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The shortcomings and insufficiency in the state-of-the-art investigations about the resonance in the hetero-
junction carbon nanotubes with respect to the number of models and connection types highlight the necessity
of a comprehensive study of the resonance frequency of these nanostructures for applications of these nano-
materials in nanodevices, such as nano-scale electromechanical systems (NEMS) and NEMS-based resonators.
Hence in this study, 50 conventional and 73 hetero-junction middle-length (15 nm) carbon nanotubes, with
armchair-armchair, zigzag-zigzag, armchair-zigzag, armchair-chiral, zigzag-chiral and chiral-chiral connections,
were modeled. Then, the resonance in their structure was comprehensively studied using the finite element
method to present a more reliable estimated range for the natural frequency (fundamental frequency) of hetero-
junction carbon nanotubes. The analysis showed that the natural frequency of conventional carbon nanotubes
lies in the range of 7.09 and 48.75 GHz. An inverse correlation between this quantity and the aspect ratios of the
conventional carbon nanotubes was found, leading to proposing a mathematical relation for the prediction of
such an inverse correlation. The natural frequency of hetero-junction carbon nanotubes oscillated between 4.04
and 60.20 GHz. The results revealed that the natural frequency of hetero-junction carbon nanotubes lies outside
the frequency range of their constructive carbon nanotubes and majorly depends on the boundary conditions and
the difference between the diameters of the connected tubes. Finally, it was observed that the existence of an
armchair carbon nanotube in the structure of hetero-junction models improves their vibrational stabilities.

1. Introduction

The worldwide desire for time, cost, and energy saving in the modern
world has glorified the necessity of developing new tools with enhanced
functionalities and efficiencies. Among all aspects of the new tools
design, the material selection has been a critical step in designing man-
made objects with enhanced functionalities and efficiencies. In this
sense, nanomaterials have shined as promising materials with novel,
unique, and application-ready properties in the industry. Since the dis-
covery of carbon nanotubes (CNTs) in 1991 by lijima [1], universal
attention has been drawn to these carbon-based nanomaterials, owing to
their advantageous and highly tunable properties as well as their

application potentials in various nanoindustry fields.

Useful mechanical characteristics such as lightness as well as high
stiffness, strength, and aspect ratio have introduced the CNTs as
attractive reinforcements in the structure of composite materials [2].
Moreover, these nanostructures are also used as high-sensitivity mi-
crobalances [3], gas and molecule sensors [4], field emission type dis-
plays [5], tiny tweezers for nanoscale manipulation [6], probes in
scanning probe microscopy and atomic force microscopy instrumenta-
tion [7] with the additional advantage of a chemically functionalized
tip, as well as their application in hydrogen storage devices, due to their
high surface-volume ratio [8]. Finally, due to the relatively low toxicity
and nonimmunogenic behavior of CNTs, these nanomaterials were also
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introduced to the world of nanomedicine [9] and for possible environ-
mentally friendly applications.

Synthesis, purification, and functionalization process are the three
basic steps in the industrial fabrication of CNTs. Historically, different
approaches, i.e., arc discharge, laser ablation, catalytic chemical vapor
deposition (CVD) processes, flame synthesis, and silane solution
methods have been used for synthesizing the CNTs [10] among a dozen
others.

Among all nanodevices, nano-scale electromechanical systems
(NEMs) can also present natural frequencies in the microwave range as
high as 100 GHz [11]. The distinguishing properties of these devices
have highlighted their applications as force sensors, chemical sensors,
biological sensors, and ultrahigh frequency resonators to play an
important role in the future of computing and sensing fields. Owing to
the application of NEMS-based devices as resonators, they are operated
at a high frequency up to 1 GHz, when their sizes reach about 100 nm,
providing extreme sensitivity. Therefore, materials with high fre-
quencies are required to provide high sensitivity for these devices [12].

Si and GaAs are the two extensively materials used in the fabrication
of NEMS, due to a high Young’s modulus of around 100 GPa [13].
However, they are losing their popularities as they cannot fully satisfy
the NEMS requirements due to the dominance of surface effects, such as
surface oxidation and reconstruction, and thermoelastic damping
causing to fail to achieve the anticipated high-quality factors. The per-
formance of silicon-based NEMS actuators was also influenced by their
limitations in strength and flexibility [12].

Instead, the outstanding and tunable properties of CNTs as well as
their particular characteristics, i.e., nearly one-dimensional structures
with high aspect ratios, nearly perfect-terminated surfaces and high
ratios of Young’s modulus to density which provide the CNTs with high
resonance frequency can relatively compensate for the shortcoming of Si
and GaAs, and introduce these nanomaterials ideal for application in
NEMS [12] which could also benefit from low toxicity of the CNTs [9]
for environmental applications. The significant advances in growth,
manipulation and knowledge of the properties of CNTs have also
introduced them as the most promising building blocks for the next
generation of NEMS [12] and have encouraged many scholars to
investigate their vibrational behavior under the cantilever or
clamped-clamped boundary conditions as in most cases, the interesting
properties of the NEMS devices typically emanate from the behavior of
the active parts when they are in the forms of cantilever or
clamped-clamped beams with dimensions at the nanometer scale [13].

1.1. Literature review: vibrational properties of conventional and
defective CNTs

With regards to the high vibrational stability of the CNTs, these
nanostructures have been employed in nanodevices for their reinforce-
ment while enhancing their vibrational behavior. For instance, Al-
Furjan et. al. [14] reported a reduction of 50% and 33% in dynamic
deflection and flexural moment as a result of CNT reinforcement in the
wave-piercing catamaran beam elements, respectively. The nonlinear
static and free vibration analysis of the Euler-Bernoulli composite beam
by Mohammadimehr and Alimirzaei [15] showed an increase in the
dimensionless nonlinear natural frequency and stiffness of the beam as a
result of the reinforcement by functionally graded single-walled carbon
nanotubes (SWCNTSs). Mellouli et al. [16] also confirmed the influence
of the CNT volume fraction on enhancing the vibrational behavior of
functionally graded CNT-reinforced shell structures. An analytical study
by Dinh Dat et al. [17] emphasized an increase in the natural frequency
and a decrease in the frequency ratio of a smart sandwich plate as a
result of CNT addition. Ghorbanpour Arani et al. [18] also reported an
increase in the vibrational stability of a CNT-reinforced sandwich plate
due to the enhancement of the stiffness of the system by CNT rein-
forcement. They reported an increase of about 29.36% in dynamic
deflection of the rhombic plate as a result of waviness and random
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distribution of CNTs. However, they pointed out that the random dis-
tribution appeared to be more important than the waviness parameter
for CNTs with respect to mechanical response. It was also concluded that
by increasing the aspect ratio, the CNT’s volume percent shows a greater
impact on the dimensionless frequency.

