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Abstract
During the last two decades, the world has experienced three major outbreaks of Coronaviruses, namely severe acute

respiratory syndrome (SARS- CoV), middle east respiratory syndrome (MERS-CoV), and the current ongoing pandemic of

severe acute respiratory syndrome 2 (SARS-CoV-2). The SARS-CoV-2 caused the disease known as Coronavirus Disease

2019 (COVID-19). Since its discovery for the first time in Wuhan, China, in December 2019, the disease has spread very

fast, and cases have been reported in more than 200 countries/territories. In this study, the idea of Smarandache’s

pathogenic set is used to discuss the novel COVID-19 spread. We first introduced plithogenic graphs and their subclass,

like plithogenic fuzzy graphs. We also established certain binary operations like union, join, Cartesian product, and

composition of pathogenic fuzzy graphs, which are helpful when we discuss combining two different graphs. In the end, we

investigate the spreading trend of COVID-19 by applying the pathogenic fuzzy graphs. We observe that COVID-19 is

much dangerous than (MERS-CoV) and (SARS-CoV). Moreover, as the SARS-CoV and MERS-CoV outbreaks were

controlled, there are greater chances to overcome the current pandemic of COVID-19 too. Our model suggests that all the

countries should stop all types of traveling/movement across the borders and internally too to control the spread of COVID-

19. The proposed model also predicts that in case precautionary measures have not been taken then there is a chance of

severe outbreak in future.

Keywords Plithogenic sets � Graphs � Plithogenic graphs

1 Introduction

Brief history of COVID-19: In December 2019, Wuhan

Health Commission reported a cluster of pneumonia cases

of unknown etiology. The pathogen was identified as a

novel coronavirus. Later on, World Health Organization

named the virus severe acute respiratory syndrome coron-

avirus (SARS-CoV-2) and caused the disease known as

Coronavirus Disease (COVID-19). Since discovering

COVID-19 in Wuhan, China, the cases have been reported

in more than 200 countries/ territories. As of 01 April 2020

(02:55 PM Nanjing time), a total of 754,948 confirmed

cases of COVID-19 have been reported worldwide, with

36,571 deaths. The highest number of cases has been

reported in the United States of America 140,640 cases,

Italy 101,739 cases, Spain 85,195 cases, China 82,545

cases, Germany 61,913 cases, Iran 44,606 cases, France

43,977 cases, The United Kingdom 22,145 cases,

Switzerland 15,412 cases, Belgium 11,899 cases, Nether-

lands 11,750 cases, Turkey 10,827 cases, and other coun-

tries (WHO 2020) . Initially, COVID-19 had a zoonotic

basis, which was then spread through the human interaction

(Ahmad et al. 2020). Being a novel coronavirus, initially,

its etiology was unknown. Later on, scientists identified it

found that it had an incubation period of 14 days. Initial

two weeks (14 days) are considered as most dangerous

concerning the spread of disease (Rodriguez-Morales et al.

2020). Travelers without test/diagnosis were found to be

the primary source of infections. For more details we refer

the reader (Khan et al. 2021).

Mathematical set’s theory: For handling certain

drawbacks of crisp set (CS) theory, Zadeh (1996) intro-

duced fuzzy set (FS) theory. Fuzzy systems have been used
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successfully for many years in problems involving uncer-

tainty, vagueness, ambiguity, and imprecision of state.

Further, Zadeh (1975) extended fuzzy sets (FS) to interval-

valued fuzzy sets in which values of membership are

intervals instead of real numbers between 0 and 1. Interval-

valued fuzzy sets (IVFS) provide precise results of uncer-

tainty than fuzzy sets (FS). Another researcher Atanassov

(Atanassove, 1986) , introduced membership and non-

membership and gave the idea of the intuitionistic fuzzy set

(IFS). It generalized the idea of Zadeh’s fuzzy sets. Jun

et al. (2010) gave the idea of cubic sets by combining

interval-valued fuzzy sets and fuzzy sets. Cubic sets have

many applications in many directions (Jun et al.

2011, 2012). Smarandache extended the idea of Atanassov

and gave the concept of neutrosophic set (NS) (Smaran-

dache 1999, 2005). Further Wang et al. (2005) introduced

interval valued neutrosophic sets (INS). In 2017, Jun et al.

(2017a, b)) presented the idea of neutrosophic cubic sets

(NCS) to handle imprecise information. More recently,

Smarandache (2017) and Smarandache and Broumi (2018)

introduced for the first-time idea of Plithogeny in Philos-

ophy and as its derivatives give the concept of Plithogenic

set/logic/probability/statistics in mathematics and engi-

neering. Plithogeny is the origination, formation, devel-

opment, evolution of new entities and is a connection or

combination of theories and ideas in any field. Plithogeny

is the dynamics of many opposites, their neutrals and non-

opposites, and their organic fusion. The Plithogenic set’s

theory generalizes previous theories of fuzzy sets.

Smarandache introduce the plithogenic set (as generaliza-

tion of crisp, fuzzy, intuitionistic fuzzy, and neutrosoph-ic

sets), which is a set whose elements are characterized by

many attributes’ values. An attribute value v has a corre-

sponding (fuzzy, intuitionistic fuzzy, or neutrosophic)

degree of appurtenance d(x, v) of the element x, to the set

P, with respect to some given criteria. Plithogenic set

theory is being extensively used in various decision-mak-

ing problems as well as in many other applied fields and for

more details we refer the reader (Smarandache

2018a, b, c, d; Gayen et al. 2019; Abdel-Basset et al. 2019;

Abdel-Basset and Mohamed 2019; Abdel-Basset et al.

2019; Rana et al. 2019; Gayen et al. 2020). These different

versions of sets have been used in the theory of graphs as

well; so in the following we provide brief history of graphs.

The theory of graphs: The idea of graph theory is used

in many fields. Graph theory is the mathematical structure

used to design pair-wise relations between objects. It is

constructive in solving problems of different fields as they

give a clear picture of the problem at hand. The concept of

graph theory begins with the problem of Konigsberg bridge

problem in 1736. In 1973, Kauffman (1973) introduced the

idea of the fuzzy graph. Rosenfeld (1975) developed the

concept of fuzzy graph obtaining analogs of several graph-

theoretical concepts. Atanassov (1995) extended his con-

cept of fuzzy sets to intuitionistic fuzzy graphs. For more

details see Shannon and Atanassov (1994). Bhattacharya

(1987), give some remarks on fuzzy graphs. Akram and

Dudek (2011) gave the concept of interval-valued fuzzy

graph in 2011. For more details of fuzzy graphs, readers are

referred to Akram (2012) and Akram et al. (2013) . The

idea of neutrosophic graphs was given by Kandasamy et al.

(2015) in the book title as neutrosophic graphs. Rashid

et al. (2018) give the concept of neutrosophic cubic graphs

with real-life applications in industry. For more details see

Gulistan et al. (2018, 2019) and Huang et al. (2019).

Contributions and the motivations: The current study

is essential and an excellent addition to the current scien-

tific information and data on COVID-19. After the dis-

covery of SARS-CoV-2, a large number of studies have

been conducted to study different aspects of the virus and

the disease caused like genetics, mode of transmission,

epidemiology, immunotherapeutics, diagnosis, treatment,

vaccine, etc. However, very little work has been done to

study and plot the COVID-19, spreading of the disease, and

burden using the Plithogenic graphs and other models.

Thus, this study was performed to answer these quarries.

This study will help the researchers, scientists, and poli-

cymakers. The same models can be used to predict the co-

infections and diseases associated with COVID-19. In this

study, Smarandache’s plithogenic set is used to introduce

the idea of plithogenic graphs and discuss the novel

COVID-19 spread. We also established certain binary

operations like union, join, Cartesian product, and com-

position of plithogenic fuzzy graphs, which are helpful

when we discuss two different graphs combined. In the

end, we used these concepts to find the effects of COVID-

19 in other countries. Since it is a mathematical model

assessing the spread of COVID-19, it has more to deal with

the mathematical results than experimental work. Tthe

primary purpose of this article is to develop the new

mathematical model of Plithegonic graphs and test them

using the real-life application of the spread of COVID-19.

