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Abstract. This paper is concerned with the use of oscillating particles instead of the
usual frozen particles to model a suspended particle (solid body) in a Dissipative Particle
Dynamics (DPD) particle-based simulation method. A suspended particle is represented
by a set of basic DPD particles connected to reference sites by linear springs. The reference
sites are moved as a whole with the imposed displacement that is calculated using data
from the previous time step, while the velocities of their associated DPD particles are
found by solving the DPD equations at the current time step. In this way, a specified
Boltzmann temperature can also be maintained in the region occupied by the suspended
particles and this parameter can be utilised to control the size of suspended particles.
Several numerical results in two dimensions are presented to demonstrate attractiveness
of the proposed model.

1 INTRODUCTION

Dissipative Particle Dynamics (DPD), which was proposed by Hoogerbrugge and Koel-
man in 1992 [1], is a mesoscopic simulation technique for complex fluid systems. Its for-
mulation is derived from the view that each DPD particle represents a group of molecules.
DPD particles interact through a soft potential and thus the simulation can be carried out
on length and time scales far beyond those of Molecular Dynamics (MD). Hydrodynamic
interactions are accounted by employing velocity-dependent dissipative forces. It should
be pointed out that ensemble-average quantities formed from the DPD particle states
(configurations and velocities) satisfy conservation of mass and momentum [2]. One of

1



900

N. Mai-Duy, N. Phan-Thien, B.C. Khoo and T. Tran-Cong

the most attractive features of DPD is that its ability to model complex fluids in a simple
way. A subset of DPD particles can be constrained to form a solid object, a droplet, a
polymer chain, etc.

This study is concerned with the simulation of particulate suspensions. We propose
a simple model, where a suspended particle is represented by using a small set of basic
DPD particles that fully interact with each other and with the rest of DPD particles.
For example, a hard disk (2D circular cylinder) is assumed to be made up of 4 basic
DPD particles only. The constituent particles of a colloidal particle are connected to the
reference site via linear springs. This allows a specified thermodynamic temperature to be
maintained over the entire domain and one can use this parameter to control the effective
size of the colloidal particles. For the latter, a larger size of the suspended particle can
be achieved at a negligible extra computational cost. Another computational advantage
of the proposed model is that the present DPD parameters are the same as those for
the single fluid case. It means that (i) the underlying particles all interact through a
soft potential (linear forces) and thus make large time steps in the suspension simulation
possible; and (ii) all interactions between particles can use the same cutoff radius and
therefore allow one to use a simple, single level linked-list algorithm.

The remainder of the paper is organised as follows. Section 2 provides a brief overview
of the standard DPD equations. The proposed spring model for suspended particles is
described in Section 3 and then verified numerically in Section 4. Section 5 gives some
concluding remarks.

2 DISSIPATIVE PARTICLE DYNAMICS

The stochastic differential equations governing the motion of a DPD particle are given
by

ṙi = vi, (1)

miv̇i = Fi, (2)

where mi, ri and vi represent the mass, position and velocity vector of a particle i =
1, . . . , N , respectively, N is the total number of DPD particles, the superposed dot denotes
a time derivative, and Fi is the total force vector exerted on particle i, containing three
parts

Fi =
N∑

j=1,j �=i

(Fij,C + Fij,D + Fij,R) , (3)

in which the sum runs over all other particles except i, within a certain cutoff radius rc.
Outside the cutoff radius (which is the same for Fij,D and Fij,R but may be different for
Fij,C), these forces are set to zero. The first term on the right is referred to as conservative
force (subscript C), the second, dissipative force (subscriptD) and the third, random force
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(subscript R). These forces are pairwise and are usually given in the forms

Fij,C = aijwCeij, (4)

Fij,D = −γwD (eij · vij) eij, (5)

Fij,R = σwRθijeij, (6)

where aij, γ and σ are constants reflecting the strengths of these forces, wC , wD and wR

the distance-dependent weighting functions, eij = rij/rij a unit vector from particle j to
particle i (rij = ri − rj, rij = |rij|), vij = vi − vj the relative velocity vector, and θij a
Gaussian white noise (θij = θji) with stochastic properties

〈θij〉 = 0, (7)

〈θij(t)θkl(t′)〉 = (δikδjl + δilδjk) δ (t− t′) ,with i �= k and j �= l. (8)

