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Abstract

This paper reports numerical analyses of free vibration of laminated composite
plate/ shell structures of various shapes, span-to-thickness ratios, boundary condi-
tions and lay-up sequences. The method is based on a novel four-node quadrilateral
element, namely MISQ20, within the framework of the first-order shear deformation
theory (FSDT). The element is built by incorporating a strain smoothing method
into the bilinear four-node quadrilateral finite element where the strain smoothing
operation is based on mesh-free conforming nodal integration. The bending and
membrane stiffness matrices are based on the boundaries of smoothing cells while
the shear term is evaluated by 2 × 2 Gauss quadrature. Through several numerical
examples, the capability, efficiency and simplicity of the element are demonstrated.
Convergence studies and comparison with other existing solutions in the literature
suggest that the present element is robust, computationally inexpensive and free of
locking.

Key words: free vibration, laminated plate/shell, strain smoothing method,
shear-locking free, first-order shear deformation theory.

1 Introduction

The analysis of natural frequencies of composite plates/shells plays an in-
creasingly important role in the design of structures in mechanical, civil and

∗ Correspondence to: T. Tran-Cong, CESRC, USQ, Toowoomba, QLD 4350, Aus-
tralia, Tel. +61 7 46312539, Fax. +61 7 46312526.

Email address: trancong@usq.edu.au (T. Tran-Cong).

Preprint submitted to Elsevier - revised 16 November 2007 16 November 2007



aerospace engineering applications. A thorough study of the dynamic behav-
iors of these structures is essential in assessing their full potential. Therefore,
it is necessary to develop appropriate models capable of accurately predicting
their dynamic characteristics.

Great progress has been made over past decades towards better understanding
of the vibration characteristics of laminated composite plates/shells [1, 2, 3].
Due to limited availability of analytic solutions for practical applications, nu-
merical approximate methods have become the most effective tools. The fi-
nite element method (FEM) is considered to be a very effective and versatile
approach for these problems. There is a vast amount of literature on free vi-
bration analysis of laminated plates/shells which is too large to list here. Bert
[1] and Mohamad [2] have conducted surveys and provided details on the de-
velopment of the finite element methods for modeling and modal analysis of
laminated plates/shells. Further extensive references on shells can be found in
the excellent review of Yang et al. [3].

Although the FEM solution is quite effective and versatile, its performance is
highly mesh dependent and badly deteriorates when mesh distortion occurs.
On the other hand, the mesh-free methods have become an alternative ap-
proach for problems with complex geometry and boundary conditions. Several
mesh-free methods have been so far proposed for vibration analysis, includ-
ing the Element Free Galerkin method (EFG) [4], the Moving Least Square
Differential Quadrature method (MLSDQ) [5, 6], the Radial Basis Function
method (RBF) [7, 8] and the Reproducing Kernel Particle method [9], etc.
However, the complex approximation space of mesh-fee methods increases the
computational cost of solving the resultant algebraic equation systems. Re-
cently, Liu et al. [10, 11] proposed a new smoothed finite element method
(SFEM) where the strain smoothing technique of the stabilized conforming
nodal integration (SCNI) mesh-free method was incorporated into the exist-
ing FEM for 2D elastic problems. Based on the idea of SFEM, Nguyen-Van
et al. [12] have developed a new locking-free quadrilateral laminated plate el-
ement MISQ20 by incorporating the SCNI into the Bathe-Dvorkin assumed
strain plate element [13]. It is found that the MISQ20 element with SCNI is
effective, computationally inexpensive and not sensitive to mesh distortion. It
is able to achieve accurate results even with coarse discretization irrespective
of the span-to-thickness ratio and stacking sequence.

The goal of the present study is to extend the MISQ20 element for analysis of
free vibration problems of laminated plate/shell structures within the frame-
work of the FSDT. Eigenvalue analysis of various composite plates/shells is
performed in order to have a better understanding of their dynamic behaviors
associated with different parameters such as boundary conditions, types of
laminates, mesh distortion, fibre orientation, span-to-thickness ratio, mixed
boundaries and modulus ratio.
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The paper is outlined as follows. First, a brief review of the finite element
formulations for laminated plates is introduced in section 2. The description
of strain smoothing technique for finite element method is derived in section
3. Several numerical investigations are carried out in section 4 to assess the
performance of the proposed element in free vibration analysis. Finally, con-
cluding remarks are made in section 5.