Organization of the paper: In Sect. 1, named ‘‘Intro-

duction,’’ we provided a brief history and basic definitions

of the related material used in this paper. Section 2 is

named ‘‘The proposed Method’’ we presented the mathe-

matical model of plithogenic fuzzy graphs with some basic

operations. In Sect. 3, ‘‘Results and analysis,’’ we dis-

cussed two examples related to covid-19 and examined

some exciting outcomes of the proposed mathematical

model. Comparison analysis is provided in Sect. 4. Finally,

we concluded our study in Sect. 5 with some future work.
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1.1 Preliminaries

(Smarandache 2017), Plithogeny is the genesis or origina-

tion, creation, formation, development, and evolution of

new entities from dynamics and organic fusions of con-

tradictory and/or neutrals and/or non-contradictory multi-

ple old entities. At the same time, plithogenic means what

is about plithogeny. A plithogenic set P is a set whose

elements are characterized by one or more attributes, and

each attribute may have many values. Each attribute’s

value v has a corresponding degree of appurtenance

d(x, v) of the element x, to the set P, with respect to some

given criteria. In order to obtain a better accuracy for the

plithogenic aggregation operators, a contradiction (dis-

similarity) degree is defined between each attribute value

and the dominant (most important) attribute value. How-

ever, there are cases when such dominant attribute value

may not be taken into consideration or may not exist;

therefore, it is considered zero by default, or there may be

many dominant attribute values. In such cases, either the

contradiction degree function is suppressed, or another

relationship function between attribute values should be

established. The plithogenic aggregation operators (inter-

section, union, complement, inclusion, equality) are based

on contradiction degrees between attributes’ values, and

the first two are linear combinations of the fuzzy operators’

t-norm and t-conorm. Plithogenic set is a generalization of

the crisp set, fuzzy set, intuitionistic fuzzy set, and neu-

trosophic set, since these four types of sets are character-

ized by a single attribute value (appurtenance): which has

one value (membership)—for the crisp set and fuzzy set,

two values (membership, and nonmembership)—for intu-

itionistic fuzzy set, or three values (membership, non-

membership, and indeterminacy)—for the neutrosophic set.

So we first provide the defintions of fuzzy set, intuitionistic

fuzzy set and neutrosophic set.

Definition 1 (Zadeh 1996) Let S be a universe of discourse

then the set

FS ¼ f\x; kTðxÞ[ : x 2 Sg ð1Þ

is called the fuzzy set where kT : S ! ½0; 1� are truth

(membership value), such that 0� kTðxÞ� 1:

Definition 2 (Atanassov 1986) Let S be a universe of

discourse then the set

IS ¼ f\x; kTðxÞ; kFðxÞ[ : x 2 Sg ð2Þ

is called the intuitionistic fuzzy set where kT ; kF : S !
½0; 1� are truth and falsity membership degrees respectively

and 0� kTðxÞ þ kFðxÞ� 1:

Definition 3 (Smarandache 1999) Let S be a universe of

discourse then the set

NS ¼ f\x; kTðxÞ; kIðxÞ; kFðxÞ[ : x 2 Sg ð3Þ

is the neutrosophic set where kT ; kI ; kF : S ! ½0; 1� are

truth, indeterminancy and falsity membership degrees

respectively and 0� kTðxÞ þ kIðxÞ þ kFðxÞ� 3:

(Smarandache 2017) Plithogenic set is a generalization

of the crisp set, fuzzy set, intuitionistic fuzzy set, and

neutrosophic set, since these four types of sets are char-

acterized by a single attribute (appurtenance): which has

one value (membership)—for the crisp set and for fuzzy

set, two values (membership, and nonmembership)—for

intuitionistic fuzzy set, or three values (membership, non-

membership, and indeterminacy)—for neutrosophic set.

Definition 4 (Smarandache 2017) Let S be a universal set

and P � S. A plithogenic set denoted as PS is defined as

PS ¼ ðP; v;Pv; pdf ; pCF
Þ; ð4Þ

where v is an appurtenance or attribute, Pv is correspond-

ing range of attribute’s value, pdf : P� Pv ! ½0; 1�s is the
degree of appurtenance function (DAF) and p

CF
: Pv �

Pv ! ½0; 1�t is the corresponding degree of contradiction

function (DCF) which will satisfy following axioms: for all

a; bð Þ 2 Pv � Pv; p
Cf

a; að Þ ¼ 0 and p
Cf

a; bð Þ ¼ p
Cf

b; að Þ:
Here s; t 2 f1; 2; 3g: For s ¼ t ¼ 1; PS is called plithogenic

fuzzy set and is denoted by PFS; also for s ¼ 2; t ¼ 1; PS is

called plithogenic intuitionistic fuzzy set and is denoted by

PIFS and for s ¼ 3; t ¼ 1 PS is called plithogenic neutro-

sophic set and is denoted by PNS.

Definition 5 (Rosenfeld 1975) A fuzzy graph with set of

vertices V is defined to be a pair G ¼ ðh; dÞ;where h is a

fuzzy function in V and m is a fuzzy function in E � V �V ,

such that

dðxyÞ� min hðxÞ; hðyÞð Þf g for all xy 2 E: ð5Þ

We call h the fuzzy vertex function of V, m the fuzzy edge

function of E, respectively. Note that m is a symmetric

fuzzy relation on h. Thus, G ¼ ðh; mÞ is a fuzzy graph of

G� ¼ ðV ;EÞ if dðxyÞ� minðhðxÞ; ðyÞÞ for all xy 2 E.

Definition 6 (Atanassov 1995) An intuitionistic fuzzy

graph is of the form GIF ¼ ðhV ; dEÞ where hV ¼ ðhTV ; hFVÞ
which consists of degree of membership function hTV :
V ! ½0; 1� for vertices and degree of non-membership

function hFV : V ! ½0; 1� for vertices. Also dE ¼ ðdTE; dFEÞ
consists of degree of membership function dTE : E ! ½0; 1�
for edges and degree of non-membership function dFE :

E ! ½0; 1� for edges such that

dTEðxyÞ� minfhTVðxÞ; hTVðyÞg; ð6Þ

dFEðxyÞ� maxfhFVðxÞ; hFVðyÞg; ð7Þ

0� dTEðxyÞ þ dFEðxyÞ� 1; for allxy 2 E:
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Definition 7 (Gulistan et al. 2018) Let G� ¼ ðV ;EÞ be a

crisp graph. By a neutrosophic graph of G�, we mean a pair

GN ¼ ðP;QÞ, where P ¼ ðhT ; hI ; hFÞ is neutrosophic set of

vertex set V and Q ¼ ðdT ; dI ; dFÞ is neutrosophic set of

edge set E; such that

dTðxyÞ� minfhTðxÞ; hTðyÞg; ð8Þ

dIðxyÞ� minfhIðxÞ; hIðyÞg; ð9Þ

dFðxyÞ� maxfhFðxÞ; hFðyÞg ð10Þ

for all x; y 2 V and xy 2 E:

Based on the above literate, it is quite natural to extend

the notions of neutrosophic graphs in the environment of

plithogenic set as under,

2 The proposed method (plithogenic fuzzy
graphs)

In this section, we define a more general class of fuzzy

graphs known as plithogenic graphs. We also discuss pli-

thogenic fuzzy graphs and their basic operations like union,

join, cartesian product, and composition.

Definition 8 Let G� ¼ ðV ;EÞ be a crisp graph. A plitho-

genic graph denoted as PG is defined as PG ¼ ðPM;PNÞ
where PM ¼ ðM; l;Ml; adf ; aCf Þ is plithogenic set for

vertices; where M 	 V , l is an attribute, Ml is the corre-

sponding range of attribute values such that adf : M �
Ml ! 0; 1½ �s is the degree of appurtenance function (DAF)

for vertices defined as adf ðx, aÞ 2 0; 1½ �s:and
aCf : Ml �Ml ! 0; 1½ �tis degree of contradiction function

(DCF) for vertices. Also PN ¼ ðN; m;Nm; bdf ; bCf Þ is pli-

thogenic set for edges, where N 	 E , m is some attribute,

Nm is the corresponding range of attribute values such that

ðMl;NvÞ is a graph with vertices Ml and edges Nv. Also

bdf : N � Nm ! 0; 1½ �s is the degree of appurtenance func-

tion for edges and bCf : Nm � Nm ! 0; 1½ �t is degree of

contradiction function for edges. Then PG is plithogenic

graph iff for all ðx; aÞ&ðy; bÞ 2 M �Ml;

bdf ððx; aÞðy; bÞÞ� minfa
df
ðx; aÞ; a

df
ðy; bÞg; ð11Þ

bCf ðða; bÞðc; dÞÞ� minfaCf ðða; bÞ; aCf ðc; dÞg ð12Þ

for all ðða; bÞðc; dÞÞ 2 Nm � Nm; where bCf ðða; bÞða; bÞÞ ¼ 0

as aCf ðða; aÞ ¼ 0 ¼ aCf ðb; bÞÞ: Here s; t 2 f1; 2; 3g:

Here we discuss a subclass of plithogenic graphs known

as plithogenic fuzzy graphs.