Adding a proper volume fraction of CNTs into the structure of
carbon-reinforced composites not only enhances their stiffness and
strength but also improves their vibrational behavior as the most
effective passive of active vibration absorbers by converting them to
energy [19]. Wan et al., [20] investigated the effects of reinforcing a
hybrid nanocomposite viscoelastic rhombic plate with CNTs and carbon
fibers on the post-buckling behavior, free and forced vibration as well as
energy absorption characteristics. Wang et al. [21] reported that an
increase in the volume fraction of CNTs improves the natural frequency
of nanocomposites. Fazilati et al. [22] mentioned a slight increase in the
natural frequency of the nanocomposite as a result of the CNTs
agglomeration occurrence. Babaei [23] emphasized the importance of
the CNT distribution pattern and stiffness of the elastic foundation on
the natural frequency of the nanocomposite. Nopour et al. [24] intro-
duced CNTs as one of the most extensively used candidates for
enhancing high-cycle fatigue behavior and vibrational characteristics of
nanocomposites for energy absorption purposes.

Due to the costs and technology limitations in experimental ap-
proaches, theoretical (analytical and computational) methods have been
widely employed for vibrational characterization of the CNTs as stand-
alone materials. Among the theoretical techniques, molecular dy-
namics and analytical mechanics have been considerably applied.
However, long computational time, modeling size limitation and low
accuracy for many molecular dynamics simulations, and the limitations
in the definition of some model parameters in the analytical approaches
have persuaded many scholars to employ the computational techniques,
e.g., finite element method (FEM) which has recently earned worldwide
popularity to overcome such issues [25]. Table 1 provides a brief
overview of different approaches from literature by different scholars for
the investigation of the vibrational properties of conventional CNTs.

Aside from the ranges predicted for the natural frequency of the
defect-free CNTs, it has been reported that the defects in the structure of
the CNTSs result in a lower natural frequency. Ghavamian and Ochsner
[37] confirmed a decrease in the resonance stability of the CNTs, under
the influence of different atomic defects, i.e., vacant sites, Si-doping and
perturbation, and proposed mathematical relations for prediction of the
influence of such defects. Such a decreasing effect of carbon vacancies
and the effect of their locations were also confirmed by Ebrahim Zadeh
et al. [40]. Selim and El-Safty [41] reported that the initial curvature in
the CNT structures causes a decrease in their natural frequencies. The
research by Parvaneh et al. [42] expressed that the vacant sites and
Stone-Wales defect in the structure of sufficiently long single-walled
carbon nanotubes do not have a considerable effect on their natural
frequencies at the Euler mode. However, for short-length nanotubes
with an aspect ratio of approximately 4.5 and up, this influence is much
greater. At shell mode, a critical influence of defects on the natural
frequency of the CNTs was witnessed and thus, the application of
defect-free CNTs with small aspect ratios was suggested. Due to the
high-frequency requirements in the CNTs for usage in NEMS, an exact
prediction of their natural frequencies was also emphasized concerning
the occurrence of the shell modes. Beside the location effects of the
defects, local changes in the material structure by Stone-Wales defects
caused a greater impact on the natural frequency of the CNTs at shell
mode when compared with carbon vacancies.

A glance at the results from many other scholars clearly shows that
the natural frequency of CNTs is a length-sensitive quantity and has an
inverse correlation with the length of the tubes. Chwal [43], confirmed
such an inverse correlation and reported the eigenfrequency of the CNTs
with 2.83-28.3 nm lengths between about 1800 and less than 100 GHz
for (5,5) and for (10,10) CNTs, between more than 2000 and less than
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Table 1
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Literature on the vibrational properties of CNTs.

CNT type

Methodology and
approaches

Obtained results (natural frequency (f))

Researcher

Defect free
conventional

Defect free
conventional

Defect free
conventional

Defect free
conventional

Defect free
conventional

Defect free
conventional
Defect free
conventional
Defect free
conventional
Defect free
conventional

Defect free
conventional

Defect free
conventional

Defect free and
defective

Defect free
conventional

Defect free
conventional

Atomic force
microscope (AFM)
Non-local theories

Continuum mechanics

Molecular structural
mechanics

Molecular mechanics
(MM)

Molecular mechanics
(MM)

Molecular dynamics
(MD)

Finite element method

Finite element method

Finite element method

Finite element method

Finite element method

Finite element method

Finite element method

Natural frequency of a clamped-clamped CNT was measured up to 3 GHz.

Size-effects on the vibration analysis of SWCNTs was studied and the natural frequency SWCNTSs was
obtained as:

127.2 < f < 804.2 GHz for Armchair SWCNTs

9.2 < f < 1183.6 GHz for Zigzag SWCNTs

Natural frequency of SWCNTs was reported as:

7 < f < 300 GHz under clamped-free boundary conditions

40 < f < 1700 GHz under clamped-clamped boundary conditions

20 < f < 800 GHz under simply-supported boundary conditions

20 < f < 800 GHz under free-free boundary conditions

Natural frequency of SWCNTs was obtained as:

13.1 < f < 37.6 GHz for armchair

9.38 < f < 48 GHz for zigzag

Natural frequency of short-length CNTs under clamp-free and clamp-clamp boundary conditions was
studies and reported as:

10 GHz < f < 1.5 THz

Natural frequency of SWCNTs was obtained as:

70 < f < 2400 GHz for different aspect ratios

Natural frequency of SWCNTs was obtained as:

220 < f < 1450 GHz under different boundary conditions with the same length.

