend in the peak’s magnitude when the UPL is
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Figure 24: Experimental DI results for E-4: (a) frst trial—three damages; (b) second trial—one damage.
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moved closer to node No. 7 at midspan (Figure 32, frst row).
Te MF-based DSC function on the second row of Figure 32
indicates that the less severe damage case D3.1 is more
afected by measurement noise (with higher DSC variations)
compared to the more signifcant damage case D3.2 (sat-
isfactory constant DSC).

Once the presence of damage and its location were
confrmed, the SSVB method was used to estimate the
damage severities over the known 1m-long girder portion
for D3.1 and 2m-long for D3.2 (Figure 29). A simple 5.8-

m-long simply supported SSVB model was created, with
arbitrarily constant cross section (Figure 33(a)). Two virtual
50% damage scenarios were then assigned to the SSVB
(Figures 33(b) and 33(c)) and the MF-based defections were
used to calculate the RDC50% for the two damage scenarios.
As a result, the damage severities were estimated as 19.7%
and 32.1% for D3.1 and D3.2, respectively (Figure 33—last
row). Numerical simulations on a BGB FEmodel (Figure 34)
later confrmed that the amount of 19.7% and 32.1% of
damage assigned to the model resulted in approximate
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Figure 25: DI results for E-4 after removing high-noise sensors: (a) using all 6 modes; (b) using frst fve modes.

Table 10: Damage identifcation results using diferent number of modes (damage case E-4).

Modes used Damage located Damage extent (%) Error (%) compared
to numerical study∗

First 6 modes Yes 66.2 −1.5
First 5 modes Yes 62.3 −7.3
First 4 modes Yes 62.3 −7.3
First 3 modes Yes 63.7 −5.2
First 2 modes Yes 63.6 −5.4
First fexural mode Yes 83.60 24.4
First three fexural modes Yes 85.1 26.6
∗Numerical study using 6 modes presented in Figure 23.
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Figure 26: DI results using fexural modes only: (a) using frst fexural mode; (b) using fexural modes 1, 3, 4.
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Figure 27: Te BGB test setup.
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frequencies compared to experiment results, with less than
1% relative diference (last row of Table 12). Furthermore,
the relative changes of 3.7% and 11.5% of the fundamental

frequency in the two simulated damage scenarios compared
to the intact state (second last row of Table 12) are close to
the corresponding reductions of 4.4% and 10.6% (Table 11)

Bottom flange Acc. Top flange Acc. Support Acc. Interpolation output points
1000

100 400 500 500 500 500 500 500 500 500 500 500 400 100

80
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44
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150700150
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Figure 28: Schematic diagram of the test model: (a) side view; (b) cross section (length in mm; Acc.� accelerometers) (girder dimensions
are taken from Pathirage [48]).
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Figure 29: (a) Crack arrangements in D3.2. (b) A typical crack in D3.2 damage state. (c) Crack range schematic.
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Figure 30: A typical modal estimation plot of the BGB model using EFDD method.
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observed in the experiment. Better agreements could have
been achieved if more pure bending modes had been ob-
tained from the experiment and used to quantify the

damage. Nevertheless, it is evident that the DI method for
continuous beams incorporated with the SSVB method
proposed in this paper is also applicable to statically

Table 11: Natural frequencies for the intact and the damaged beam.

Mode Intact D3.1 D3.2 Note
1 21.22 20.29 (−4.4%) 18.97 (−10.6%) First bending mode
2 43.17 41.73 (−3.3%) 41.07 (−4.9%) Coupled mode− bending dominant
3 68.61 67.30 (−1.9%) 62.30 (−9.2%) Coupled mode− bending dominant
Note: Values within (. . .) are relative changes compared to the intact state.

Mode 1 Mode 2 Mode 3

Figure 31: Identifed mode shapes of the intact BGB model (left end: roller support).
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Figure 32: Damage quantifcation result: (a) D3.1; (b) D3.2.
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determinate beams. One merit of the enhanced method is
that it eliminates the need to calculate complicated scalar
functions required in existing methods used in previous
studies [4, 24].

6. Conclusions

Tis paper developed an enhanced defection-based method
for locating and quantifying damage in diferent beam-like
structures, including single-span and multispan continuous
girder bridges utilising either the changes in static de-
fections or output-only MF-based proportional defections.
Te established general mathematical forms of damage-
induced PDC and relative defection change RDC func-
tions provide patterns that can reveal the damaged and
undamaged beam spans, as well as the damage location(s). A
new damage quantifcation method using an SSVB concept
was proposed. Key achievements in this paper include the
following:

• Mathematical damage-induced PDC and RDC for-
mulae successfully developed for multispan beams,
also applicable to statically determinate beams.