Definition 9 If we take s ¼ t ¼ 1 in the Definition 8, then

we define the plithogenic fuzzy graph PFG as follows; A

plithogenic fuzzy graph of a crisp graph G� ¼ ðV ;EÞ

denoted by PFG is defined as PFG ¼ ðPFM;PFNÞ where

PFM ¼ ðM; l;Ml; aFdf ; aFcf Þ is plithogenic fuzzy set PFM

for vertices; where M 	 V , l is an attribute, Ml is the

corresponding range of attribute values such that aFdf :
M �Ml ! 0; 1½ � is the fuzzy degree of appurtenance

function (FADF) for vertices defined as

aFdf ðx; bÞ 2 0; 1½ �and aFcf : Ml �Ml ! ½0; 1� is fuzzy

degree of contradiction function (FDCF) for vertices. Also

PFN ¼ ðN; m;Nm; bFdf ; bFcf Þ is plithogenic fuzzy set PFN for

edges; where N 	 E, m is some attribute, Nm is the corre-

sponding range of attribute values such that bFdf : N �
Nm ! 0; 1½ � is the (FDAF) for edges defined as

bFdf ððx; aÞðy; bÞ ¼ bFdf ðxy; abÞ 2 0; 1½ �:and bFcf :
Nm � Nm ! ½0; 1� is (FDCF) for edges such that ðMl;NvÞ is
a graph with Ml as vertices and Nv as edges. Then PFG is

plithogenic fuzzy graph iff for all ðx; aÞandðy; bÞ 2
M �Ml;

bFdf ððx; aÞðy; bÞÞ� minfaFdf ðx; aÞ; aFdf ðy; bÞg;
bFcf ðða; bÞðc; dÞÞ� minfaFcf ða; bÞ; aFcf ðc; dÞg

ð13Þ

for all ðða; bÞ; ðc; dÞÞ 2 Nm � Nm: Since bFcf ðða; bÞða; bÞÞ ¼
0 as aFcf ða; aÞ ¼ 0 ¼ aFcf ðb; bÞ:

Example 1 Let G� ¼ ðV;EÞ be a crisp graph, where V

isthe set of all countries where people are suffering from

the coronavirus (COVID-19). Let M ¼ fx; y; zg 	 V be

any three countries under consideration and Ml ¼ fa ¼
fever, b ¼ cough, c ¼ dyspnoea, d ¼ fatigueg is corre-

sponding range for some attribute l ¼ typical symptoms

and N ¼ fxy; yz; xzg be their relationship with each other

and Nv be reasons for spreading , then ðMl;NvÞ is a graph

with vertices Ml ¼ fa; b; c; dg and edges Nv ¼
fab; bc; cd; ac; adg: Also let aFdf : M �Ml ! 0; 1½ � and

Table 1 (i) FDAF for vertices

and (ii) FDCF for vertices
(i)

aFdf x y z

a 0.3 0.5 0.2

b 0.4 0.1 0.3

c 0.2 0.2 0.4

d 0.1 0.3 0.1

(ii)

pFcf a b c d

a 0 0.5 0.6 0.5

b 0.5 0 0.4 0.4

c 0.6 0.4 0 0.5

d 0.5 0.4 0.5 0
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aFCf : Ml �Ml ! ½0; 1� is the FDAF and FDCF for ver-

tices defined as in Table 1(i) and (ii).

Here second column of FDAF in Table 1 shows that

30% people get effected from fever, 40% effected from

cough, 20% from dyspnoea and 10% from fatigue, which

then converted into coronavirus (COVID-19) in a country

x. Similarly we have observations for country y and for

counyrty z. Also the FDAF and FDCF for edges is defined

as in Table 2(i) and (ii).

Using the Definition 9, it is obvious that PFG is a

plithogenic fuzzy graph as shown in Fig. 1a.

Remark 1 If we have only one attribute i.e, fever or cough,

then plithogenic fuzzy graph provided in Fig. 1a reduces to

fuzzy graph as shown in Fig. 1b

so by doing so we have lost a lot of information.

2. If we increase the range of attributes, we may get

more reliable information, which is main theme of

plithogenic sets.

2.1 Union of plithogenic fuzzy graphs

Definition 10 Let G�
1 ¼ ðV1;E1Þ and G�

2 ¼ ðV2;E2Þ be any
two crisp graphs. Also suppose that PFG1

and PFG2
be any

two plithogenic fuzzy graphs such that PFG1
¼ ðPFM1

;

PFN1
Þ; where PFM1

¼ ðM1; l1;Ml1 ; a1Fdf ; a1FCf Þ and PFN1
¼

ðN1; m1;Nm1 ; b1Fdf ; b1FCf Þ: Also PFG2
¼ ðPFM2

;PFN2
Þ, where

PFM2
¼ ðM2; l2;Ml2 ; a2Fdf ; a2FCf

Þ and PFN2
¼ ðN2; m2;

Nm2 ; b2Fdf ; b2FCf Þ: Then their union is defined as PFG1[FG2
¼

ðPFM1[FM2
;PFN1[FN2

Þ where PFM1[FM2
¼ ðM1 [M2; l1 [

l2;Ml1
[Ml2 ; ða1Fdf [ a2

Fdf
Þ; ða1FCf [ a2FCf ÞÞ is union of

plithogenic sets for vertices. Here M1 [M2ð Þ 	 V1 [ V2ð Þ,
l1 [ l2 is an attribute, Ml1 [Ml2 is the corresponding

range of attribute values and a1
Fdf

[ a2Fdf :

M1 [M2Þ � ðMl1 [Ml2

� �
! 0; 1½ � is the DAF for vertices

such that ða1
Fdf

[ a2
Fdf
Þðx; xlÞ 2 0; 1½ � and is defined as

1. ða1
Fdf

[ a2
Fdf
Þðx; xlÞ ¼ a1Fdf

ðx; xlÞ if x; xl

� �
2

M1 �Ml1

� �
n M2 �Ml2

� �
;

2. a1
Fdf

[ a2
Fdf
Þðx; xlÞ ¼ a2Fdf ðx; xlÞ if x; xl

� �
2

M2 �Ml2

� �
n M1 �Ml1

� �
;

3. ða1
Fdf

[ a2
Fdf
Þðx; xlÞ ¼ maxfa1Fdf ðx; xlÞ; a2Fdf ðx; xlÞg;

if x; xl

� �
2 M1 �Ml1

� �
\ M2 �Ml2

� �
and ða1FCf [

a2FCf Þ : ðMl1 [Ml2Þ � Ml1 [Ml2

� �
! 0; 1½ � is fuzzy

degree of contradiction function (FDCF) for vertices,

such that a1 [ a2ð Þ
FCf
ðxil; xilÞ ¼ 0 for all xil; xil

� �
2

ðMl1 [Ml2Þ � Ml1 [Ml2

� �
and ða1FCf [ a2FCf Þ

ðxil; xjlÞ ¼ a1FCf [ a2FCf
� �

ðxjl; xilÞ for all xil; xjl
� �

2
ðMl1 [Ml2Þ � Ml1 [Ml2

� �
: Also P

FN1[FN2
¼ ðN1[

N2; m1 [ m2; Nm1 [ Nm2ð Þ; ðb1
Fdf

[ b2Fdf Þ; ðb1FCf [ b2FCf ÞÞ
is union of plithogenic fuzzy sets for edges, where

N1 [ N2ð Þ 	 E1 [ E2ð Þ, m1 [ m2 is the attribute,

Nm1 [ Nm2ð Þ is the corresponding range of attribute

values such that b1
Fdf

[ b2
Fdf

� �
: N1 [ N2ð Þ �

Nm1 [ Nm2ð Þ ! 0; 1½ � is the DAF for edges; and is

defined as,

(iv) ðb1
Fdf

[ b2
Fdf
Þ ðx1; x1lÞ; ðx2; x2lÞ
� �

¼ b1Fdf
ðx1; x1lÞ; ðx2; x2lÞ
� �

if

ðx1; x1lÞ; ðx2; x2lÞ
� �

2 ðN1 � Nm1Þ n ðN2 � Nm2Þ

(v) ðb1
Fdf

[ b2
Fdf
Þ ðx1; x1lÞ; ðx2; x2lÞ
� �

¼ b2Fdf

ðx1; x1lÞ; ðx2; x2lÞ
� �

if

ðx1; x1lÞ; ðx2; x2lÞ
� �

2 ðN2 � Nm2Þ n ðN1 � Nm1Þ

(vi) ðb
1Fdf

[ b2
Fdf
Þ ðx1; x1lÞ; ðx2; x2lÞ
� �

¼

max
b1Fdf ðx1; x1lÞ; ðx2; x2lÞ

� �
;

b2Fdf ðx1; x1lÞ; ðx2; x2lÞ
� �

( )

if

ðx1; x1lÞ; ðx2; x2lÞ
� �

2 ðN1 � Nm1Þ \ ðN2 � Nm2Þ

Table 2 (i) FDAF for edges and (ii) FDCF for edges

(i)

bFdf xy yz xz

ab 0.1 0.3 0.2

bc 0.2 0.1 0.3

cd 0.2 0.1 0.1

ac 0.1 0.4 0.3

ad 0.3 0.1 0.1

(ii)

bFcf ab bc cd ac ad

ab 0 0.4 0.6 0.5 0.1

bc 0.4 0 0.4 0.4 0.3

cd 0.6 0.4 0 0.5 0.1

ac 0.5 0.4 0.5 0 0.2

ad 0.1 0.3 0.1 0.2 0
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also we have FDCF for edges ðb1FCf [ b2FCf Þ :
Nm1 [ Nm2ð Þ � Nm1 [ Nm2ð Þ ! ½0; 1� such that

b1FCf [ b2FCf

� �
ðða; bÞða; bÞÞ ¼ 0

and

b1FCf [ b2FCf
� �

ðða; bÞðc; dÞÞ ¼ b1FCf [ b2FCf

� �
ðc; dÞðða; bÞÞ

for all ðða; bÞðc; dÞÞ 2 Nm1 [ Nm2ð Þ � Nm1 [ Nm2ð Þ: Then
PFG1[FG2

¼ ðPFM1[FM2
;PFN1[FN2

Þ is a plithogenic fuzzy
graph iff

ðb1
Fdf

[ b2
Fdf
Þððx; aÞðy; bÞÞ ð14Þ

� min
ða1

Fdf
[ a2

Fdf
Þðx; aÞ

� �
;