Natural frequency of zigzag double-walled was reported as:

25 < f < 250 GHz

Natural frequency of SWCNTs of different length and diameters were obtained as:

12 < f < 718 GHz for armchair CNTs

2 < f < 289 GHz for zigzag CNTs

Natural frequency of SWCNTs was acquired as:

0.0145 < f < 0.0764 GHz for armchair CNTs

0.0122 < f < 0.0448 GHz for zigzag CNTs

Natural frequency of armchair and zigzag nanotubes had values about 23 GHz under cantilever
boundary conditions.

Mathematical relations were proposed for the prediction of natural frequency of single- and multi-
walled CNTs as well as the following ranges were predicted:

23 < f < 51 GHz for armchair CNTs

18 < f < 50 GHz for zigzag CNTs

Natural frequency of armchair and zigzag SWCNTs of 5 nm long under clamped-free and
clamped-clamped boundary conditions was obtained in the following ranges:

0.1 < f < 2.15 THz for armchair CNTs

0.07 < f < 2.69 THz for zigzag CNTs

Natural frequency of SWCNTs was reported as:

2 < f < 712 GHz for armchair CNTs

San Paulo et al. [26]
Ansari and Sahmani

[27]

Lee et al. [28]

Lii et al. [29]

Li and Chou [30]

Chowdhury et al. [31]
Hu et al. [32]
Fan et al. [33]

Sakhaee-pour et al.
[34]

Mir et al. [35]
Rahmandoust and
Ochsner [36]

Ghavamian and
Ochsner [37]

Arghavan and Singh
[38]

Fakhrabadi et al. [39]

1.5 < f < 981 GHz for zigzag CNTs

100 GHz, respectively. The results by Miyashiro et al. [44] demon-
strated a range of about 40000 and 60 GHz for the natural frequency of
2.5-30 nm long SWCNTs, respectively. Fatahi-Vajari and Azimzadeh
[45] also presented the range of 2.1 and 0.1 THz for the forward fre-
quency of SWCNTs with the lengths varying between 5 and 30 nm.

1.2. Literature review: applications and vibrational properties of hetero-
Jjunction CNTs

The experimental observations have shown that it is possible that
two CNTs connect together through a heptagon-pentagon knee and
construct a hetero-junction carbon nanotube (HJCNT). These nano-
structures can experimentally be constructed by predetermined
temperature-mediated growth during CVD [46]. Also, HICNTs can be
produced by connecting two neighboring CNTs to each other vie a high
electric field [47] or the Joule heating process [48].

Behaving like nanoscale metal/semiconductor or semiconductor/
semiconductor junctions, it was proposed that the hetero-junction CNTs
could be employed as the entirely carbon-made building blocks of
nanoscale electronic devices, e.g., rectifying diodes and switches [49].
Other applications of hetero-junction CNTs, i.e., as nano-pores and
nano-sieves in transport problems [50], blood vessels or flow sensors in
the nano-measurement methods [51] and efficient solar cells [52,53]
while benefitting from some particular outstanding properties of the
CNTs, e.g., high mobility, excellent air stability, flexibility, ultra-high

light absorption ability, high electrical conductivity and other inter-
esting CNT mechanical properties, i.e., lightness, high stiffness and large
aspect ratio [54] have been reported by many scholars.

In recent years, the application of carbon based nanostructures in the
field of high performance nanomechanical sensors has drawn special
attentions. For instance, the pillared graphene [55] and diamond
nanothreads [56] structures which offer high mass sensitivity up to
1024 g have been proposed as appealing candidates for designing mass
Nanosensors.

With regards to the fact that the vibration-based mechanical sensors
operate based on measuring the frequency shift caused by the in-
teractions with the external environment, the vibrational properties of
the CNTs have highly been regarded as the CNT-based resonators are
very sensitive to the external mass and even a small mass which can
change the frequencies of such resonators [57]. In this sense, the
vibrational characteristics of hetero-junction CNTs which inherit the
mechanical properties of their constructive nanotubes has recently been
studied either as stand-alone materials or building blocks in the struc-
ture of NEMS, e.g., a mass sensor.

Scarpa et al. [58] evaluated the vibrational behavior of
hetero-junction oscillators by a hybrid atomistic-continuum approach.
Based on their results, unusual selective mass sensing capabilities
depending on the geometry and the type of boundary conditions of the
specific nanostructure were observed which suggests a possible appli-
cation of these nanomaterials as novel types of nanosensors, offering
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different types of information and sensing capabilities based on the
position of the mass or applied forces, and filtering characteristics of the
dynamic response, in terms of the type of applied boundary condition.

In another research, a hybrid FEM-atomistic-continuum approach
was used by Scarpa et al. [59] to investigate the dynamic properties of
HJCNT oscillators. They found out that the natural frequency and mode
shapes of HICNTs are influenced by the relative length of the connecting
CNTs versus the junction length. The significantly different frequency
shift, shown by hetero-junctions under different boundary conditions
(clamped-clamped, clamped-free) demonstrated a promising potential
for these nanostructures to be employed in NEMS. The natural frequency
of an HICNT of 10 nm length was also obtained about 20 GHz and it was
concluded that an increase in the length of the HJCNT leads to a
decrease in their natural frequency.

Mohammadian and his colleagues [60] performed a two-phase
investigation on the vibrational properties of HJCNTs with and
without attached mass (as a cantilever mass sensor). Their results
demonstrated that the frequency shift of an HJCNT increases by
increasing the attached mass or decreasing the length. The cantilever
HJCNT also appeared more efficient in sensing light or heavy masses
than uniform CNTs due to having higher relative frequency shifts. The
fundamental frequency of a cantilever HJICNT-mass system showed
much less dependency on the magnitude of the attached mass when
compared with the second and higher frequencies. They eventually
introduced HJCNTs as new and more efficient mass nanosensors,
compared with uniform CNTs.