2 Finite element formulations for laminated plates

In the first-order shear deformation theory (FSDT) [14], the plate kinematics
is governed by the midplane displacement uo, vo, wo and rotation θx, θy as
follows.

u(x, y, z) = uo(x, y) + zθx,

v(x, y, z) = vo(x, y) + zθy, (1)

w(x, y, z) = wo(x, y).

A typical 4-node quadrilateral laminated plate element consisting of n layers
with thickness h is shown in Figure 1.

The in-plane strain vector ε = [εx εy εxy]
T can be rewritten as
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= εm + zεb, (2)

and the transverse shear strain vector as

γ = [γxz γyz]
T = [θx − w,x θy − w,y]

T . (3)

For an anisotropic laminated plate, the stress and resultant constitutive rela-
tionship are expressed as follows.
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where N = [Nx Ny Nxy]
T ,M = [Mx My Mxy]

T ,T = [Qx Qy]
T are the

membrane force vector, the bending moment vector and the transverse shear
force vector, respectively; k2

1
, k2

2
are shear correction factors (SCFs) which can

be estimated by using special methods [15, 16, 17]; A, B, D, C are matrices of
extensional stiffness, bending-extensional coupling stiffness, bending stiffness
and transverse shearing stiffness, respectively defined as

(Aij, Bij, Dij) =
∫ h/2

−h/2

(1, z, z2)Q̄ijdz, i, j = 1, 2, 6

C0

ij =
∫ h/2

−h/2

Q̄ijdz, i, j = 4, 5

(6)

where Q̄ij are the elastic constants with respect to the global x−axis and their
detailed definitions can be found in Ref. [14].

Base on the FSDT, the finite element solution u of a displacement model for
laminated plates is approximated as

u =
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qi, (7)

where np (np = 4 in this case) is the total number of nodes of an element, qi =
[ui vi wi θxi θyi]

T is the nodal displacement vector and Ni = 1

4
(1+ξiξ)(1+ηiη)

is the shape function of the four-node serendipity element.

The corresponding approximation of membrane, bending and shear strain of
Equation (4) can be expressed in the following form
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= Bsq, (9)
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Bs =
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0 0 Ni,y 0 Ni





 . (11)

The element stiffness matrix can be written based on the minimum potential
principle as

Ke = Ke
mb + Ke

s =
∫

Ωe

BT
p CpBpdΩ +

∫

Ωe

BT
s CsBsdΩ. (12)

By using Hamilton’s principle, the equation of motion of an element can be
obtained as

Meq̈ + Keq = 0, (13)

which leads to the following eigenvalue equation

(Ke − ω2Me)q = 0, (14)

where the element mass matrix is defined by

Me =
∫

Ωe

NT
mmNmdΩ, (15)

in which
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3 Strain smoothing approach for finite element method

3.1 Smoothed membrane-bending strain approximation

The membrane-bending strains at an arbitrary point xC can be obtained by
using following strain smoothing operation

ε̃p(xC) =
∫

ΩC

εp(x)Φ(x − xC)dΩ, (17)

where εp is the membrane-bending strain obtained from displacement com-
patibility condition as given in Equation (8); ΩC is the smoothing cell domain
on which the smoothing operation is performed (ΩC may be an entire element
or part of an element as shown in Figure 2, depending on the stability analysis
[10, 11]); Φ is a given smoothing function that satisfies at least unity property
∫

ΩC

ΦdΩ = 1 and is defined as

Φ(x − xC) =











1/AC x ∈ ΩC ,

0 x /∈ ΩC ,
(18)

in which AC =
∫

ΩC

dΩ is the area of the smoothing cell (subcell).

Substituting Φ into Equation (17) and applying the divergence theorem, one
can get a smoothed membrane-bending strains as
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, (19)
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where ΓC is the boundary of the smoothing cell.

Introducing the finite element approximation of u into Equation (7) gives

ε̃p(xC) =
nc
∑

i=1

[ B̃mi(xC) B̃bi(xC) ]Tqi =
nc
∑
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B̃pi(xC)qi, (20)

where
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1
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dΓ. (21)

If one Gaussian point is used to evaluate Equation (21) along each line segment
of the boundary ΓC

i of ΩC , Equation (21) can be transformed as follows.
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lCb , (22)

where xG
b and lCb are the midpoint (Gauss point) and the length of ΓC

b , respec-
tively; nb is the total number of edges of each smoothing cell.