ða1
Fdf

[ a2
Fdf
Þðy; bÞ

� �

8
><

>:

9
>=

>;
ð15Þ

for all ððx; aÞðy; bÞÞ 2 N1 [ N2ð Þ � Nm1 [ Nm2ð Þ; also

ððb1FCf [ b2FCf Þðða; bÞðc; dÞÞÞ ð16Þ

� min
ða1

FCf
[ a2FCf Þða; bÞ;

ða1
FCf

[ a2
FCf

Þðc; dÞ

( )

ð17Þ

for all ðða; bÞðc; dÞÞ 2 Nm1 [ Nm2ð Þ:

Example 2 Consider any two plithogenic graphs PFG1
¼

ðPFV1
;QFE1

Þ and PFG2
¼ ðPFV2

;QFE2
Þ of crisp graphs G�

1 ¼
ðV1;E1Þ and G�

2 ¼ ðV2;E2Þ; where PFV1
¼

ðP1; l1;Pl1 ; a1Fdf ; a1FCf
Þ& QFE1

¼ ðQ1; m1;Qm1 ; b1Fdf
; b1FCf Þ

such thatðP1;Q1Þ is a graph with vertices P1 ¼ fx; y; zg and
edges Q1 ¼ fxy; yz; xzg; ðl1; m1Þ be an attribute, ðPl1 ;Qm1Þ
be a graph with vertices Pl1 ¼ fa; b; dg and edges Qm1 ¼
fab; bdg: Also let a1Fdf : P1 � Pl1 ! ½0; 1� and a1FCf

:

Pl1 � Pl1 ! ½0; 1� be FDAFand FDCF for vertices defined

as

Also b1Fdf : Q1 � Qm1 ! ½0; 1� and b1FCf : Qm1 � Qm1 !
½0; 1� be FDAF and FDCF for edges defined as

Fig. 1 a A plithogenic fuzzy

graph PFG. b) A fuzzy graph
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Then using the Definition 9, it is obvious that PFG1
is a

plithogenic fuzzy graph as shown in Fig. 2, Similarly we

have a plithogenic fuzzy graph PFG2
; with PFV2

¼
P2; l2;Pl2 ; a2Fdf ; a2FCf
� �

& QFE2
¼

Q2; m2;Qm2 ; b2Fdf
; b2FCf

� �
such that ðP2;Q2Þ is a graph with

vertices P2 ¼ fx; z; rg and edges Q2 ¼ fxz; zr; xrg; ðl2; m2Þ
be an attribute; ðPl2 ;Qm2Þ is a graph with vertices Pl2 ¼
fa; c; dg and edges Qm2 ¼ fac; cdg: Also let a2Fdf : P2 �
Pl2 ! ½0; 1� and a2FCf

: Pl2 � Pl2 ! ½0; 1� be FDAFand

FDCF for vertices defined as

Also b2Fdf : Q2 � Qm2 ! ½0; 1� and b2FCf : Qm2 � Qm2 !
½0; 1� be FDAFand FDCF for edges defined as

Then using the Definition 9, it is obvious that PFG2
is a

plithogenic fuzzy graph as shown in Fig. 3. Then their

union is defined as PFG1[FG2
¼ ðPFV1[FV2

;QFE1[FE2
Þ where

PFV1[FV2
¼

P1 [ P2; l1 [ l2;

Pl1[l2 ; ða1Fdf [ a2
Fdf
Þ;

ða1FCf [ a2FCf Þ

0

B@

1

CA

and

QFE1[FE2
¼

Q1 [ Q2; m1 [ m2;

Qm1[m2 ; ðb1
Fdf

[ b2
Fdf
Þ;

ðb1FCf [ b2FCf Þ:

0

B@

1

CA

Here we have P1 [ P2 ¼ fx; y; z; rg, Q1 [ Q2 ¼
fxy; yz; xz; zr; xrg such that ðP1 [ P2;Q1 [ Q2Þ is a graph,

ðl1 [ l2; m1 [ m2Þ is an attribute, Pl1[l2 ¼ fa; b; c; dg is

range of attribute for vertices and Qm1[m2 ¼ fab; bd; ac; cdg

is range of attribute for edges so that ðPl1[l2 ;Qm1[m2Þ is a

graph. Here ða1Fdf [ a2Fdf Þ : ðP1 [ P2Þ � Pl1[l2 ! ½0; 1�
and ða1FCf [ a2FCf Þ : Pl1[l2 � Pl1[l2 ! ½0; 1� are FDAFand

FDCF for vertices defined as in Table 7(i) and (ii).

also ðb1
Fdf

[ b2
Fdf
Þ : ðQ1 [ Q2Þ � Qm1[m2 ! ½0; 1� and

ðb1FCf [ b2FCf Þ : Qm1[m2 � Qm1[m2 ! ½0; 1� are FDAFand

FDCF for edges and is defined as in Table 8(i) and (ii).

Using the Definition 10, it is obvious that PFG1[FG2
is a

plithogenic fuzzy graph as represented as in Fig. 4a.

Remark 2 If we have only one attribute in plithogenic

fuzzy graphs PFG1
and PFG2

then union of plithogenic fuzzy

graphs provided in Fig. 4a reduces to union of fuzzy graphs

as shown in Fig. 4b.

2.2 Join of plithogenic fuzzy graphs

Definition 11 Consider any two plithogenic graphs

PFG1
¼ ðPFV1

;QFE1
Þ and PFG2

¼ ðPFV2
;QFE2

Þ as given in

Definition 10 of crisp graphs G�
1 ¼ ðV1;E1Þ and G�

2 ¼
ðV2;E2Þ: We define their join as PFG1þFG2

¼
ðPFV1þFV2

;QFE1þFE2
Þ where PFV1þFV2

¼ ðP1 [ P2; l1[
l2;Pl1[l2 ; ða1Fdf þ a2

Fdf
Þ; ða1FCf þ a2FCf ÞÞ, QFE1þFE2

¼
ðQ1 [ Q2; m1 [ m2;Qm1[m2 ; ðb1

Fdf
þ b2

Fdf
Þ; ðb1FCf þ b2FCf ÞÞ

and QFE1[FE2
¼ ðQ1 [ Q2 [ Q0; m1 [ m2;Qm1[m2 ; ðb1

Fdf
[

b2
Fdf
Þ; ðb1FCf [ b2FCf ÞÞ: Here we have P1 [ P2 � V1 [ V2,

Q1 [ Q2 � E1 [ E2 such that ðP1 [ P2;Q1 [ Q2Þ is a graph,
ðl1 [ l2; m1 [ m2Þ is an attribute, Pl1[l2 is range of

Fig. 2 A plithogenic fuzzy

graph PFG1
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attributes for vertices and Qm1[m2 is range of attributes for

edges so that ðPl1[l2 ;Qm1[m2Þ is a graph. Here FDAF for

vertices of PFG1þFG2
i.e. for P1 [ P2 is ða1Fdf þ a2Fdf Þ :

ðP1 [ P2Þ� Pl1[l2 ! ½0; 1�is defined as

ðiÞða1Fdf þ a2Fdf Þðx; xlÞ ¼ ða1Fdf [ a2Fdf Þðx; xlÞ if

ðx; xlÞ 2 ðP1 [ P2Þ � Pl1[l2 and FDCF for vertices is

ða1FCf þ a2FCf Þ : Pl1[l2 � Pl1[l2 ! ½0; 1� such that ða1FCf þ
a2FCf Þða; aÞ ¼ 0 for all ða; aÞ 2 Pl1[l2 � Pl1[l2 and ða1FCf þ

a2FCf Þða; bÞ ¼ ða1FCf þ a2FCf Þðb; aÞ for all ða; bÞ 2 Pl1[l2 �
Pl1[l2 : Also FDAF for edges of PFG1þFG2

i.e. for Q1 [
Q2 [ Q0; where Q0 stands for the set of all the edges joining
the nodes of P1 and P2 given by ðb1

Fdf
þ b2

Fdf
Þ : ðQ1 [

Q2 [ Q0Þ � Qm1[m2 ! ½0; 1� and is defined by

Table 3 FDAF and FDCF for vertices of PFG1

a1Fdf
x y z a1FCf

a b d

a 0.2 0.3 0.4 a 0 0.4 0.5

b 0.5 0.6 0.1 b 0.4 0 0.3

0.4 0.5 0.2 d 0.5 0.3 0

Table 5 FDAF and FDCF for vertices of PFG2

a2Fdf
x z r a2FCf

a c d

a 0.2 0.4 0.3 a 0 0.5 0.4

c 0.6 0.1 0.3 c 0.5 0 0.6

d 0.4 0.2 0.1 d 0.4 0.6 0

Table 4 FDAF and FDCF for edges of PFG1

b1Fdf
xy yz xz b1FCf

ab bd

ab 0.2 0.1 0.1 ab 0 .5

bd 0.5 0.2 0.2 bd 0.5 0

Table 6 FDAF and FDCF for vertices of PFG2

b2Fdf
xz zr xr b2FCf

ac cd

ac 0.2 0.1 0.1 ac 0 0.5

cd 0.5 0.2 0.2 cd 0.5 0

Fig. 3 A plithogenic fuzzy

graph PFG2
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(ii)

ðb1
Fdf

þ b2
Fdf
Þððx; aÞðy; bÞÞ ¼ ðb1

Fdf
[ b2

Fdf
Þððx; aÞðy; bÞÞ

if ððx; aÞðy; bÞÞ 2 ðQ1 [ Q2Þ � Qm1[m2 ;

(iii)

ðb1
Fdf

þ b2
Fdf
Þððx; aÞðy; bÞÞ ¼ minfa1FCf ðx; aÞ; a2FCf ðy; bÞg

if ððx; aÞðy; bÞÞ 2 Q0 � Qm1[m2 :
And FDCF for edges ðb1FCf þ b2FCf Þ : Qm1[m2 � Qm1[m2 !