Apart from the studies on the vibrational behavior of HICNTs as
parts of nanodevices, several theoretical investigations have been per-
formed for vibrational analysis of these nanomaterials as stand-alone
materials. A nonlocal theory was employed by Filiz and Aydogdu [61]
to investigate the axial vibration of hetero-junction CNTs by nonlocal
constitutive relations of Eringen to study the effects of chirality, length
and diameter of corresponding CNTs on the vibrational properties of
hetero-junctions. According to their results, the axial vibration fre-
quencies of CNT hetero-junctions were found to be highly overestimated
by the classical rod model due to ignoring the effect of small length
scale. They finally concluded that the frequency parameter of
hetero-junction CNTs can be optimized by changing length and cross
section of each segment.

Mohammadian et al. [62] performed several investigations on the
vibrational behavior of hetero-junction CNTs. In his first research, he
employed a molecular mechanics technique, combined with the FEM to
model straight and non-straight HICNTs and investigate their first four
natural frequencies and their mode shapes, and the effects of connecting
region length on the frequencies of these nanostructures under different
boundary conditions. For clamped-free boundary conditions, the first
and second natural frequencies of HICNTs, with a length of 14 nm, were
obtained in the range of 39 and 47 GHz while such a quantity was ac-
quired between 120 and 245 GHz for clamped-clamped boundary con-
ditions, respectively. The natural frequency of HICNTSs was also found to
have an inverse correlation with their length.

Later on, Mohammadian et al. [63] evaluated the vibrational char-
acteristics of the HJCNTs under the influence of the atomic defects by
FEM. The natural frequency of HICNTs was found to oscillate between
20 and 170 GHz. The maximum values for the first four frequencies were
found when the connecting region location is located near the thinner
end while for the fifth frequency, the peak value occurred when the
connection was almost in the middle of HICNT. Their results also
elucidated that all of the three defects (carbon vacancy, Si-doping, and
perturbation) decrease the fundamental frequency of the structure.
However, the frequency shift of HICNTs showed more sensitivity to the
vacancy defect, compared with the other two defects.

In another research, Mohammadian et al. [64] evaluated the lateral
vibration of an embedded HJCNT via introducing a new single-stepped
nonlocal strain gradient Rayleigh beam model. The frequency of these
nanomaterials also appeared to be influenced by the type of adopted
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higher-order boundary conditions and always remained constant when
the two scale parameters were identical. In addition, the nonlocal
parameter for a specific value of the Pasternak foundation parameters
did not show any effect on the frequency of clamped-free and
clamped-clamped HJCNTs.

Motamedi et al. [65] studied the natural frequency of zigzag-zigzag
(ZZ) HICNTs by the molecular mechanics approach. Their results
revealed that clamping the larger end of an HJCNT leads to an increase
in natural frequency while clamping the smaller end of HICNTs de-
creases the natural frequency. The resonance frequency of cantilever
hetero-junction CNT with a length of 20 nm was reported to be 600 GHz
and 200 when thinner and thicker ends were fixed, respectively.

Roy et al. [66] investigated the vibrational behavior of various boron
nitride nanotubes, CNT-based hetero-junctions, and van der Waals
hetero-structures. According to their results, compared to the pristine
SWCNT, an increase in the number of boron nitride rings was observed
to cause the 13.6% and 6.67% reduction in the resonant frequency of the
hetero-junctions for the clamped-clamped and clamped-free boundary
conditions, respectively. Similar to the pristine SWCNT, the
hetero-junctions demonstrated an increase in resonant frequency with
an increase in the inherent strain percentage. Likewise, the increase in
inherent strain percentage showed an influence on the resonant fre-
quency of the different van der Waals structures. A strong inverse cor-
relation between the temperature and the resonant frequency in the
hetero-junctions and the van der Waals hetero-structures was also
witnessed.

Imani Yengejeh et al. [67] studied the vibrational behavior of nine
straight HICNTs by the FEM method under cantilever boundary condi-
tions and reported the natural frequency of armchair-armchair (AA)
HJCNTSs in the range of 15 and 140 GHz and the one for ZZ HICNTs in
the range of 17-180 GHz. They also pointed out that the fundamental
frequency of straight HICNTs lies within the range of their constituent
CNTs. Moreover, the eigenvalues of straight HICNTs appeared to in-
crease with increasing the chirality of CNTs.

Despite the considerable number of investigations on the properties
of HICNTs, their vibrational properties have been less addressed. In
most of these investigations, the focus has only been on some hetero-
junction connection types (straight connections), while the other
possible connections (bent connections) have almost been neglected.
Furthermore, only a few models of HICNTs have been studied in pre-
vious investigations whose number does not seem to be sufficient to
comprehensively understand their vibration behavior.

With regards to the fact that different structures of HJICNTs are
constructed of various fundamental CNT configurations, connection
types, kinks, and bending angles, and these factors as well as the
boundary conditions setup have a determinant influence on the vibra-
tional properties and response of these nanomaterials, a comprehensive
study on the considerable number of HICNTs with all possible connec-
tion types is required.

In this research, 73 straight and bent middle-length HJCNTSs
(15 nm), constructed of all possible connection types, i.e., including not
only the AA, and ZZ types, which were addressed before [65,68], but
also the armchair-zigzag (AZ), armchair-chiral (AC), zigzag-chiral (ZC)
and chiral-chiral (CC) connections, accompanied by their fundamental
constructive SWCNTs (50 models) of armchair, zigzag and chiral con-
figurations with different diameters have been modeled. Then, their
natural frequencies (fundamental or first natural frequencies) have been
investigated under the cantilever boundary conditions. Such a study
uniquely offers a more reliable range for the natural frequency of con-
ventional and HJCNTs for the comparison and evaluation of the influ-
ential factors on the resonance behavior of these nanostructures for their
promising applications in designing HICNT-based mass nanosensors.

Owing to cost and technological limitations in performing experi-
mental analysis of the HICNTSs’ vibrations and the fact that the current
research is limited to middle-length models (about 15 nm) under only
cantilever boundary conditions with the negligence of small-scale
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effects, the necessity of incorporation of small-scale effects as well as
performing similar FEM-based study of the resonance behavior of short
and long HJCNTs under other boundary conditions, e.g., clamped-
clamped boundary conditions is highlighted and left to the future in-
vestigations to establish a comprehensive database of the resonance
frequency of these nanomaterials for their proper applications in
nanodevices.

