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Abstract: This paper aims to study the three-dimensional (3D) tunnel heading pressure of twin circular tunnels in a drained cohesive–fric-
tional soil using a stability factor approach and finite-element limit analysis (FELA). The primary concept adopted will be the use of a con-
ventional equation that is similar to the traditional bearing capacity factors (e.g., Nc, Ns, and Nγ) in Terzaghi’s bearing capacity equation. For
various spacing ratios (S/D) between the tunnels, the stability of the tunnels is expressed in terms of nondimensional tunnel stability factors
(e.g., Fc, Fs, and Fγ), which are functions of the depth ratio (C/D) and soil internal friction angle (ϕ). For conciseness, the results will be
presented in charts and tables with the tunnel stability factors that used the rigorous FELA upper (UB) and lower bound (LB) solutions.
DOI: 10.1061/(ASCE)GM.1943-5622.0002264. © 2021 American Society of Civil Engineers.
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Introduction

Limit equilibrium methods and limit analysis methods are widely
used to study tunnel stability in drained cohesive–frictional soil.
Horn (1961) proposed a limit equilibrium model to assess stability
under drained conditions at the tunnel face. Horn’s wedge model
was improved by Anagnostou and Kovári (1996) to calculate the
limit support pressure in a homogeneous drained soil. The analyt-
ical upper bound (UB) method was used by Atkinson and Potts
(1977) to study the critical tunnel pressure for an unlined shallow
circular tunnel in sand. An improved UB mechanism was proposed
by Leca and Dormieux (1990) that used conical-shaped rigid
blocks. Mollon et al. (2009, 2010, 2011, 2013) further proposed
new rigid block failure mechanisms by assuming different shapes
of the failure zone in front of the tunnel face, and their numerical
solutions have been improved significantly. The previous studies
were limited to shallow tunnels and are based on the analytical
UB theorem that requires assumptions of various failure mecha-
nisms. Recently, Zhang et al. (2015, 2020) and Li and Zhang
(2020) studied face stability and anisotropic sands in shallow tun-
nels with advanced three-dimensional (3D) numerical analyses.
Ukritchon et al. (2017, 2020) studied undrained stability with UB
and lower bound (LB) limit analysis that considered nonhomoge-
neous clays. For deep tunnels, very few results have been reported
due to the difficulty in selecting appropriate 3D rigid blocks
(Shiau and Al-Asadi 2020a, b, 2021).

For twin circular tunnel stability, Ghaboussi and Ranken (1977)
used a two-dimensional (2D) displacement-based finite-element
method to study the interaction effects on the construction of par-
allel tunnels. Wu and Lee (2003) studied the soil movements

above the tunnel and the associated collapse mechanisms using
centrifuge models. Most critical stability does not always occur
at the smallest spacing between the tunnels.

Following Wu and Lee (2003), Lee et al. (2006) experimentally
studied the excess pore water pressure generation, ground surface
settlement, soil arching, and tunnel stability in soft clay.

Osman (2010) evaluated twin tunnels overlapping effects using
UB solutions and determine the internal pressure required to resist
the collapse for various depths and spacing between tunnels. Stabil-
ity charts for twin unlined circular tunnels were produced by Sahoo
and Kumar (2015) using an LB method. The undrained stability of
dual circular and square tunnels was studied by Wilson et al. (2014,
2015) using finite-element limit analysis (FELA). They reported
that the stability was lowest when the twin tunnels are approxi-
mately 1.5 times the tunnel widths apart.

Of note, very few studies have been reported on 3D twin tunnels
stability that used the stability factors approach. Shiau and
Al-Asadi (2020c, d, f) adopted a stability factor approach that
used the FELA technique, analogous to the classic bearing capacity
equation, to calculate the minimum supporting pressure (σt), as
shown in

σt = −cFc + σsFs + γDFγ (1)

where c= soil cohesion; σs= surcharge pressure; γ= unit weight of
the soil; D= tunnel diameter; and the stability factors Fc, Fs, and
Fγ= functions of the depth ratio (C/D) and the soil friction angle (ϕ).
This paper follows the work of Shiau and Al-Asadi (2020c, d, f), and
aims to produce rigorous UB and LB solutions for the tunnel stability
factors (Fc, Fs, and Fγ) for various spacing ratios (S/D) between the
tunnels. This paper provides a simple and accurate design tool for
practicing engineers to compute the minimum inner support pres-
sure of twin circular tunnels in cohesive–frictional soils.