½0; 1� such that ðb1FCf þ b2FCf Þðða; bÞða; bÞÞ ¼ 0 for all

ðða; bÞða; bÞÞ 2 Ql1[l2 � Ql1[l2 : Also we have

Table 7 (i) FDAF for vertices of PFG1[FG2
and (ii) FDCF for vertices

of PFG1[FG2

(i)

ða1Fdf [ a2Fdf Þ x y z r

a 0.2 0.3 0.4 0.3

b 0.5 0.6 0.1 -

c 0.6 - 0.1 0.5

d 0.4 0.5 0.2 0.1

(ii)

ða1FCf [ a2FCf Þ a b c d

a 0 0.3 0.5 0.4

b 0.3 0 0.1 0.6

c 0.5 0.1 0 0.2

d 0.4 0.6 0.2 0

Table 8 (i) FDAF for edges of PFG1[FG2
and (ii) FDCF for edges of

PFG1[FG2

(i)

ðb1Fdf [ b2Fdf Þ xy yz xz zr xr

ab 0.2 0.1 0.1 - -

bd 0.5 0.2 0.2 - -

ac - - 0.1 0.3 0.1

cd - - 0.2 0.1 0.1

(ii)

ðb1FCf [ b2FCf Þ ab bd ac cd

ab 0 0.3 0.6 0.1

bd 0.3 0 0.2 0.4

ac 0.6 0.2 0 0.5

cd 0.1 0.4 0.5 0

Fig. 4 aUnion of two

plithogenic fuzzy graphs

PFG1UFG2. b Union of two fuzzy

graphs
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ðb1FCf þ b2FCf Þðða; bÞðc; dÞÞ ¼ b1FCf þ b2FCf

� �
ððc; dÞða; bÞÞ

for all ðða; bÞðc; dÞÞ 2 Qm1[m2 � Qm1[m2 : Then PFG1þFG2
¼

ðPFV1þFV2
;QFE1þFE2

Þ is a plithogenic fuzzy graph iff

ðb1
Fdf

þ b2
Fdf
Þððx; aÞðy; bÞÞ ð18Þ

� min
ðða1

Fdf
þ a2

Fdf
Þðx; aÞÞ;

ðða1
Fdf

þ a2
Fdf
Þðy; bÞÞ

( )

ð19Þ

for all ððx; aÞðy; bÞÞ 2 ðQ1 [ Q2 [ Q0Þ � Qm1[m2 ; also

ððb1FCf þ b2FCf Þðða; bÞðc; dÞÞÞ ð20Þ

� min
ðða1

FCf
þ a2FCf Þða; bÞÞ;

ðða1
FCf

þ a2
FCf

Þðc; dÞÞ

( )

ð21Þ

for all ðða; bÞðc; dÞÞ 2 Qm1[m2 � Qm1[m2 :

Example 3 Consider any two plithogenic fuzzy graphs

PFG1
¼ ðPFV1

;QFE1
Þ and PFG2

¼ ðPFV2
;QFE2

Þ of crisp

graphs G�
1 ¼ ðV1;E1Þ and G�

2 ¼ ðV2;E2Þ; where PFV1
¼

P1; l1;Pl1 ; a1Fdf ; a1FCf

� �
& QFE1

¼(Q1; m1;Qm1 ; b1Fdf
; b1FCf Þ

such thatðP1;Q1Þ is a graph with vertices P1 ¼ fx; y; zg and
edges Q1 ¼ fxy; yz; xzg; ðl1; m1Þ be an attribute, ðPl1 ;Qm1Þ
be a graph with vertices Pl1 ¼ fa; bg and edges Qm1 ¼
fabg: Also let a1Fdf : P1 � Pl1 ! ½0; 1� and a1FCf : Pl1 �
Pl1 ! ½0; 1� be FDAFand FDCF for vertices defined as

also b1Fdf : Q1 � Qm1 ! ½0; 1� and b1FCf : Qm1 � Qm1 !
½0; 1� be FDAFand FDCF for edges defined as

Then using the Definition 9, it is obvious that PFG1
is a

plithogenic fuzzy graph as shown in Fig. 5. Also for

plithogenic fuzzy graph PFG2
; we have PFV2

¼
ðP2; l2;Pl2 ; a2Fdf ; a2FCf Þ&QFE2

¼ ðQ2; m2;Qm2 ; b2Fdf ; b2FCf Þ
such that ðP2;Q2Þ is a graph with vertices P2 ¼ fx; z; rg
and edges Q2 ¼ fxz; zr; xrg; ðl2; m2Þ be an

attribute; ðPl2 ;Qm2Þ is a graph with vertices Pl2 ¼ fa; cg
and edges Qm2 ¼ facg: Also let a2Fdf : P2 � Pl2 ! ½0; 1�
and a2FCf : Pl2 � Pl2 ! ½0; 1� be FDAFand FDCF for

vertices defined as

also b2Fdf : Q2 � Qm2 ! ½0; 1� and b2FCf : Qm2 � Qm2 !
½0; 1� be FDAF and FDCF for edges defined as

Then using the Definition 9, it is obvious that PFG2
is a

plithogenic fuzzy graph as shown in Fig. 6. Then their

join is defined as PFG1þFG2
¼ ðPFV1þFV2

;QFE1þFE2
Þ

where PFV1þFV2
¼ ðP1 [ P2; l1 [ l2;Pl1[l2 ; ða1Fdf þ a2

Fdf
Þ;

ða1FCf þ a2FCf ÞÞ and QFE1þFE2
¼ ðQ1 [ Q2 [ Q0; m1 [

m2;Qm1[m2 ; ðb1
Fdf

þ b2
Fdf
Þ; ðb1FCf þ b2FCf ÞÞ: Here we have

Table 11 FDAF and FDCF for vertices of PFG2

a2Fdf
x z r a2FCf

ac

a 0.2 0.4 0.3 ac 0

c 0.6 0.1 0.3

Table 9 FDAF and FDCF for vertices of PFG1

a1Fdf
x y z a1FCf

ab

a 0.2 0.3 0.4 ab 0

b 0.5 0.6 0.1

Table 10 FDAF and FDCF for edges of PFG1

b1Fdf
xy yz xz b1FCf

ab

ab 0.2 0.1 0.4 ab 0

Table 12 FDAF and FDCF for edges of PFG2

b2Fdf
xz zr xr b2FCf

ac

ac 0.1 0.3 0.3 ac 0

Fig. 5 Plithogenic fuzzy graph PFG1

Fig. 6 Plithogenic fuzzy graph PFG2
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P1 [ P2 ¼ fx; y; z; rg ,Q1 [ Q2 ¼ fxy; yz; xz; zr; xrg such

that ðP1 [ P2;Q1 [ Q2Þ is a graph, ðl1 [ l2; m1 [ m2Þ is an
attribute ,Pl1[l2 ¼ fa; b; cg is range of attribute for vertices

and Qm1[m2 ¼ fab; ac; bcg is range of attribute for edges so

that ðPl1[l2 ;Qm1[m2Þ is a graph. Here ða1Fdf þ a2Fdf Þ : ðP1 [
P2Þ � Pl1[l2 ! ½0; 1� and ða1FCf þ a2FCf Þ : Pl1[l2 �

Pl1[l2 ! ½0; 1� are FDAFand FDCF for vertices defined

as in Table 13(i) and (ii).

also ðb1
Fdf

þ b2
Fdf
Þ : ðQ1 [ Q2 [ Q0Þ � Qm1[m2 ! ½0; 1�

and ðb1FCf þ b2FCf Þ : Qm1[m2 � Qm1[m2 ! ½0; 1� are FDAF

Table 13 (i) FDAF for vertices of PFG1þFG2
and (ii) FDCF for vertices

of PFG1þFG2

(i)

a1Fdf þ a2Fdf
� �

x y z r

a 0.2 0.3 0.4 0.3

b 0.5 0.6 0.1 -

c 0.6 - 0.1 0.5

(ii)

a1FCf þ a2FCf
� �

ab ac bc

ab 0 0.5 0.4

ac 0.5 0 0.1

bc 0.4 0.1 0

Table 14 (i) FDAF for edges of PFG1þFG2
and (ii) FDCF for edges of

PFG1þFG2

(i)

b1Fdf þ b2Fdf

� �
xy yz xz zr xr ry

ab 0.2 0.1 0.1 0.1 0.3 0.3

ac 0.3 0.1 0.2 0.3 0.2 -

bc - 0.1 0.1 0.1 0.3 0.3

(ii)

b1FCf þ b2FCf

� �
ab ac bc

ab 0 0.5 0.4

ac 0.5 0 0.1

bc 0.4 0.1 0

Fig. 7 a Join of plithogenic

fuzzy graphs PFG1?FG2. b Join

of two fuzzy graphs
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and FDCF for edges and is defined as in Table 14(i) and

(ii).