3.2 Transverse shear strains of the element

The shear strains are approximated with independent interpolation fields in
the natural coordinate system [13] as
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in which

N̂ =
1

2







(1 − ξ) 0 (1 + ξ) 0

0 (1 − η) 0 (1 + η)





 , (24)

J is the Jacobian matrix and the midside nodes A, B, C, D are shown in
Figure 1. Expressing γA

η , γC
η and γB

ξ ,γD
ξ in terms of the discretized fields u, we

obtain the shear matrix

B̄si = J−1







0 0 Ni,ξ −b12

i Ni,ξ b11
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 , (25)

where

b11

i = ξix
M
,ξ , b12

i = ξiy
M
,ξ , b21

i = ηix
L
,η, b22

i = ηiy
L
,η, (26)

in which ξi ∈ {−1, 1, 1,−1}, ηi ∈ {−1,−1, 1, 1}
and (i,M,L) ∈ {(1, B,A); (2, B, C); (3, D,C); (4, D,A)}.

The element stiffness matrix in Equation (12) can be transformed as follows

K̃e = K̃e
mb + K̄e

s =
nc
∑

C=1

B̃T
pCCpB̃pCAC +

∫

Ωe

B̄T
s CsB̄sdΩ (27)

Finally, the linear equation of motion in Equation (14) can be rewritten as

(K̃e − ω2Me)q = 0, (28)

In Equation (27), the shear term K̄
e
s is still computed by 2× 2 Gauss quadra-

ture while the element bending stiffness K̃e
mb is computed by one Gaussian

point along each line segment of the smoothing cells of the element. For
simplicity, two smoothing cells (nc = 2) as shown in Figure 2 are used
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for calculating the smoothed membrane-bending stiffness matrix of the ele-
ment. This forms the basis of a new four-node quadrilateral element named
MISQ20 (Mixed Interpolation Smoothing Quadrilateral element with 20 DOF)
for analysis of laminated plates. For analysis of laminated shells using MISQ20
flat element, a drilling degree of freedom θz (inplane rotation) will be added
to each node for assembling the stiffness matrices and the total DOFs will
be 24. To avoid rank deficiency of the element stiffness matrix, the fictitious
stiffness associated with the drilling DOF is taken to be equal to 1/1000 of
the maximum diagonal value of the element stiffness matrix.

4 Numerical results and discussions

In this section, a number of numerical examples are presented to demonstrate
the performance of the MISQ20 element in the analysis of free vibration of
laminated plates/shells. Particular plate/shell structures with various bound-
ary conditions, span-to-thickness ratios and modulus ratios (the degree of or-
thotropy) are analyzed. In all examples, the material properties are assumed
to be the same in all the layers and the fibre orientations may be different
among the layers. The ply angle of each layer is measured from the global
x−axis to the fibre direction. All layers have the same thickness and the mass
density ρ is taken to be uniform in the thickness direction. Unless otherwise
specified, shear correction factors k2

1
= k2

2
= π2

12
are used for all computations.

The following material parameters of a layer are used in all plate examples
E1/E2 = 10, 20, 30 or 40; G12 = G13 = 0.6E2; G23 = 0.5E2; ν12 = ν13 =
ν23 = 0.25; ρ = 1.

4.1 Square laminated plates

This section deals with cross-ply laminated square plates with various span-
to-thickness ratios, number of layers, boundary conditions and lay-up stacking
sequences. A typical representative sketch of a mesh of 14 × 14 used in these
analyses is shown in Figure 3.

4.1.1 Convergence study and the effect of modulus ratios

A simply supported four-layer cross-ply [0/90/90/0] square laminated plate
is chosen to study the convergence of the present method using MISQ20 el-
ement. The span-to-thickness ratio of the plate a/h is taken to be 5 in the
computation. Table 1 shows the convergence and comparison of the normal-
ized fundamental frequencies of the present method with other solutions for
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various degrees of orthotropy of the individual layers (E1/E2 ratio). It is found
that the MISQ20 element yields not only relatively accurate results in a wide
range of E1 to E2 ratios but also rapid convergence as shown in Figure 4a. The
effect of various modulus ratios of E1/E2 on the accuracy of the fundamental
frequency is also displayed in Figure 4b. It can be seen that the present results
are in good agreement with exact solutions [14, 18] and closer to MLSDQ’s
solutions by Liew et al. [5] than RBF’s results of Ferreira et al. [7].

4.1.2 Mesh distortion

The influence of mesh distortion is studied in this section. The plate of the first
example (Section 4.1.1) is analyzed again using distorted element created by
irregular interior nodes. These interior nodes are derived from a set of regular
nodes by using a controlling distortion factor s. Thus, the coordinates of an
irregular mesh are obtained by the following expressions

x′ = x + rcs∆x,

y′ = y + rcs∆y,
(29)

where rc is a computer-generated random number between −1.0 and 1.0,
∆x, ∆y are initial regular element sizes in the x–and y–directions, respectively
and s ∈ [0, 0.4] is used to control the shapes of the distorted elements: the
bigger value of s, the more irregular the shape of generated elements. Typical
irregular meshes of the analysis are shown in Figure 5.