3D Twin Headings and FELA Modeling

The center-to-center distance (S) plays a key role in 3D twin tunnel
stability. When the distance (S) is small, the stress field around each
tunnel overlaps and the interactions between the tunnels become
important in stability design. The 3D problem statement with S is
shown in Fig. 1. The ground is modeled as a uniform Mohr–
Coulomb material with c, ϕ, and γ. The tunnels have a cover
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depth (C ) and a diameter (D) above the crown of the tunnel and are
separated by S. The surcharge applied to the ground surface is σs
and the internal tunnel pressure is σt. As shown in Fig. 1, the prob-
lem of twin tunnels is symmetrical about the centerline of the dis-
tance between the tunnels centers.

A typical FELA adaptive half mesh and boundary condition
used in this study is shown in Fig. 2 (e.g., C/D= 3 and S/D= 8).

The ground surface and the 3D heading surface (not visible in
the current 3D plot) were not constrained to move. The side surfa-
ces were restricted to move in the x-direction (normal direction).
The same condition was applied to the front and the back surfaces
of the model, that is, they were allowed to move in the y-direction
(normal direction). The nodes on the bottom surface were not al-
lowed to move in any direction. To represent a smooth interface
condition, the nodes on the tunnel lining, although not visible in
the current 3D plot, were not allowed to move in the normal
direction.

It was important to choose a large model size. This ensured that
the entire velocity field developed within the 3D domain and that
the failure mechanism did not pass through the model boundaries.
Fig. 2 shows an example plot of the symmetrical model for a large
S/D (e.g., C/D= 3 and S/D= 8). Since the plot is for a large S/D, the
ground failure area resembles a perfectly circular shape, which is
similar to a single tunnel response. However, Fig. 3 shows a closely
spaced twin tunnel (e.g., C/D= 3 and S/D= 4). The surface failure
area is close to an elliptical shape due to the small spacing between
the tunnels. Of note, the contour values were not meaningful in
such a perfectly plasticity model; therefore they are not shown.

The adaptive mesh technique was employed to enable accurate
limit loads to be obtained using a bounds gap error estimator (Sloan
2013). In practice, the solutions are more valuable when UBs are
accompanied by LBs; therefore, the exact solution can be bracketed
from above and below. Three iterations of adaptive meshing based
on shear dissipation criteria were used. The adaptive FELA pro-
gram (OptumCE 2019) has been widely used to determine the
limit load of 2D and 3D problems with the power of finite-element
discretization and the bounding capability of LBs and UBs plastic
limit theorems. In addition, it has been successfully applied to solve
various stability problems with underground stability (Shiau et al.
2016; Shiau and Sams 2019; Shiau and Hassan 2020; Shiau and

Fig. 1. Problem definition [symmetrical domain for a large S/D (S/D= 8)].

Fig. 2. Typical adaptive mesh with boundary conditions and failure
mechanism plot that shows a single tunnel response (e.g., half domain,
ϕ= 0°, C/D= 3, and S/D= 8).
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Al-Asadi 2018, 2020a, b, c, d, e, f; Shiau et al. 2021a, b). For details
on the theoretical UB and LB formulations refer to Sloan (2013).

A total of 27,666 FELA analyses were studied to determine the
stability factors (e.g., Fc, Fs, and Fγ). These factors are functions of
the S/Ds (S/D= 2–28), C/Ds (C/D= 2–10), and ϕ (ϕ= 0°–40°). For
each combination of parameters, σt optimized the UB and LB sim-
ulations to compute the bound solution of the stability factors (e.g.,
Fc, Fs, and Fγ). The procedures involved in the calculations of the
three factors are as follows:
1. Eq. (1) reduces to σt=−cFc when γ= 0 andσs= 0. Fc can then

be computed with known values of c and σt.
2. Eq. (1) reduces to σt= σsFs when γ= 0 and c= 0. Fs can then be

estimated with known values of σs and σt.
3. Eq. (1) reduces to σt = γDFγ when c= 0 andσs= 0. Fγ can be

computed with known values of γ, D, and σt.
With the complete twin tunnel stability factors, the tunnel

support pressure can be estimated using Eq. (1).

Discussing the Twin Tunnel Stability Factors

3D FELA were performed to calculate the UB and LB limits of the
stability factors (e.g., Fc, Fs, and Fγ) for various C/D (C/D= 2–10),
S/D (S/D= 2–28), and ϕ (ϕ= 0°–40°). The effects of the parame-
ters (C/D, S/D, and ϕ) on the tunnel stability factors (Fc, Fs and
Fγ) are shown in Figs. 4–6 and 8–18.

Fc, Fs, and Fγ in an Undrained Condition

Of note, Fc is a function of the C/D and S/D, Fig. 4 shows that Fc

increased nonlinearly as S/D increased until it reached a constant
value. At this point, Fc is at its maximum value, and the twin tun-
nels stability is unaffected by the tunnel spacing. The correspond-
ing S/D is a critical S/D that separates twin tunnels [the minimum
spacing ratio (S/D)min].