1.3. Macro and atomic structure of homogenous and hetero-junction
CNTs

The similarity between the atomic structure of CNTs and graphene
enlightens the idea that an SWCNT can logically be imagined to be

Materials Today Communications 39 (2024) 108656

formed by rolling a graphene sheet into a carbon-built hollow cylinder
or a CNT with a wall thickness which is generally assumed to be equal to
the diameter of a single carbon atom (0.34 nm), with the outer diameter
within the range of 1-50 nm and the overall length, often exceeding 10
pm [68]. Exemplary schematic features of a graphene sheet, unit cell,
and SWCNT, illustrated in Figs. 1a to 1c, shows that similar to graphene
sheets, carbon nanotubes are atomically structured of honeycomb-like
hexagonal unit cells. Each unit cell is also constructed of six carbon
atoms, each of which bonded to three neighboring carbon atoms by
covalent C-C bonds with a bond length of 0.142 nm [68].

As illustrated in Fig. 1a, the configuration or type of a CNT is nor-
mally distinguished by its chirality, or helicity which is expressed by its

corresponding chiral vector ﬁh, expressed by Eq. (1), in terms of two

a) Graphene sheet

¢) Zigzag SWCNT

b) Hexagonal unit cell

Carbon-Carbon
covalent bond

d) Armchair SWCNT

e) Zigzag SWCNT

6=130°
0-0°
g) Hetero-junction CNTs
Bent Straight
Hetero-junction Hetero-junction
CNT CNT
1
\\ I 1
1
Zigzag  Armchair : Stone-Wales Armchair Armchair
SWCNTs SWCNTs 0 . defect SWCNT SWCNT
1
1
1
1
1
1
X0 Heptagon Pentagon
S Unit Cell Unit Cell

Fig. 1. (a), (b) and (c) schematics of grapheme sheet, hexagonal unit cell and zigzag SWCNT, respectively; (d), (e) and (f) armchair, zigzag and chiral SWCNTs,
respectively; (g) Hetero-junction CNT structure and Stone-Wales defect. (Source: Obtained from [69]).
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unit vectors @’; and @ and two integers m and n (steps along the unit
vectors), or the chiral or twisting angle 6 by which the graphene sheet
is assumed to be rolled into an SWCNT [70].

6h = l’l?l +m72 (1)

There are three fundamental CNT configurations, i.e., armchair,
zigzag, and chiral, based on the CNT’s chiral vector or chiral angle, as
shown in Figs. 1d to 1 f. In terms of the chiral vectors (m and n) or in
terms of the chiral angle 6, an armchair CNT is created when m = n or
6 = 30°. On the other hand, a zigzag CNT is formed when 6 = 0° or m =
0 and finally, a chiral structure is constructed if 0° < § < 30° orm # n #
0. The radius of an SWCNT is also calculated by Eq. (2) where ay =
V3 band b = 0.142 nm which is the C-C bond length [70],

Renr = ao m/Zﬂ )

According to experimental observations, HICNTs are constructed
when two different CNTs connect to each other by a kink or bending
knee. As demonstrated in Fig. 1g, the structures of the HICNTs are
almost similar to conventional CNTs as they are made of hexagonal
carbon unit cells, except at the connection locations, where pentagon-
heptagon cell pairs are formed (also known as Stone-Wales defects) to
make the connection between the different CNTs possible [71,72].

Previous research in the literature demonstrates the fact that the
mechanical properties of CNTs are widely influenced by any type of
defects and the homogeneity removing factors, e.g., existence of the kink
as well as its size and the bending angle in the structure of HJCNTs
which generally depend on three factors, i.e., the connection shape,
bending angle and the configuration of the corresponding constructive
conventional CNTs of these nanostructures [69].

Based on the connection shapes, there are two types of straight and
bent HICNTSs as illustrated in Fig. 1g. Straight HICNTs are formed when
the orientations of the two connecting CNTs are parallel and they are of
the same configurations (two armchair or two zigzag CNTs), whereas a
bent HJCNT is constructed when the two connecting CNTs have
different orientations (e.g., AZ, AC and ZC) [73]. The bending can also
be observed when two chiral CNTs with different chiralities connect to
form CC HJCNTs.

Regarding the bending angles, there are two major types of large-
angle bent HJCNTs (with a bending angle of about 36°) [74] and
small-angle bent HICNTs (with a bending angle of about 12°) [49,71].
With regards to the fundamental CNTs’ configurations, six possible
connection types, i.e., AA, ZZ, AZ, AC, ZC and CC connections between
each two CNTs can construct the HJCNTs. Obviously, among the
HJCNTs with these six connection types, those models with AA and ZZ
connections are straight and the models with the other connections are
bent. The CC HJICNTs, whose fundamental CNTs’ chiralities are very
close to each other and close to one of the main orientations of armchair
or zigzag, appear to have very small bending angles in their structure
and thus, they could approximately be treated as straight models [75].

2. Methodology
2.1. Finite element modelling of conventional and hetero-junction CNTs

In FEM simulation of CNTs, their structures are often considered to
be constructed of honeycomb-like hexagonal unit cells which are made
of C-C covalent bonds, connecting every six neighboring carbon atoms.
For such a modeling, CNTs are assumed to be space-frame structures
where the nodes represent carbon atoms and the action of the C-C bonds
(length: 0.142 nm) is approximated by one-dimensional beam elements
with six degrees of freedom at each node, i.e., three global displacements
and three global rotations in the spatial network, following the Euler-
Bernoulli beam theory which seems to be a more suitable choice,
when compared to other element types, e.g., rod, spring and plate ele-
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ments. For instance, using plate elements increases the number of un-
knowns in the model and complicates the problem-solving, and spring
and rod elements cannot approximate the bending behavior of the
model while beam elements seem to overcome these issues. The models’
beam elements, representing the C-C covalent bonds, have material and
geometric properties, which are incorporated in their simulation and the
model analysis process. Linking solid mechanics and molecular me-
chanics has provided an opportunity to calculate such properties suc-
cessfully, based on an energy approach, by the quantities, called force
field constants (k;, ko and k,) [68] which are listed in Table 2.