The effect of the mesh distortion on the fundamental frequency of the plate
obtained by the present method is shown in Table 2 and Figure 6. It is found
that the accuracy of the fundamental frequencies associated with irregular
mesh decreases in comparison with regular meshes. However, the deterioration
is very small and the overall performance is insensitive to mesh distortion as
the maximum error of frequency is below 0.3% (in the case of E1/E2 = 10).
For the cases of E1/E2 = 30 and 40, Figure 6 indicates that the error at some
s could become even smaller than those at s = 0 (regular mesh).

4.1.3 Effect of span-to-thickness ratio

This section deals with the effect of the span-to-thickness ratio (a/h) on the
fundamental frequency of a simply supported square cross-ply plate made of
material having E1/E2 = 40. Table 3 presents a convergence study on the nor-
malized fundamental frequency. The present numerical results are comparable
with those of Reddy and Phan [19] who used higher-order shear deformation
theory, Liew [20] who used a p-Ritz solution, Wu et al. [21] who used local
higher-order theory, Matsunaga [22] who used global higher-order theory, Striz
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et al. [23] who used higher-order individual-layer theory and Zhen et al. [24]
who used global-local higher-order theory. However, it can be seen that the
present results are in closer agreement with results of Liew than other meth-
ods cited here. From Table 3, it is also noticed that the span-to-thickness ratio
has a considerable effect on the fundamental frequency of plates at lower a/h
ratios. At higher a/h ratios (a/h > 25), the influence on the fundamental
frequency is minor.

4.1.4 Effect of lay-up sequence and fibre orientation

To investigate the effect of lay-up sequence and fibre orientation, this sec-
tion reports the analysis of two composite plates with lamination sequence
[θ/0/0/θ] and [0/θ/θ/0] with simply supported (SSSS) and clamped (CCCC)
edges. The span-to-thickness ratio of the plate a/h = 100 and modulus ra-
tio E1/E2 = 10 are used in the computation. Figure 7 shows the effects of
both fibre orientation and lay-up sequence on the fundamental frequencies.
It is found that there is symmetry for the orientation angle of 45 degrees in
both cases of simply supported and clamped conditions. Moreover, in the case
of SSSS edge conditions, the [θ/0/0/θ] lamination results in a higher funda-
mental frequencies than the corresponding ones for the [0/θ/θ/0] sequence. In
the case of CCCC edge conditions, the behaviour of the fundamental frequen-
cies is opposite to the above SSSS results. It appears that, in both cases, the
fundamental frequencies has an extremum at ply angle θ = 45o.

4.1.5 Influence of mixed boundaries and span-to-thickness ratio

The influence of the mixed boundary conditions and span-to-thickness ratio
is now considered. The plate is simply supported along the edges parallel to
the x−axis while the other edges have simply supported (S), clamped (C)
or free (F) boundary conditions. The notation SS, SC, CC, FF, FS and FC
refer to the boundary conditions of two edges parallel to the y−axis only.
The three layer cross-ply [0/90/0] square plate is analyzed with E1 = 40E2

and a 14× 14 mesh as indicated in Figure 3. Table 4 contains the normalized
fundamental frequencies for various span-to-thickness ratios obtained by the
present method and other solutions of Liew et al.[5] using MLSDQ method,
RBF’s results by Ferreira et al. [7] and exact solutions [14, 18]. It can be
seen that the accuracy of the present method compares very well with exact
solutions and other numerical results.

Furthermore, the comparison of the first five natural frequencies with other
methods for a clamped 3-layer cross-ply [0/90/0] square plate is also presented
in Table 5. The first four mode shapes obtained by the present method are also
depicted on Figure 8. It is found that the present results in general indicate
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good agreement with other cited solutions.

4.2 Skew laminated plates

This section deals with five-layer symmetric cross-ply and angle-ply skew lami-
nated plates. Simply supported and clamped edges are considered with various
skew angles α from 0o to 60o. The span-to-thickness ratio a/h is taken to be
10 and the entire plate is modelled using 6 × 6, 10 × 10 and 14 × 14 meshes.
A representative sketch of the 10 × 10 mesh used in the analysis is displayed
in Figure 9.