Using the Definition 11, it is obvious that PFG1þFG2
is a

plithogenic fuzzy graph as represented in Fig. 7a.

Remark 3 If we have only one attribute i.e if a ¼ b in

plithogenic fuzzy graph PFG1
and a ¼ c in plithogenic fuzzy

graph PFG2
then join of plithogenic fuzzy graphs provided

in Fig. 7a reduces to join of fuzzy graphs as shown in

diagram Fig. 7b,

2.3 Cartesian product of plithogenic fuzzy
graphs

Definition 12 Consider any two plithogenic graphs

PFG1
¼ ðPFV1

;QFE1
Þ and PFG2

¼ ðPFV2
;QFE2

Þ as given in

Definition 10 of crisp graphs G�
1 ¼ ðV1;E1Þ and G�

2 ¼
ðV2;E2Þ: We define their cartesian product as PFG1�FG2

¼
ðPFM1�FM2

;PFN1�FN2
Þ where PFM1�FM2

¼ ðM1 �M2; l1 �
l2; Ml1 �Ml2

� �
; a1Fdf � a2Fdf ; a1FCf

� a2FCf
Þ is cartesian

product of plithogenic sets for vertices; where

M1 �M2ð Þ 	 V1 � V2ð Þ, l1 � l2 is an attribute,

Ml1 �Ml2

� �
is the corresponding range of attribute values

and a1Fdf � a2Fdf : M1 �Ml1

� �
� M2 �Ml2

� �
! 0; 1½ � is

the FDAF for vertices such that

ða1
Fdf

� a2
Fdf
Þð x1; x1l

� �
; x2; x2l

� �
Þ 2 0; 1½ �:and is defined as

(i)

ða1Fdf
� a2Fdf Þð x1; x1l

� �
; x2; x2l

� �
Þ

¼ minfa1ðx1; x1lÞ; a2Fdf ðx2; x2lÞg

if ð x1; x1l

� �
; x2; x2l

� �
Þ 2 M1 �Ml1

� �
� M2 �Ml2

� �
: Also

P
FN1�FN2

¼ ðN1 � N2; m1 � m2; Nm1 � Nm2ð Þ; ðb1
Fdf

� b2
Fdf
Þ;

ðb1
FCf

� b2
FCf

ÞÞ is the cartesian product of plithogenic

fuzzy sets for edges, where N1 � N2ð Þ 	 E1 � E2ð Þ, m1 �
m2 is some attribute, Nm1 � Nm2ð Þ is the corresponding range

of attribute values such that ðb1
Fdf

� b2
Fdf
Þ : ðN1 � Nm1Þ �

ðN2 � Nm2Þ ! 0; 1½ � is the FDAF for edges defined as

(ii)

ðb1
Fdf

� b2
Fdf
Þ

ððx; xlÞ; ðx2; x2lÞÞ;
ððx; xlÞ; ðx02; x02lÞÞ

 !

¼minfa1
Fdf
ðx; xlÞ; b2

Fdf
ðx2; x2lÞ; ðx02; x02lÞ
� �

for all ððx; xlÞ; ðx2; x2lÞÞ; ððx; xlÞ; ðx02; x02lÞÞ
� �

2
ðN1 � Nm1Þ� ðN2 � Nm2Þ:

(iii)

ðb1
Fdf

� b2
Fdf
Þ

ððx1; x1lÞ; ðx; xlÞÞ;
ððx01; x01lÞÞ; ðx; xlÞÞ

 !

¼ minfb1Fdf ððx1; x1lÞ; ðx
0
1; x

0
1l
ÞÞ; a2Fdf ðx; xlÞg

if ðððx1; x1lÞ; ðx; xlÞÞ; ððx01; x01lÞÞ; ðx; xlÞÞÞ 2 ðN1 � Nm1Þ�
ðN2 � Nm2Þ.

Also we have a1FCf
� a2FCf : M1l �Ml1

� �
�

Ml2 �Ml2

� �
! 0; 1½ � is FDCF for vertices ,such that

ða1FCf � a2FCf Þð xil; xil
� �

; ðx0il ; x
0
il
ÞÞ ¼ 0; for all ð xil; xil

� �
;

ðx0il ; x
0
il
ÞÞ 2 Ml1 �Ml1

� �
� Ml2 �Ml2

� �
and ða1FCf�

a2FCf Þð xil; xjl
� �

; ðx0il ; x
0
jl
ÞÞ ¼ ða1FCf� a2FCf Þð xjl; xil

� �
;

ðx0jl ; x
0
il
ÞÞ for all ð xil; xil

� �
; ðx0il ; x

0
il
ÞÞ 2 Ml1 �Ml1

� �
�

Ml2 �Ml2

� �
: Also ðb1

FCf
� b2

FCf
Þ : Nm1 � Nm2ð Þ ! 0; 1½ �

is FDCF for edges defined as

ðb1
FCf

� b2
FCf

Þ
ððx1l; x1lÞ; ðx1l; x1lÞÞ;
ððx1l; x1lÞ; ð; x1l; x1lÞÞ

� �
¼ 0

for all
ððx1l; x1lÞ; ðx1l; x1lÞÞ;
ððx1l; x1lÞ; ð; x1l; x1lÞÞ

� �
2 Nm1 � Nm2ð Þ and

ðb1
FCf

� b2
FCf

Þ
ððx1l; x1lÞ; ðx2l; x2lÞÞ;
ððx3l; x3lÞ; ð; x4l; x4lÞÞ

� �

¼ ðb1
FCf

� b2
FCf

Þð
ðx3l; x3lÞ; ð; x4l; x4lÞÞ;
ððx1l; x1lÞ; ðx2l; x2lÞÞ

� �

Then PFG1�FG2
¼ PFG1�FG2

¼ ðPFM1�FM2
;PFN1�FN2

Þ is a

plithogenic fuzzy graph iff

ðb1
Fdf

� b2
Fdf
Þðððx; aÞðy; bÞÞ; ððz; cÞ; ðr; dÞÞÞ

� min
ða1

Fdf
� a2

Fdf
Þððx; aÞðy; bÞÞ

� �
;

ða1
Fdf

� a2
Fdf
Þððz; cÞ; ðr; dÞÞ

� �

8
><

>:

9
>=

>;

ð22Þ

for all ðððx; aÞðy; bÞÞ; ððz; cÞ; ðr; dÞÞÞ 2 ðN1 � Nm1Þ� ðN2 �
Nm2Þ; also

Fig. 8 Plithogenic fuzzy graph PFG1
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ððb1FCf � b2FCf Þððða; bÞðc; dÞÞ; ððe; f Þ; ðg; hÞÞÞ

� min
ða1

FCf
� a2FCf Þðða; bÞ; ðc; dÞ

� �
;

ða1
FCf

� a2
FCf

Þððe; f Þ; ðg; hÞÞ
� �

8
><

>:

9
>=

>;

ð23Þ

for all ððða; bÞðc; dÞÞ; ððe; f Þ; ðg; hÞÞ 2 Nm1 � Nm2ð Þ:

Example 4 Let G�
1 ¼ ðV1;E1Þ and G�

2 ¼ ðV2;E2Þ be any

two crisp graphs. Also suppose that PFG1
and PFG2

be any

two plithogenic fuzzy graphs such that PFG1
¼

ðPFM1
;PFN1

Þ; wherePFM1
¼ ðM1; l1;Ml1 ; a1Fdf ; a1FCf Þ

& PFN1
¼ ðN1; m1;Nm1 ; b1Fdf

; b1FCf Þ and suppose that M1 ¼
fx; yg 	 V1 and Ml1 ¼ fa; bg is the corresponding range

for some attribute. Also N1 ¼ fxyg 	 E1 and m1 be some

attribute for edges Nm1 ¼ fabg be range of attribute. Then

a1Fdf : M1 �Ml1 ! ½0; 1� and b1Fdf
: N1 � Nm1 ! ½0; 1� is

the FDAF for vertices V1 and edges E1 defined as and

FDCF for vertices V1 and edges E1 is defined as Using the

Definition 9, it is obvious that PFG1
is a plithogenic fuzzy

graph as represented in Fig. 8. Also suppose that M2 ¼
fx; zg 	 V2 and Ml2 ¼ fa; cg is the corresponding range

for some attribute. Also N2 ¼ fxzg 	 E1 and m2 be some

attribute for edges Nm2 ¼ facg be range of attribute. Then

a2Fdf : M2 �Ml2 ! ½0; 1� and b2Fdf
: N2 � Nm2 ! ½0; 1� is

the FDAF for vertices V2 and edges E2 defined as

and FDCF for vertices V2 and edges E2 is defined as

Using the Definition 9, it is obvious that PFG2
is a

plithogenic fuzzy graph as represented in Fig. 9. Hence

Using the Definition 12, the FDAF of cartesian product for

vertices a1 � a2ð Þ
Fdf
: M1 �M1l
� �

� M2 �Ml2

� �
! 0; 1½ �

is given by (i) a1 � a2ð Þ
Fdf
ð x1; x1l

� �
; x2; x2l

� �
Þ ¼

minfa1ðx1; x1lÞ; a2Fdf ðx2; x2lÞgif ð x1; x1l

� �
; x2; x2l

� �
Þ 2

M1 �M1l
� �

� M2 �Ml2

� �
: Here M1 �Ml1 ¼ fðx; aÞ;

ðx; bÞ; ðy; aÞ; ðy; bÞg and M2 �Ml2 ¼ fðx; aÞ; ðx; cÞ;
ðz; aÞ; ðz; cÞg: Hence

1. ða1Fdf
� a2Fdf Þð x; að Þ; x; cð ÞÞ ¼ minfa1ðx; aÞ; a2Fdf

ðx; cÞg ¼ 0:3;

2. ða1Fdf � a2Fdf Þð x; bð Þ; x; cð ÞÞ ¼ minfa1ðx; bÞ; a2Fdf ðx; cÞg ¼
0:4;

3. ða1Fdf
� a2Fdf Þð x; bð Þ; z; cð ÞÞ ¼ minfa1ðx; aÞ; a2Fdf ðx; cÞg

¼ 0:2

4. ða1Fdf � a2Fdf Þð x; bð Þ; z; að ÞÞ ¼ minfa1ðx; bÞ; a2Fdf ðz; aÞg
¼ 0:4

5. ða1Fdf
� a2Fdf Þð y; að Þ; z; að ÞÞ ¼ minfa1ðy; aÞ; a2Fdf ðz; aÞg ¼

0:5 and so on.

Similarly for edges we have

6.

b1 � b2ð ÞFdf ððx; aÞ; ðx; cÞÞ; ððx; aÞ; ðz; cÞÞð Þ
¼minfa1ðx; aÞ; b2Fdf ðx; cÞ; ðz; cÞð Þ ¼ 0:2

7.

b1 � b2ð ÞFdf ððx; aÞ; ðz; aÞÞ; ððx; aÞ; ðz; cÞÞð Þ
¼minfa1ðx; aÞ; b2Fdf ðz; aÞ; ðz; cÞð Þ ¼ 0:2

8.

b1 � b2ð ÞFdf ðx; bÞ; ðx; aÞÞ; ððy; bÞÞ; ðx; aÞÞð Þ
¼minðb1Fdf ðx; bÞ; ðy; bÞð Þ; a2Fdf ðx; aÞÞ ¼ 0:4

Table 15 FDAF and FDCF for

vertices of PFG1

a1Fdf x y b1Fdf xy

a 0.3 0.7 ab 0.3

b 0.4 0.6

Table 17 FDAF and FDCF for

vertices of PFG2

a2Fdf x z b2Fdf xz

a 0.3 0.5 ac 0.2

c 0.6 0.2

Table 16 FDAF and FDCF for

edges of PFG1

a1FCf
a b b1FCf

ab

a 0 0.3 ab 0

b 0.3 0

Table 18 FDAF and FDCF for

edges of PFG2

a2FCf
a c b2FCf

ac

a 0 0.5 ac 0

c 0.5 0

Fig. 9 A plithogenic fuzzy graph PFG2
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9-

b1 � b2ð ÞFdf ðy; aÞ; ðx; aÞÞ; ððy; bÞÞ; ðx; aÞÞð Þ
¼minðb1Fdf ðy; aÞ; ðy; bÞð Þ; a2Fdf ðx; aÞÞ ¼ 0:2

and so on. Hence PFG1�FG2
is a plithogenic fuzzy graph as

shown in Fig. 10.

2.4 Composition of plithogenic fuzzy graphs

Consider the Example 4 then the composition of plitho-

genic fuzzy graphs PFG1
and PFG2

is represented in Fig. 11.

Fig. 10 Cartesian product of two plithogenic graphs

Fig. 11 Composition of two

plithogenic fuzzy graphs

Table 19 (i) FDAF for vertices

of PFG and (ii) FDCF for

vertices of PFG

(i)

aFdf a1 a2 a3 a4

VS 0.4 0.11 0.35 0.3

VM 0.34 0.03 0.36 0.4

Vn 1 1 1 1

(ii):

aFCf a1 a2 a3 a4

a1 0 0.1 0.35 0.2

a2 0.1 0 0.6 0.4

a3 0.35 0.6 0 0.15

a4 0.2 0.4 0.15 0
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3 Results and analysis

3.1 Experimental results (global spread
of COVID-19)

Coronaviruses (CoV) are a large family of viruses that

cause illnesses ranging from the common cold to more

severe diseases such as Middle East Respiratory Syndrome

(MERS-CoV) and Severe Acute Respiratory Syndrome

(SARS-CoV). A novel coronavirus (nCoV) is a new strain

that has not been previously identified in humans. It has

been discussed and tried to verify how these viruses

affected human beings during their outbreaks. We are usig

the database taken from the following source https://cor

onavirus.jhu.edu/map.html.

Example 5 We are discussing how these viruses affected

the world at different times for different durations. Let

G� ¼ ðV ;EÞ be a crisp graph where V is the set of different

types of fatalic viruses and P 	 V be types of coronavirus.

Let us denote these types (1) VS ¼ SARS-CoV; (2) VM ¼
MERS-CoV; Vn ¼COVID-19. Let v ¼ attribute which

denote the effects of these coronaviruses in different years

for different durations on the whole world and range of this

attribute is a1 ¼ number of countries effected, a2 ¼ num-

ber of people effected, a3 ¼ number of casualities, a4 ¼
duration. Then we have P ¼ fVS;VM;Vng and range of

attribute for vertices Pv ¼ fa1; a2; a3; a4g. Also Q ¼
fVSVM;VMVn;VSVng � E � V � V and m be some attribute

for edges, such that ( Pv;QmÞ forms a graph. Then we have

PvnP VS VM Vn

a1 32 27 79

a2 8, 096 2, 260 75, 571

a3 774 803 2239

a4 2002–2003 2018 Dec 2019–2020

Let the FDAF for vertices be aFdf : P� Pv ! 0; 1½ �
defined by aFdf ð Vi

Vm ;
aj
am
Þ; where i ¼ S, M, n ; m ¼ largest

number with maximum effect and j ¼ 1; 2; 3: where as for

a4 we have membership function as duration for which

these coronavirses proved to be more fatalic. So we have

FDAF and FDCF for vertices as in Table 19(i) and (ii).

Also FDAF and FDCF for edges

bFdf : Q� Qm ! 0; 1½ �

and

bFdf : Q� Qm ! 0; 1½ �

which is defined as main reason for spreading of these

viruses i.e.for VS through bats, VM through bats and animal

flesh and Vn through all the previous reasons including

human to human interaction, also low immunity, see

Table 20(i) and (ii).

Hence PFG ¼ ðPFV ;QFEÞ is plithogenic graph as shown

in Fig. 12a.

Example 6 Let us consider the case of the novel Coron-

avirus(COVID-19), and we want to measure its overall

effect on the whole world. There are a lot of factors to

discuss, but here we discuss some of them. Let G� ¼ ðV ;EÞ
be a crisp graph where V is the set of different countries

effected by new Coronavirus COVID-19 and let Pð	 VÞ
consisting of highly effected countries having casualities.