In some research works, the small-scale parameters have been
introduced in the modeling based on certain theories, e.g., Cosserat
theory [6]. In this research, the classical continuum mechanics has been
employed and these effects are not regarded.

In many previous investigations, for creating the space frame-like
structure of conventional CNTs, C-C bonds were simulated as 1D beam
elements in the FEM packages (Ansys, MSC.Marc or ABAQUS), and a
hexagonal unit cell was constructed of six connecting beam elements,
according to the geometry of the unit cell. Finally, by copying the unit
cell about the principal axis of the CNT, a single ring was created to be
copied along the principal axis to model a CNT. Nowadays, the
advancement in software development has made materials simulation
much easier and faster, compared to the past. In the actual research, the
CNTs are modeled by extracting the coordinates of the nodes (carbon
atoms) as well as the information about the corresponding connections
(elements of the models, representing C-C bonds) from Nanotube
Modeler (software specializing in generating the geometry of nanotubes
and nanocones) and then, importing such data into the commercial FEM
code MSC.Marc (MSC Software Corporation, USA) for further modifi-
cations and assigning the materials and geometry properties to create
the conventional CNTs and HJCNT models. Finally, the natural fre-
quencies of all models were obtained as an output of dynamic modal
analyses.

3. Results and discussion

Vibrational analyses were undertaken on the middle-length HICNTs
with all possible connection types and their corresponding fundamental
conventional CNTs with the same constant length of about 15 nm under
cantilever boundary conditions. In the first phase of this study, SWCNTs
were assumed to be hollow cylinders, and their natural frequencies were
analytically calculated and compared with the FEM results to validate
the results from this numerical approach. In the second phase, a range
for the natural frequency of HJICNTs was acquired from FEM analyses to
investigate the influence of several factors affecting their vibrational
properties.

3.1. Resonance in conventional CNTs

Analytical and numerical analyses were performed to investigate the
vibrational properties of conventional CNTs of all configuration types
under the cantilever boundary conditions and their results were
compared. For analytical solution, the CNT structures were approxi-
mated to be hollow cylinders or tubes of the same lengths, diameters and
thicknesses as their corresponding CNTs with the same material prop-
erties. Then, the natural frequency of the CNTs was analytically calcu-
lated by Egs. (3) and (4) [36],

f = (3.5156/2ﬂ>\/EI/ﬁL4 3

I=x[(d+1) +(d—1']/64 4

where E, I, m, and L are the Young’s modulus, the second moment of
area, the mass per unit length, and the length of the SWCNT,
respectively.
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Table 2
Material and geometric properties of carbon-carbon covalent bond. (Source: Obtained from [70]).
Force Field Constants E Ry L =1Ly Ac-c
k. = 651.97 nN/nm, (Young's modulus) (bond radius) — 2 ke (second moments of area) (cross-section area)
ko = 0.87 nN-nm/rad? k.2b ke _ Ry
k, = 0.27 nN-nm/rad> = 4k, 4 = Ry?
548 x 10® N/nm? 0.0733nm 2.2661 x 10°°> nm* 0.0169 nm?
Since the investigations are performed in the linear-elastic range, for
obtaining Young’s modulus, the CNT models were pulled by an arbitrary Table 4 . .
displacement in the FEM package (MSC.Marc), and the pertaining re- Natural frequency of conventional zigzag carbon nanotubes (1n,0).
action forces were acquired as an output of the numerical analyses to be Chirality ~ Young’s Aspect Natural frequency ~ Relative
used for the calculation of the CNTs’ Young’s modulus by the following ?;‘l’)j;‘]“s ;‘1)"0 @ (GHz) od/'fference m
. 0
equations [68]:
Analytical FEM
_ _p/A reaction force 5 (5,0) 0.989 38.27 9.56 7.09 25.83
0 = stress = = cross — section area ®) (6,0) 1.004 31.90 10.77 8.605  20.12
(7,0) 1.014 27.34 12.04 10.10  16.09
disol (B.C (8,0) 1.020 23.92 13.34 11.59  13.14
¢ = strain = AL/L _ dispracement 8.5 ©) ©.0 1.024 21.26 14.68 13.08  10.90
length of CNT (10,0) 1.027 19.14 16.04 1455  9.29
(11,0 1.030 17.40 17.42 16.02  8.03
E = Young's modulus = o /e %) (12,0) 1.032 15.95 18.81 17.48  7.09
13,0) 1.033 14.72 20.22 18.94  6.33
In the second phase, the CNTs were simulated as cylinder-shaped (14,0) 1.034 13.67 21.64 20.39 5.76
space frames in the commercial FEM software, MSC.Marc and their 82’8; 1'822 ﬁ';g iz'?‘g i;gs i';g
natural frequencies were obtained under cal.ltllever boundary conditions a7.0) 1.036 11.26 25.93 2470 473
from a modal analysis. Tables 3 to 5 provide the natural frequency of (18,0) 1.037 10.63 27.37 26.13 4.53
conventional CNTs from analytical and FEM analyses. (19,0) 1.037 10.07 28.81 27.55  4.39
The analytical and FEM results in Tables 3 to 5 which are in a good (20,0 1.038 9.57 30.26 28.96  4.30
agreement with the literature, e.g., [67], prove the reliability of the
employed research method for prediction of the vibrational properties of
the CNTs. However, for the relatively very thin CNTs, drift aways are Table 5
observed between FEM and analytical results. By increasing the chirality Natural frequency of conventional chiral carbon nanotubes (n,m).
or the radius of the 15-nm-long CNTs, an increase in their natural fre- Chirality ~ Young’s Aspect Natural frequency Relative
quencies was observed. On the other hand, the results in the literature modulus ratio (L/ (GHz) difference in
demonstrate an exponential decrease in the vibrational stability of the (TPa) D) %
CNTs as result of an increase in their length [43-45]. Such a behavior Analytical ~FEM
could also be confirmed by Eq. (4) where such an inverse correlation is 7,1) 1.022 25.36 12.70 10.83  14.71
seen between the natural frequency of the CNTs and their aspect ratios 7.3 1.038 21.55 14.52 1293 10.95
hich h . in the length and di £ th 8,3 1.044 19.44 15.89 1445  9.06
(L/D) which means that an increase in the length and diameter of the ©9,6) 1.052 14.64 20.44 19.33 5.44
CNTs results in an increase and a decrease in their natural frequencies, (14,2) 1.050 12.68 23.35 22.20 4.93
respectively. as4 1.058 12.44 23.90 2295  3.97
Based on the FEM results, the natural frequency of SWCNTSs lies in 8;2 ;ggz ﬁ"l‘g 22-2; ;21.2? 2-2‘6‘
the general range of 7.09 and 48.75 GHz. The trends in the results by Hu (15.4) 1051 11.04 26.57 2551 397
et al. [32] demonstrated the natural frequency of (5,5) SWCNT of length (14,6) 1.057 10.77 27.29 26.29  3.67
(15,5) 1.047 10.62 27.40 26.21 4.34
Table 3 13,8) 1.055 10.43 28.07 27.04  3.67
able ) ) (9,13) 1.056 10.00 29.23 2819 357
Natural frequency of conventional armchair carbon nanotubes (n,n). (13,9) 1.052 10.00 29.13 27.99 3.90
Chirality  Young’s Aspect Natural frequency Relative (16,7) 1.055 9.38 31.07 29.95 3.60
modulus ratio(L/  (GHz) difference in (19,3) 1.047 9.27 31.25 29.98  4.07
(TPa) D) % (20,4) 1.053 8.60 33.74 32.54  3.57
(17,10 1.066 8.11 36.08 35.11 2.68
Analytical FEM
(5,5) 1.040 22.13 14.31 12.83  10.32
(6,6) 1.039 18.44 16.63 15.34 777 15 nm up to 50 GHz as well as a decrease in such a quantity as a result of
7,7 1.040 15.81 19.02 17.84  6.20 . . ,
©.8) 1.039 13.83 21.44 20.3 519 an increase in the model’s length. Sakhaee-Pour et al. [34] reported the
9,9) 1.040 12.29 23.90 22.81 455 natural frequencies to vary between 11 and 34 GHz for zigzag and be-
(10,10) 1.038 11.05 26.35 2528  4.07 tween 23 and 34 for armchair SWCNTs of 13.92-15 nm length under the
(11,11) 1.039 10.06 28.86 27.72 394 cantilever boundary conditions. The result was also confirmed by
(12,12) 1.039 9.22 31.36 30.15  3.84 Kkhrabadi et al. 391 who obtained th £19 35 GHz and
(13.13) 1.040 851 33.87 3256 386 Fakhrabadi et al. [39] who obtained the ranges o <f<35 Z an
(14,14) 1.040 7.90 36.38 3495  3.93 13 < f < 35GHz for 15nm long cantilever zigzag and armchair
(15,15) 1.040 7.38 38.90 37.31 4.09 SWCNTs, respectively.
(16,16) 1.039 6.97 40.76 39.03 425 Comparing the results from the current research corresponding to
7,17 1.039 6.56 43.08 41.31 411 different SWCNT configurations expresses that there is no considerable
(18,18) 1.040 6.15 46.49 4426 4.80 . . . !
(19.19) 1.040 5.82 49.02 46.52 510 difference in the natural frequency of the SWCNTs of different config-