Table 6 and Table 7 present the normalized fundamental frequencies of the
cross-ply [90/0/90/0/90] with simply supported and clamped edges, respec-
tively while Table 8 and Table 9 show the normalized fundamental frequencies
of the angle-ply [45/ − 45/45/ − 45/45] with simply supported and clamped
boundaries. The results calculated using MLSDQ method by Liew et al. [5],
B-spline Rayleigh-Ritz method of Wang et al. [26] and RBF of Ferreira et al.

[7] are also listed for comparison. It can be seen that there is a good agree-
ment between the present results and other existing solutions for both cases
of cross-ply and angle-ply laminates. The numerical accuracy is slightly de-
pendent on the skew angle α (accuracy deteriorates with increasing α) but
insensitive to lay-up sequence. The first four mode shapes obtained by the
present methods for CCCC and SSSS cases of the [90/0/90/0/90] laminated
plates are also depicted in Figure 10 and Figure 11, respectively.

4.3 Circular laminated plates

A circular symmetric 4-layer [θ/ − θ/ − θ/θ] laminated plate with a diameter
D and a thickness h as shown in Figure 12 is analysed. The span-to-thickness
ratio a/h is taken to be 10 in the computation. Two types of boundary con-
ditions, simply supported (SSSS) and clamped (CCCC) with various fibre
orientation angles θ = 0o, 15o, 30o, 45o are considered.

The effect of the ply angle θ on the normalized fundamental frequency of
the simply supported and clamped circular laminated plate is presented in
Table 10. The natural frequencies of the first six modes in the case of clamped
edge conditions are also presented in Table 11. It is observed that the numerical
results obtained by the present method are comparable with Liew’s results [5].
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4.4 Multi-layer cylindrical shells

The cross-ply laminated cylindrical panel with a radius R = 100 and a side
length L = 20 subjected to simply supported boundaries is studied. The total
thickness of the panel is h = 0.2. All layers have equal thickness and are made
of the same material: E1/E2 = 25, G12 = G13 = 0.5E2, G23 = 0.2E2, ν12 =
ν13 = ν23 = 0.25, ρ = 1. The SCFs are assumed to be 5/6. Three kinds of
lay-up sequence: [0/90], [0/90/0] and [0/90/90/0] are considered. Considering
only doubly symmetric modes, a quadrant designated as ABCD as shown in
Figure 13 is modeled. The 4×4, 6×6 and 8×8 meshes are used in computing
the fundamental frequencies associated with the doubly symmetric modes. The
convergence study of the normalized fundamental frequency is presented in
Table 12. The present results are also compared with other numerical solutions
such as results of Liu and To using layer-wise shell element [27], of Jayasankar
using 9-node degenerated shell element [28] and the analytical solution by
Reddy [29].

It can be seen that the accuracy of the present element is compared very
favorably with other elements and the method is also convergent with mesh
refinement. The present element can provide accurate prediction of the solu-
tion with much reduced degrees of freedom and its performance with respect
to analytical solution is excellent.

4.5 Multi-layer spherical shell

A clamped nine-layered cross-ply [0/90/0/90/0/90/0/90/0] laminated spheri-
cal panel as shown in Figure 14 is considered. The panel has a radius R = 10
and a side length a = 1. The total thickness of the panel is h = 0.01. All layers
are of equal thickness and same material properties: E1 = 2.0685× 1011, E2 =
E1/40, G12 = G13 = 0.5E2, G23 = 0.6E2, ν12 = 0.25 and ρ = 1605. The SCFs
are k2

1
= k2

2
= 5/6. Three different finite element meshes are used 6×6, 10×10,

and 14 × 14 for modelling a full sphere shell.

Table 13 gives the first four normalized natural frequencies obtained by the
present method in comparison with the solution of Jayasankar [28] using nine-
node degenerated shell element. It can be seen that the present results agree
well with the solutions given by Jayasankar.
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5 Conclusions

In this paper, the MISQ20 element is further developed and successfully ap-
plied to analyse the free vibration of laminated plate/shell structures within
the framework of the first-order shear deformation plate theory (FSDT). Sev-
eral numerical investigations are conducted and the obtained results are in
excellent agreement with other available numerical and analytic solutions. It
is found that the present element is relatively simple but yields slightly better
accuracy for thin to thick laminated plates/shells with various boundary con-
ditions, modulus ratios and stacking sequences. Since the integration is done
on the element boundaries for the bending and membrane terms, the present
element remains accurate even when it is highly distorted.
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Table 1
Simply supported cross-ply [0/90/90/0] square plate: Convergence of normal-
ized fundamental frequencies and comparison with other solutions (ω∗ =
(ωa2/h)

√

ρ/E2, a/h = 5).