It was shown in [3] that the following

wD(rij) = (wR(rij))
2 , (9)

kBT =
σ2

2γ
, (10)

lead to a detailed balance of the system (equi-partition principle or fluctuation-dissipation
theorem), which relate the strength of the dissipative force to the strength of the ran-
dom force through the definition of the thermodynamic temperature (constant fluctuation
kinetic energies). A popular choice of the weighting functions is

wC(rij) = 1− rij
rc

, (11)

wD(rij) =

(
1− rij

rc

)s

. (12)

where s is a constant (s = 2 and s = 1/2 are two typical values of s).
There are two relevant time scales in the simulation of particulate suspensions - (i) the

time over which Brownian diffusion restores the equilibrium configuration: a2/D0 (a is
the sphere radius and D0 the single-sphere diffusion coefficient), and (ii) the time needed
to deform the microstructure by shear: 1/γ̇ (γ̇ the shear rate). The Peclet number is
defined as the ratio between the two time scales Pe = γ̇a2/D0. This number measures
the relative important of hydrodynamic and Brownian contributions to the flow.

3 PROPOSED MODEL FOR A SUSPENDED PARTICLE

We propose to model a suspended particle by a set of p basic DPD particles (p is small)
connected to reference sites by linear springs. For example, a hard disk (2D cylinder of
circular shape) is constructed here using 4 basic DPD particles only (p = 4) (Figure 1).
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Consider the kth suspended particle. The base, which is comprised of reference sites
as illustrated in Figure 2, is assumed (i) to move as a whole and (ii) to have a negligible
mass. For the former, certain pairs of sites are required to satisfy the condition

ξkij(t) ≡
(
rki (t)− rkj (t)

)T (
rki (t)− rkj (t)

)
−

(
dkij

)2
= 0, (13)

where dij is the fixed distance between sites i and j, and the overline is used to differentiate
the site from its associated DPD particle.

The location of the mass centre of the kth colloidal particle is computed as

Rk
c =

1

Mk
c

(
p∑

i=1

mir
k
i +

p∑
i=1

mir
k
i

)
≈ 1

Mk
c

(
p∑

i=1

mir
k
i

)
, Mk

c =

p∑
i=1

mi+

p∑
i=1

mi ≈
p∑

i=1

mi,

(14)
where Mk

c is the total mass of the kth colloidal particle.
The force on a constituent particle of the suspended particle is

Fk
i (t) = miv̇

k
i =

N∑
j=1,j �=i

[
Fk

ij,C(t) + Fk
ij,D(t) + Fk

ij,R(t)
]
+ Fk

i,S(t), i = (1, 2, · · · , p), (15)

where Fk
i,S(t) = −H

[
rki (t)− rki (t)

]
is the spring force with H being the stiffness of the

spring. In the limit H → ∞, one has rki (t) → rki (t). As a result, the centre of mass of
the system is also the centre of the reference sites. In the present work, the value of H is
chosen quite large.

The force on a reference site of the suspended particle is

F
k

i (t) = miv̇
k

i = F
k

i,S(t) +Gk
i (t), i = (1, 2, · · · , p), (16)

where F
k

i,S and Gk
i are the spring and constraint forces, respectively. The latter is given

by

Gk
i (t) = −

∑
j=1

λij(t)∇iξij(t), (17)

where λij(t) are the time-dependent Lagrange multipliers and ∇i is the gradient with
respect to the coordinates of the reference site under consideration. Note that λij(t) =
λji(t), ξij(t) = ξji(t) and ∇iξij(t) = −∇jξij(t).

Using (15) and (16), the net force and torque on the kth colloidal particle are expressed
as

Fk =

p∑
i=1

Fk
i (t) +

p∑
i=1

F
k

i (t), (18)

Tk =

p∑
i=1

(
rki −Rk

c

)
× Fk

i (t) +

p∑
i=1

(
rki −Rk

c

)
× F

k

i (t). (19)
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Since the constraint forces and also the spring forces are pairwise and the two forces in
each pair are equal in magnitude and opposite in direction, expressions (18) and (19)
reduce to

Fk =

p∑
i=1

N∑
j=1,j �=i

[
Fk

ij,C(t) + Fk
ij,D(t) + Fk

ij,R(t)
]
, (20)

Tk =

p∑
i=1

(
rki −Rk

c

)
×

N∑
j=1,j �=i

[
Fk

ij,C(t) + Fk
ij,D(t) + Fk

ij,R(t)
]
. (21)

It should be pointed out that the sum of the spring forces on the constituent particles of
the colloidal particle are absent in the net force and torque on the colloidal particle.