(20,20)

1.040

5.53

51.56

48.75

5.45

urations with the same aspect ratios. For instance, the natural frequency
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of (10,10) armchair model with an aspect ratio of 11.05, (17,0) zigzag
model with an aspect ratio of 11.26, and (15,4) chiral model with an
aspect ratio of 11.04 was obtained around 25 GHz. This similarity can
also be observed for all other models and enlightens the fact that the
natural frequency of SWCNTs follows a particular trend in terms of the
CNTs’ aspect ratio (AR) which is expressed by Eq. (8) where a and b are
equal to 254.08 and —0.962 for armchair, 286.53 and —1.012 for zigzag,
and 289.86 and —1.013 for chiral models.

f=a(AR)® 8

3.2. Resonance in hetero-junction CNTs

Resonance in HJCNTs with all possible connection types was inves-
tigated in the FEM package MSC.Marc under cantilever boundary con-
ditions where one side of the CNTs was fixed and a harmonic load was
exerted on the other side to obtain their natural frequencies from modal
analyses. With respect to the fact that the HICNTs were constructed of
thinner and wider CNTs, the modal analyses were one time performed
when the thinner CNT was fixed and the other time when the wider CNT
was fixed to evaluate the influence of the boundary conditions setups on
the vibrational properties of the models.

On the other hand, particular SWCNTs, e.g., (10,10) were chosen and
considered as the basis of HICNTs and connected to other SWCNTs of
different chiralities and configurations, e.g., (5,5), (7,3) and (15,0) to
probe the effect of the connection types on the natural frequency of the
resultant HICNTs, e.g., (10,10)-(5,5), (10,10)-(7,3) and (10,10)-(15,0).

The results in Figs. 2 to 7 demonstrate the natural frequency of
middle-length HJCNTs in the general range of 4.04 and 60.20 GHz
which are also in a good agreement with the results from literature. For
instance, Scarpa et al. [59] studied the vibrational properties of a (5,
5)-(10,10) HICNT versus length by molecular mechanics, based on
which the range of 15 GHz and 260 GHz were acquired as the funda-
mental frequency of this model with the lengths between 0.5 and 10 nm,
respectively. The results from the FEM-based research by Mohamma-
dian et al. [62] demonstrated the natural frequency of HICNTs between
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37 and 46 GHz for clamped-free and, between 126 and 195 GHz for
clamped-clamped boundary condition setups. In another investigation,
they reported the value of the resonance frequency of clamped-free (3,
3)-(5,5) of 15 nm length and 16.2 nm long (8,8)-(14,14) HICNTs equal
to 14.97 and 35 GHz, respectively. However, for clamped-clamped
boundary conditions, 126 GHz was acquired for (8,8)-(14,14). Such
results show the influence of the boundary conditions setups on the
resonance behavior of HICNTs. Likewise, FEM-based investigation on
straight HICNTs by Yengejeh et al. [67] proposed the ranges 15 < f <
40 GHz (when wider CNT is fixed) and 5 < f < 32 GHz (when thinner
CNT is fixed) for armchair-armchair HJCNTs and 12 < f < 17 GHz (when
wider CNT is fixed) and 18 < f < 25 GHz (when thinner CNT is fixed) for
zigzag-zigzag HJCNTs.