Model Mesh
E1/E2

10 20 30 40

MISQ20 6×6 8.4443 9.7149 10.4729 11.0001
10×10 8.3384 9.6010 10.3548 10.8792
12×12 8.3203 9.5815 10.3346 10.8585
14×14 8.3094 9.5698 10.3224 10.8471

MLSDQ [5] 8.2924 9.5613 10.320 10.849
RBF [7] 8.3101 9.5801 10.349 10.864
Exact [18, 14] 8.2982 9.5671 10.326 10.854

Table 2
Simply supported cross-ply [0/90/90/0] square plate: Effect of mesh distortion on
the normalized fundamental frequencies (ω∗ = (ωa2/h)

√

ρ/E2, a/h = 5).

E1/E2 s = 0 s = 0.1 s = 0.2 s = 0.3 s = 0.4

40 10.8471 10.8476 10.8495 10.8528 10.8597
30 10.3224 10.3239 10.3257 10.3283 10.3354
20 9.5698 9.5712 9.5728 9.5749 9.5820
10 8.3094 8.3108 8.3125 8.3140 8.3207
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Table 3
Simply supported cross-ply [0/90/90/0] square plate with various a/h ratios: Con-
vergence of normalized fundamental frequencies and comparison with other solu-
tions (ω∗ = (ωa2/h)

√

ρ/E2, E1/E2 = 40).

Model
a/h

5 10 20 25 50 100

6×6 11.0001 15.4187 18.0504 18.4839 19.1221 19.2939
MISQ20 10×10 10.8792 15.2201 17.7903 18.2122 18.8325 18.9992

14×14 10.8461 15.1658 17.7192 18.1380 18.7535 18.9189

p-Ritz [20] 10.8550 15.1434 17.6583 18.0718 18.6734 18.8359
RBF-pseudospectral [8] 10.8074 15.1007 17.6338 18.0490 18.6586 18.8223
Reddy & Phan [19] 10.9891 15.2689 17.6669 18.0490 18.4624 18.7561
Cho et al. [23] 10.673 15.066 17.535 18.054 18.670 18.835
Local theory[21] 10.682 15.069 17.636 18.055 18.670 18.835
Global theory [22] 10.6876 15.0721 17.6369 18.0557 18.6702 18.8352
Global-local theory [24] 10.7294 15.1658 17.8035 18.2404 18.9022 19.1566
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Table 4
Cross-ply [0/90/0] square plate with various mixed boundaries and span-to-
thickness ratios: Comparison of normalized fundamental frequencies with other so-
lutions (ω∗ = (ωa2/h)

√

ρ/E2, E1/E2 = 40).

a/h Model SS SC CC FF FS FC

5 MISQ20 10.2780 10.6280 11.2387 4.0717 4.5613 5.9370
(-0.117%) (-0.169%) (-0.242%) (0.461%) (0.381%) (0%)

RBF [7] 10.307 10.658 11.274 – – –
(0.165%) (0.113%) (0.071%) – – –

MLSDQ [5] 10.290 10.647 11.266 4.054 4.545 5.938
(0%) (0.009%) (0%) (0.025%) (0.022%) (0.017%)

Exact[18, 14] 10.290 10.646 11.266 4.053 4.544 5.937

10 MISQ20 14.7823 17.1806 19.6614 4.3679 4.9401 7.3372
(0.110%) (0.033%) (-0.039%) (0.573%) (0.531%) (0.084%)

RBF [7] 14.804 17.199 19.678 – – –
(0.257%) (0.139%) (0.046%) – – –

MLSDQ [5] 14.767 17.176 19.669 4.343 4.917 7.333
(0.007%) (0.006%) (0%) (0%) (0.061%) (0.028%)

Exact[18, 14] 14.766 17.175 19.669 4.343 4.914 7.331

100 MISQ20 18.9095 28.4750 40.5937 4.4835 5.1007 8.2665
(0.098%) (-0.091%) (-0.366%) (0.594%) (0.487%) (-0.030%)

RBF [7] 18.355 28.165 40.234 – – –
(-2.837%) (-1.179%) (-1.249%) – – –

MLSDQ [5] 18.769 28.164 40.004 4.439 5.301 8.451
(-0.646%) (-1.182%) (-1.814%) (-0.404%) (4.433%) (2.201%)

Exact[18, 14] 18.891 28.501 40.743 4.457 5.076 8.269

The values in parentheses correspond to relative error percentage when compared
to exact solution