Let us denote countries v1 ¼ China, v2 ¼ Iran, v3 ¼ Italy,

v4 ¼ South Korea, v5 ¼ Japan, v6 ¼ France, v7 ¼ United

State. P ¼ v1; v2; v3; v4; v5; v6; v7f g: Let l ¼ attribute is

Coronavirus COVID-19 and range of attribute is a ¼
confirmed cases having Coronavirus COVID-19, b ¼
serious, critical cases having Coronavirus COVID-19,

c ¼recovered cases having Coronavirus COVID-19, d ¼
casualities with Coronavirus COVID-19. Then we have

Table 20 (i): FDAF for edges of PFG and (ii) FDCF for edges of PFG

(i)

bFdf a1a2 a2a3 a3a4 a1a4

VSVM 0.03 0.11 0.35 0.4

VMVn 0.34 0.03 0.36 0.4

VSVn 0.4 0.11 0.35 0.3

(ii)

bFCf a1a2 a2a3 a3a4 a1a4

a1a2 0 0.1 0.35 0.2

a2a3 0.1 0 0.6 0.4

a3a4 0.35 0.6 0 0.15

a1a4 0.2 0.4 0.15 0

A study of plithogenic graphs... 13153

123

https://coronavirus.jhu.edu/map.html
https://coronavirus.jhu.edu/map.html


Fig. 12 a A plithogenic graph

showing effects of diffrent

CoVs. b A fuzzy graph showing

effects of different CoVs. c An

intuitionistic fuzzy graph

showing effects of different

CoVs. d A nutrosophic graph

showing effects of different

CoVs
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PlnP v1 v2 v3 v4 v5 v6 v7

a1 80, 152 2, 336 2, 036 5, 186 989 191 103

a2 6, 806 - 166 27 23 8 7

a3 47, 396 435 149 34 43 12 9

a4 2, 945 77 52 28 12 3 6

then FDAF for vertices aFdf : P� Pl ! 0; 1½ � is defined
by aFdf ð vivm ;

ai
am
Þ 2 0; 1½ � where vm ¼ country with maximum

cases and am ¼ maximum number in any attribute. Then

for vertices FDAF and FDCF is given by Tables 21(i) and

(ii).

Let FDAF for edges be

bFdf : Q� Qm ! 0; 1½ �

defined as in Table 22(i) and (ii).

which is defined as main reason for spreading i.e. means

of travelling (through flights or roads) between these

countries , trade,tourism, lack of vaccination, then for all

ððvi; akÞ; ðvj; alÞÞ 2 Q� Q; we have

bFdf ððvi; akÞ; ðvj; alÞÞ� min
aFdf ðvi; akÞ;
aFdf ðvj; alÞ

� �

where i 6¼ j; i; j ¼ 1; 2; 3; 4; 5; 6; 7: and k 6¼ l; k; l ¼
1; 2; 3; 4: Also aFCf ðai; aiÞ ¼ 0 and aFCf ðai; ajÞ ¼
aFCf ðaj; aiÞ: Hence PFG is plithogenic graph as shown in

Fig. 13,

3.2 Analysis (results)

Following results have been derived from the mathematical

study:

1. We Provided the mathematical existence of Plitho-

genic’ graphs through examples that generalize

fuzzy, intuitionistic, and neutrosophic graphs.

2. We established different binary opertions of Plitho-

genic graphs for practical use in real-life

applications.

3. COVID-19 was found much dangerous than (MERS-

CoV) and (SARS-CoV).

4. Figure 11 shows that COVID-19 seems to be

Chimera of two viruses.

5. As the SARS-CoV and MERS-CoV outbreaks were

controlled, there are greater chances to overcome the

current pandemic of COVID-19.

6. The global spread of COVID-19 is associated with

traveling, as the edges of Fig. 12a suggest.

7. If the value of an edge is 0, it means that there is no

traveling between two particular countries, so the

spread of COVID-19 is 0.

8. This model suggests that all the countries should stop

all types of traveling/movement across the borders

and inside the country.

9. We predict if precautionary measures have not been

taken, then there is a chance of severe outbreaks in

the future.

Table 21 (i) FDAF for vertices of PFG. (ii) FDCF for vertices of PFG

(i)

aFdf a1 a2 a3 a4

v1 1 1 1 1

v2 0.029 - 0.00917 0.261

v3 0.025 0.0244 0.0031 0.0176

v4 0.147 0.004 0.0007 0.01

v5 0.012 0.0033 0.0009 0.002

v6 0.0023 0.0012 0.00025 0.0018

v7 0.0012 0.00102 0.001 0.002

(ii)

aFCf a1 a2 a3 a4

a1 0 - 0.002 0.092

a2 - 0 0.001 0.01

a3 0.002 0.001 0 0.0018

a4 0.092 0.01 0.0018 0

Table 22 (i):FDAF for edges of PFG. (ii) FDCF for edges of PFG

(i)

bFdf a1a2 a2a3 a3a4 a1a4

v1v2 – 0.00917 0.216 0.216

v2v3 0.0244 – 0.0176 0.0176

v3v4 0.004 0.0007 0.0031 0.01

v4v5 0.0033 0.0033 0.0007 0.033

v5v6 0.012 0.0025 0.0009 0.002

v6v7 0.00102 0.0012 0.00025 0.0023

v1v7 0.0012 – 0.001 0.002

(ii)

bFCf a1a2 a2a3 a3a4 a1a4

a1a2 0 - 0.002 0.092

a2a3 - 0 0.001 0.01

a3a4 0.002 0.001 0 0.0018

a1a4 0.092 0.01 0.0018 0
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Fig. 13 a Plithogenic graph

showing spreading of COVID-

19. b Fuzzy graph showing

spreading of COVID-19. c A

intuitionistic fuzzy graph

showing spreading of COVID-

19. d A neutrosophic graph

showing spreading of COVID-

19
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10. The performance metrics of our proposed mathe-

matical model indicated that the COVID-19 is

zoonotic, and the human transmission is very fast

in the case of frequent travel.

4 Comparison analysis

In this paper, we extend the plithogenic sets to plithogenic

graphs. As we see that in plithogenic graphs. we have PG ¼
ðPM;PNÞ ,where PM ¼ ðM; l;Ml; adf ; aCf Þ is plithogenic

set PS for vertices; where M 	 V , l is an attribute, Ml is

the corresponding range of attribute values such that adf :
M �Ml ! 0; 1½ �s is the DAF for vertices defined as adf ðv1,
l1Þ 2 0; 1½ �s:and aCf : Ml �Ml ! 0; 1½ �tis DCF for ver-

tices. Also PN ¼ ðN; m;Nm; bdf ; bCf Þ is plithogenic set for

edges, where N 	 E , m is the some attribute, Nm is the

corresponding range of attribute values for edges such that

bdf : N � Nl ! 0; 1½ �sis the DAF for edges and bCf : Nm �
Nm ! 0; 1½ �t is DCF for edges. Then PG is plithogenic

graph iff for all ðv1; l1Þ& ðv2; l2Þ 2 M �Ml;

b
df
ððv1; l1Þðv2; l2ÞÞ� a

df
ððv1; l1Þ ^ a

df
ðv2; l2ÞÞ. Here s; t 2

f1; 2; 3g: If we take the set of edges as null set then our

model reduces to plithogenic set PS ¼ ðP; v;Pv; pdf ; pCF
Þ

where v is an appurtenance or attribute, Pv is correspond-

ing range of attribute’s value, pdf : P� Pv ! ½0; 1�s is the
degree of appurtenance function and p

CF
: Pv � Pv !

½0; 1�t is the corresponding degree of contradiction func-

tion. Here s; t 2 f1; 2; 3g:
1. Consider the Example 5. (a) if we have only one

attribute i.e., a1 ¼ number of countries effected then pli-

thogenic fuzzy graph provided in Fig. 12a reduces to fuzzy

graph as shown in Fig. 12b. (b) If we have two attributes

suppose a1 ¼ number of countries effected and a2 ¼num-

ber of people effected then plithogenic fuzzy graph pro-

vided in Fig. 12a reduces to intuitionistic fuzzy graph as

shown in Fig. 12c (c) If we take three attributes say a1 ¼
number of countries effected and a2 ¼number of people

effected a3 ¼ number of casualties then plithogenic fuzzy

graph provided in Fig. 12a reduces to neutrosophic graph

as shown in Fig. 12d. 2. Consider the Example 6. (a) If we

take only one attribute say a1 ¼confirmed cases having

COVID-19 then plithogenic fuzzy graph provided Fig. 13a

reduces to fuzzy graph as shown in Fig. 13b. (b) If we have

two attributes suppose a1 ¼ confirmed cases with COVID-

19 and a2 ¼ serious, critical cases having COVID-19 then

plithogenic fuzzy graph provided in Fig. 13a reduces to

intuitionistic fuzzy graph as shown in Fig. 13c. (c) If we

consider three attributes i.e. a1 ¼confirmed cases with

COVID-19, a2 ¼ critical cases having Coronavirus

COVID-19, a3 ¼ recovered cases of COVID-19,

then plithogenic fuzzy graph provided in Fig. 13a reduces

to neutrosophic graph as shown in Fig. 13d. Thus our

model of plithogenic graph is better than already existing

graphs as it can capture more information.

5 Conclusions

Initially, the virus was zoonotic in origin, and then it was

spread by human interactions (person to person). Our

model verified that its spread across the borders was mainly

due to travelers. To control the COVID-19, it is strongly

recommended to go for self-isolation to break the chain by

making the edges of Plithogenic graphs equal to 0. The

animals or their food which is thought to be the source of

this virus, should be banned in the markets, and personal

hygiene should be maintained to reduce the spread. This

mathematical model can be applied to assess the spread of

COVID-19 in any region of the world.

6 Future work

In the future, we aim to make more different types of

graphs in the circumstances of plithogenic theory by taking

more attributes and other approaches. This model has been

initially applied on database taken from the following

source https://coronavirus.jhu.edu/map.html. We are aim-

ing to use this model on some other database in the future.
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