Among the research works in the literature, there is little research
whose results are different from the results of the current investigation.
For example, Yengejeh et al. [67] pointed out that the natural frequency
of HJCNTs is within the range of the ones for their fundamental pristine
SWCNTs. However, the limitation in the number of HICNTs and being
restricted to only straight models does not seem to be sufficient to reach
such a general conclusion.

An overview of such results demonstrates the fact that although the
size, orientation and angle of the kinks in the structure of the HICNTs
play role in their vibrational behavior, the boundary condition setups
have a determinant influence on the magnitude of the natural frequency
of HJCNTs. Comparing results, illustrated in Figs. 2 to 7, clearly shows
that higher resonance frequency for cantilever HICNTs occurs when
their wider CNT is clamped when compared to the one when thinner
CNT is fixed. Such a conclusion was also made by Motamedi et al. [65].

On the other hand, comparing the natural frequencies of HJCNTs and
their fundamental CNTs reveals that for every HJCNT, this quantity for
an HJCNT lies outside the natural frequency range of its fundamental
CNTs. When the wider CNT is fixed, the natural frequency of HICNTs
appeared to be higher than the ones of their corresponding constituent
CNTs and closer to the natural frequency of their corresponding wider
tubes. However, when the thinner end of an HJCNT is fixed, such a
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Fig. 4. Natural frequency of armchair-zigzag hetero-junction CNTs and their fundamental tubes.

quantity for almost all the HICNT models was observed to approach the
natural frequency of the pertaining thinner tube and have a smaller
value and thus, lower vibrational stability, compared to their corre-
sponding constructive CNTs. This phenomenon could be a result of
fixing a higher number of nodes at the wider end of an HICNT (when the

wider tube is fixed) which decreases the mobility of the HJICNT under
harmonic load and thus, increases the vibrational stability of the hetero-
junction structure. Likewise, fixing the thinner end of an HJCNT will
lead to a smaller number of fixed nodes and makes the free vibrating end
of the structure more prone to vibrate which causes the whole structure
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Natural frequency [GHz]

Natural frequency [GHz]

to experience the resonance sooner and have a relatively lower natural
frequency, when compared with its fundamental CNTs. The consider-
ably higher natural frequencies of the HICNTs under clamped-clamped
boundary conditions, reported in the literature, e.g., the research by
explained as
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[62] can similarly be

10

clamped-clamped hetero-structures are more restricted to vibrate,
resulting in higher natural frequencies.

The difference between the diameters of the connecting fundamental
CNTs (Dg) in the structure of HJCNTs also elucidated a considerable
influence on the magnitude of the natural frequency of the resultant
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HJCNT. In fact, the larger Dy is, the more the natural frequency of an
HJCNT takes distance from the natural frequencies of its fundamental
CNTs as a result of decreasing the homogeneity in the HJCNT structure.
For instance, as shown in Fig. 2, the difference between the natural
frequency of (10,10)-(5,5) with Dy = 0.68 nm and the natural frequency
of its fundamental CNTs ((10,10) and (5,5)) is greater than such a dif-
ference between that of (10,10)-(9,9) with D4y = 0.14 nm and the ones
for its constructive CNTs ((10,10) and (9,9)).

Among different connection types, the existence of armchair
configuration in the structure of HICNTs with AA, AZ, and AC connec-
tions appear to lead to higher natural frequency, ranging from 4.04 to
60.20 GHz when compared with the natural frequency of the models,
made of other CNT configurations (ZZ, ZC and CC), ranging between
5.17 and 35.82 GHz. It is generally perceived from the results that the
connection between thicker CNTs leads to higher vibrational stability
than the connection between thinner CNTs.

4. Conclusion

In summary, the natural frequency of the HICNTs has not compre-
hensively been studied in the previous research as the number of the
CNT models was insufficient to reach a comprehensive conclusion and
only were some hetero-junction types addressed. In the this investiga-
tion, FEM approach was utilized to simulate middle-length HICNTSs with
all possible connection types, accompanied by their corresponding
constructive conventional CNTs to present a more reliable estimated
range for the resonance frequency of these nanomaterials and discover
the most influential factors affecting their resonance behavior. Accord-
ing to the results, the natural frequency of conventional CNTs varies in
the general range of 7.09 and 48.75 GHz and has an inverse correlation
to the aspect ratios of the CNTs which follow a particular trend and a
mathematical relation was proposed to express such an inverse
correlation.

A general range of 4.04 and 60.20 GHz was acquired by the same
method for the natural frequency of HICNTs. The results depict that the
natural frequency of an HJCNT generally lies outside the frequency

11

range of its fundamental CNTs and is mainly determined by two factors,
i.e., boundary Conditions and the difference between the diameters of
the connecting CNTs. Fixing the wider side of the HIJCNTs achieves
higher natural frequency while fixing their thinner side, leads to lower
vibrational stability when compared to the natural frequency of the
models’ constructive CNTs. On the other hand, the larger the difference
between the diameters of the connecting CNTs is, the more the natural
frequency of the resultant HICNT takes distance from the natural fre-
quencies of its fundamental CNTs.

It was also perceived that the existence of armchair CNT in the
structure of HJCNTs results in higher resonance frequencies. Eventually,
it can be concluded that the natural frequency of HJCNTs is not
considerably influenced by the chirality of their constructive CNTs.

With regards to the fact that the actual investigation is limited to the
resonance analysis of middle-length HJICNTs under cantilever boundary
conditions, the necessity of similar research on the vibrational behavior
of short and long HJCNTs is highlighted. Moreover, disregarding the
evaluation of the influence of other boundary conditions, e.g., clamped-
clamped conditions and the small-scale effects are another gaps to be
covered in the future research to establish a comprehensive database for
the resonance frequency of HICNTs for proper selection of these nano-
materials for their potential applications in NEMS, e.g., nanosensors.
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