19



Table 5
Clamped cross-ply [0/90/0] square plate: Comparison of the first five natural fre-
quencies with other solutions.

a/h Model
Mode

1 2 3 4 5

5 MISQ20 4.4671 6.7365 7.7706 8.7678 9.2988
p-Ritz [20] 4.447 6.642 7.700 9.185 9.738
Global-local[24] 4.540 6.524 8.178 9.473 9.492

10 MISQ20 7.4542 10.5909 14.0808 16.0497 16.0868
p-Ritz [20] 7.411 10.393 13.913 15.429 15.806
MLSDQ [6] 7.432 10.399 13.958 15.467 15.838
Global-local[24] 7.484 10.207 14.340 14.863 16.070
Jian et al. [25] 7.451 10.451 13.993 15.534 15.896

20 MISQ20 11.0454 14.2988 21.4609 23.6389 25.4605
p-Ritz [20] 10.953 14.028 20.388 23.196 24.978
Global-local[24] 11.003 14.064 20.321 23.498 25.350
Jian et al. [25] 11.015 14.152 20.691 23.323 25.142

100 MISQ20 14.6199 17.7013 25.5625 38.2411 39.3269
p-Ritz [20] 14.666 17.614 24.511 35.532 39.157
MLSDQ [6] 14.674 17.668 24.594 35.897 39.625
Global-local[24] 14.601 17.812 25.236 37.168 38.528
Jian et al. [25] 14.583 17.762 25.004 36.644 38.073

Table 6
Simply supported cross-ply [90/0/90/0/90] skew plate with various skew angles:
Convergence of fundamental frequencies and comparison with other solutions (ω∗ =
(ωa2

√

ρ/E2)/(π2h), E1/E2 = 40, a/h = 10).

Model Mesh
α

00 150 300 450 600

MISQ20 6 × 6 1.6030 1.7267 2.1441 3.0021 4.7710
10 × 10 1.5797 1.6977 2.0963 2.9141 4.6033
14 × 14 1.5733 1.6896 2.0820 2.8855 4.5412

MLSDQ [5] 1.5709 1.6886 2.1026 2.8798 4.4998
RBF [7] 1.5791 1.6917 2.0799 2.8228 4.3761
B-spline[26] 1.5699 – 2.0844 2.8825 –
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Table 7
Clamped cross-ply [90/0/90/0/90] skew plate with various skew angles: Conver-
gence of fundamental frequencies and comparison with other solutions (ω∗ =
(ωa2

√

ρ/E2)/(π2h), E1/E2 = 40, a/h = 10).

Model Mesh
α

00 150 300 450 600

MISQ20 6 × 6 2.4550 2.5528 2.8901 3.6260 5.2538
10 × 10 2.4014 2.4958 2.8194 3.5200 5.0610
14 × 14 2.3869 2.4803 2.7998 3.4893 4.9989

MLSDQ [5] 2.3790 2.4725 2.7927 3.4723 4.9430
RBF [7] 2.4021 2.4932 2.8005 3.4923 4.9541
B-spline[26] 2.3820 – 2.7921 3.4738 –

Table 8
Simply supported angle-ply [45/-45/45/-45/45] skew plate with various skew angles:
Convergence of fundamental frequencies and comparison with other solutions (ω∗ =
(ωa2

√

ρ/E2)/(π2h), E1/E2 = 40, a/h = 10).

Model Mesh
α

00 150 300 450 600

MISQ20 6 × 6 1.8768 1.9255 2.1546 2.7185 4.1758
10 × 10 1.8491 1.8969 2.1093 2.6286 4.0249
14 × 14 1.8413 1.8889 2.0955 2.5672 3.9718

MLSDQ [5] 1.8248 1.8838 2.0074 2.5028 4.0227
RBF [7] 1.8357 1.8586 2.0382 2.4862 3.8619
B-spline[26] 1.8792 – 2.0002 2.4788 –

Table 9
Clamped angle-ply [45/-45/45/-45/45] skew plate with various skew angles: Con-
vergence of fundamental frequencies and comparison with other solutions (ω∗ =
(ωa2

√

ρ/E2)/(π2h), E1/E2 = 40, a/h = 10).