• Introduction of additional damage-locating criteria to
distinguish the undamaged spans from the damaged
ones and precisely locate damage within
afected spans.

• Establishment of the SSVB concept for damage quan-
tifcation, applicable to any type of Euler–Bernoulli
beam (unlike previous formula-based methods limited
to simply supported or cantilever beams).

Te proposed method’s performance was initially vali-
dated through a numerical simulation on a double-span beam
model, subjected to both single and multiple damage sce-
narios. Te feature plots were shown to accurately represent
damage-induced patterns pertinent to the proposed multiple
damage location criteria. Following the successful location of
the damage, the damage severity was correctly estimated. Te
method was further validated both numerically and experi-
mentally on a real bridge, the benchmark I-40. Te results
demonstrated the method’s ability to accurately identify and
quantify damage. In numerical simulations, the damage
quantifcation error was proved negligible through verifca-
tions on known damage severity scenarios. In experimental
verifcations, when using all six modes, the error compared to

EI = constant

5.8 m

50%EI

50%EIEI EI

2.4 m 1 m 2.4 m

1.9 m 2 m 1.9 m

Z

X

Z

X

Z

X

(a)

(b)

(c)

Figure 33: Te SSVB of the BGB models: (a) undamaged; (b) virtual damage D3.1; (c) virtual damage D3.2.

(a) (b) (c)

α = 19.7% α = 32.1%

Figure 34: Numerical simulation of the BGB: (a) intact; (b) D3.1; (c) D3.2.

Table 12: FE validation of the damage quantifcation results for the BGB.

Parameter Intact D3.1 D3.2 Note
Damage severity 0% 19.7% 32.1%
ρ (kg/m3) 2500 2500 2500
E (GPa) 22.5 18.07 15.28 At damaged elements
f1 (Hz) 21.28 20.49 (−3.7%) 18.82 (−11.5%) First bending mode (error compared to FE intact state)
Error (percentage change) 0.26% 0.99% −0.79% Compared to experimental f1 results
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the numerical simulation remained minor (less than 2%).
Even with a smaller number of multiple modes adopted, the
error remains below eight percent refecting a desired per-
formance. Notably, the method remained robust against false
positive detections caused by measurement noise, providing
accurate damage location and severity estimates. All these
illustrate the outstanding performance of the proposed
method in identifying and quantifying damage of this well-
known but challenging benchmark bridge.

Te capacity of the method was further demonstrated
through an additional experimental verifcation on a large-
scale BGB model, showcasing its relevance to statically
determinate beams. Te results indicated that this enhanced
method can be utilised to quantify damage in statically
determinate beams, eliminating the need to calculate the
scalar functions as required by existing methods. Ultimately,
these verifcation results showed that the developed method
has the potential to be a reliable and versatile tool for the DI
of many highway bridges.

Future research could explore the application and ex-
tension of the proposed method to other types of structures
beyond Euler–Bernoulli beam–like confgurations. Addi-
tionally, integrating the SSVB concept with alternative
measurement parameters, other than fexural defections,

can enhance damage assessment along the beam and near
the supports. Lastly, leveraging advanced sensor technolo-
gies and machine learning algorithms could further enhance
the accuracy and efciency of damage detection and
quantifcation in large-scale bridge systems.

Appendix A. FE Illustration of Relative Bending
Moment Change Coefcient

To validate the approximation in equation (8) (Section
2.1.2), a FE analysis was carried out on a two-span beamwith
a 20% damage severity (80% stifness remaining) in a 10%
segment of the second beam span (Figure A1). Under the
point load of 100 kN acting at node 7 on the frst span,
changes in the bending moments at diferent beam positions
are illustrated in Figure A1 and summarised in Table A1. As
expected by the explanations in Section 2.1.2, the relative
bending moment change ζM (x2, xL) consistently remained
at 0.0086 on the second span (without load applied). On the
frst span, where the point load was applied, ζM (x1, xL)

exhibited some variation, ranging from 0.0022 to 0.0104.
However, when these values were added to 1, the variation
became negligible, as illustrated in Figure A2. Tis supports
the approximation made in equation (8), which is crucial for
the DI method presented in this study.
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Figure A1: Illustration of moment changes due to damage: (a) undamaged state (Mh); (b) damaged state (Md).
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