The velocity of the mass centre and the angular velocity of the kth colloidal particle
are derived from

Mk
c

dVk
c

dt
= Fk(t), (22)

Ik
dωk

dt
= Tk(t) + ωk × (Ikωk), (23)

where Ik is the moment of inertia tensor.
A set of reference sites is advanced according to

dri
dt

= Vk
c + ωk ×

(
rki −Rk

c

)
, i = (1, 2, · · · , p), (24)

while the corresponding velocities of the constituent particles are to be found from solving
equation (15).

In the present model, values used in the DPD interactions between constituent-constituent
particles and between constituent-solvent particles are exactly the same as those between
solvent-solvent particles. Unlike the frozen-particle models [4], the present constituent
particles have an additional oscillatory motion about their associated reference sites.
There exist dissipative forces between the constituent particles. A specified constant
thermodynamic temperature can be maintained throughout the domain. In contrast to
to the single-particle models [5], the present underlying particles all interact through a
soft potential (soft repulsive particles), and there is one type of interaction only in the
system: the interaction between two basic particles.

4 NUMERICAL EXAMPLES

The model system we consider here comprises an ensemble of disks immersed in a 2D
fluid. We now model a suspended hard disc (2D cylinder) using a set of only 4 DPD
particles whose associated reference sites are located on a square of the side length 0.25
(DPD units). Parametric values for the DPD forces on these constituent particles are
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the same as those on the solvent particles. The simulation is carried out on the domain
10× 10 with the following DPD parameters: mi = 1, s = 1/2, n = 4, aij = 18.75, σ = 3
and rc = 1. After some investigation, a linear spring of the same stiffness H = 3000 is
used.

Consider the case of one colloidal particle. The variations of spring forces on the
particle with respect to the number of time steps are shown in Figure 3. There exist
spring forces on its constituent particles. However, the sum of these spring forces is very
small as expected (the base containing reference sites is assumed to have a negligible
mass). It appears that the spring force on a constituent particle has a zero mean.

We use the radial distribution function to measure the effective size of the particle

g(q) =
1

N/A

p

2πq∆q
, (25)

where A is the area of the domain containingN particles and p is the number of particles in
a circular shell of width q → (q+∆q) at a distance q from the particle under consideration.
We investigate the effect of kBT on the particle size. Two values of kBT , 0.5 and 1, are
considered. Figure 4 shows the variation of g(q), where ∆q is chosen as 0.01, for the
present DPD fluid and for the single disk embedded in the fluid.

It can be seen that the radius of exclusion zone (g ≈ 0) for the colloidal particle is
increased from 0.4 to 0.5 as kBT is reduced from 1 to 0.5. A larger size of the colloidal
particle is achieved at a negligible extra computational cost. The present model thus
allows one to effectively control the effective size of the colloidal particle through the
thermodynamic temperature.

Figure 5 shows percentage errors of the average value of kBT versus volume fraction
between the present oscillating and frozen particle models. It can be seen that the former
is much more accurate than the latter for all values of volume fraction.

Results concerning the relative viscosity of the suspension over a wide range of volume
fraction by the present model, the fictitious-domain/finite-element method [6] and several
empirical formulas [7, 8] are shown in Figure 6. Results for the case of dilute suspensions
[9] are also included. The present results agree well with those by the empirical formulas.

All simulations presented in this study are conducted with ∆t = 0.01 - a relatively
large time step.

5 CONCLUDING REMARKS

In this paper, we present a simple DPD model for particulate suspensions, where only
standard DPD forces and spring forces are included and a suspended particle is represented
by a few oscillating DPD particles. The present model yields a good prediction for the
zero-shear-rate relative viscosity over a wide range of the volume fraction.
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Figure 1: A circular disk is represented using 4 basic DPD particles.

Figure 2: A schematic diagram for the proposed spring model: DPD particles (circles) connected to
reference sites (squares) via linear springs. There are rigid constraints between the reference sites.
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Constituent particle

Colloidal particle

Figure 3: No flow, single colloidal particle, ∆t = 0.01, kBT = 1: Spring forces on a constituent particle
of the colloidal particle (top) and on the colloidal particle (bottom) in the x (left) and y (right) directions.
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kBT = 1

kBT = 0.5

Figure 4: No flow, ∆t = 0.01, 300000 time steps: radial distribution functions for the solvent (left) and
colloidal (right) particles for two values of kBT . All plots have the same length scale for the x axis.
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Figure 5: Shear flow, ∆t = 0.01, kBT = 1, U = 0.5: Percentage error of average kBT over the entire
domain versus volume fraction between the present oscillating and frozen particle models.
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Figure 6: Shear flow, ∆t = 0.01: zero-shear-rate relative viscosity versus volume fraction for kBT = 1
and kBT = 0.5.
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