Model Mesh
α

00 150 300 450 600

MISQ20 6 × 6 2.3551 2.4242 2.7566 3.5013 5.1549
10 × 10 2.3045 2.3713 2.6892 3.3977 4.9605
14 × 14 2.2908 2.3570 2.6708 3.3683 4.8982

MLSDQ [5] 2.2787 2.3504 2.6636 3.3594 4.8566
RBF [7] 2.3324 2.3962 2.6981 3.3747 4.8548
B-spline[26] 2.2857 – 2.6626 3.3523 –
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Table 10
Circular 4-layer [θ/ − θ/ − θ/θ] laminated plates with various boundary conditions
and ply angles: Comparison of fundamental frequencies with other solutions (ω∗ =
(ωa2/h)

√

ρ/E2, E1/E2 = 40, a/h = 10).

Model B.C
θ

0 15 30 45

MISQ20 SSSS 16.168 16.448 16.924 17.162
MLSDQ [5] 16.167 16.475 16.928 17.119

MISQ20 CCCC 22.123 22.698 24.046 24.766
MLSDQ [5] 22.211 22.774 24.071 24.752

Table 11
Clamped circular 4-layer [θ/ − θ/ − θ/θ] laminated plate: Comparison of the nor-
malized natural frequencies of the first six modes (ω∗ = (ωa2/h)

√

ρ/E2, E1/E2 =
40, a/h = 10).

θ Model
Mode

1 2 3 4 5 6

0 MISQ20 22.123 29.768 41.726 42.805 50.756 56.950
MLSDQ [5] 22.211 29.651 41.101 42.635 50.309 54.553

15 MISQ20 22.698 31.568 43.635 44.318 53.468 60.012
MLSDQ [5] 22.774 31.455 43.350 43.469 52.872 57.386

30 MISQ20 24.046 36.399 44.189 52.028 57.478 67.099
MLSDQ [5] 24.071 36.153 43.968 51.074 56.315 66.220

45 MISQ20 24.766 39.441 43.817 57.907 57.945 66.297
MLSDQ [5] 24.752 39.181 43.607 56.759 56.967 65.571

Table 12
Simply supported laminated cylindrical shells: Convergence of normalized funda-
mental frequencies ω∗ = (ωL2/h)

√

ρ/E2 for doubly symmetric modes and compar-
ison with other solutions.

Model Mesh
Lay-up

[0/90] [0/90/0] [0/90/90/0]

MISQ20 4 × 4 17.061 20.575 20.694
6 × 6 16.833 20.340 20.461
8 × 8 16.736 20.240 20.367

(0.408%) (-0.452%) (0.029%)

Layer-wise [27] 8 × 8 17.390 20.960 20.960
(4.332%) (3.089%) (2.942%)

9-node shell [28] 5 × 5 17.7 – –
(6.192%) – –

Analytic [29] 16.668 20.332 20.361
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Table 13
Clamped 9-layer [(0/90)2/0s] cross-ply spherical shell: Comparison the normalized
fundamental frequencies ω∗ = (ωa2/h)

√

ρ/E2 with other solutions.

Model Mesh Mode 1 Mode 2 Mode 3 Mode 4

MISQ20 6 × 6 69.61 98.25 118.15 136.05
10 × 10 67.94 88.24 104.45 119.73
14 × 14 67.51 86.00 101.27 115.88

9-node shell [28] 15 × 15 67.43 84.16 99.71 113.70
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Fig. 1. A quadrilateral laminated plate element consisting of n layers

Fig. 2. Subdivision of an element into smoothing cells (nc) and the values of shape
functions at nodes.

Fig. 3. Geometry and discretization of square laminated plates
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Fig. 7. Effect of fibre orientation and stacking sequence on fundamental frequencies
of square laminated plates.

0
2

4
6

8
10

0

5

10
−2

−1.5

−1

−0.5

0

Mode 1

0
2

4
6

8
10

0

5

10
−2

−1.5

−1

−0.5

0

0.5

1

Mode 2

0
2

4
6

8
10

0

5

10
−2

−1.5

−1

−0.5

0

0.5

1

Mode 3

0
2

4
6

8
10

0

5

10
−2

−1.5

−1

−0.5

0

0.5

1

Mode 4
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Fig. 9. Geometry and discretization of skew laminated plates

0

5

10

15 0

5

10
−1

−0.5

0

0.5

1

Mode 1

0

5

10

15 0

5

10−2

−1

0

1

Mode 2

0

5

10

15 0

5

10
−2

−1

0

1

Mode 3

0

5

10

15 0

5

10
−2

−1

0

1

Mode 4

Fig. 10. Mode shapes for clamped cross-ply [90/0/90/0/90] skew plate
(α = 300, a/h = 10, E1/E2 = 40).
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Fig. 13. Geometry and discretization of laminated cylindrical shells
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Fig. 14. Geometry data of a spherical shell
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