As shown in Fig. 5, Fs has a constant value of unity irrespective of
values of C/D and S/D. Of interest, for soils in an undrained condition
(ϕ= 0), the stability is independent of the loading direction due to
zero volume loss during plastic shearing (Shiau and Sams 2019).

As shown in Fig. 6, Fγ is independent of S/D and is only a func-
tion of C/D. The unit weight effect is the same as the surcharge
effect. The only difference is that Fγ= (C/D+ 0.5) for all values
of S/D. The larger the C/D value is, the larger Fγ is. This finding
agrees with results in the literature (Shiau and Al-Asadi 2020c, d)
for single tunnels.

The 3D (S/D)min for various C/D is shown in Fig. 7. A linear re-
lationship was observed between C/D and (S/D)min for ϕ= 0. When
a design spacing ratio is <(S/D)min, the twin tunnel interaction ef-
fects must be studied. When S/D≥ (S/D)min, the stability of each
of the tunnels is essentially identical to those of the corresponding
single tunnel. In addition, the 3D results of (S/D)min for various
C/D, which are shown in Fig. 7, can be calculated using

(C/D)min = 1.8 × (C/D) + 1.0 (2)

Of note, the conservative 2D results obtained in Shiau and
Al-Asadi (2020e) indicated a larger gradient of the linear envelope.
The results in Sahoo and Kumar (2015) agreed reasonably well
with the others.

Fig. 5. 3D Fs versus S/D and various C/D (ϕ= 0°).

Fig. 3. Failure mechanism plot that shows twin tunnels effect (e.g., half
domain, ϕ= 0, C/D= 3, and S/D= 4).

Fig. 4. 3D Fc versus S/D and various C/D (ϕ= 0°).

© ASCE 3 Int. J. Geomech.



Fc, Fs, and Fγ in a Drained Condition

Figs. 8–18 [for a drained condition (ϕ > 0)] show that the three stabil-
ity factors are all functions of ϕ,C/D, and S/D. Figs. 8 and 9 (ϕ= 10°
and 20°) show that, for each C/D, Fc increased nonlinearly as S/D
increased until it reached a constant value, which indicated that no
interaction effect occurred between the tunnels. However, for high
ϕ (ϕ≥ 20) as shown in Figs. 10 and 11, the C/D and S/D had neg-
ligible effects on the results of Fc. This was mostly due to the devel-
opment of geometrical and material arching in cohesionless soils. In
general, Fc decreased as ϕ increased from 10° to 40° (Figs. 8–11).

For Fs, Fig. 12 (ϕ= 10°) shows that Fs decreased with an in-
crease in C/D. Of interest, note the diminishing effect of S/D on
Fs when ϕ increased. This is shown in Figs. 13 to 14 (ϕ= 20°
and ϕ≥ 25°). Of note, Fs decreased with the increase in S/D. It
then reached a constant value, although the actual Fs values (see
Fig. 13) were very small. The geometrical and material arching
played a major role in achieving these responses.

Finally, for Fγ, Fig. 15 (ϕ= 10°) shows that Fγ increased with
increases in C/D. It decreased with the increases in S/D until it

reached a constant value. In addition, Fγ decreased dramatically
with increases in ϕ (Figs. 15–18), which was due to the develop-
ment of a stress arch that could carry the overburden pressure,
and the tunnel stability was not directly related to the geometries
(C/D and S/D). This is shown in Figs. 16–18. Of note, the values
in this figure’s scale are very small, the gap between UB and LB
could appear to be deceptively large. In addition, Fγ had a mini-
mum value of approximately 0.08 when ϕ= 40°, and that the LB
produced larger values of Fγ than UB, because of the active failure
condition (Shiau et al. 2008). The LB is a conservative theorem that
gives conservative results. The larger values of the LB would imply
that a larger support pressure is required, as seen in Eq. (1), and
therefore, it results in a conservative design.

Comparison of Results

FELA is most useful when UBs and LBs are calculated to bracket
the true collapse load from above and below. This allows an accu-
rate measure of the error in the solution to be computed (Sloan
2013). Figs. 4–6 and 8–18 show that the numerical UBs and LBs

Fig. 6. 3D Fγ versus S/D and various C/D (ϕ= 0°).

Fig. 7. Comparison of (S/D)min. Fig. 9. 3D Fc versus S/D and various C/D (ϕ= 20°).

Fig. 8. 3D Fc versus S/D and various C/D (ϕ= 10°).
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Fig. 11. 3D Fc versus S/D and various C/D (ϕ= 40°).

Fig. 12. 3D Fs versus S/D and various C/D (ϕ= 10°).

Fig. 13. 3D Fs versus S/D and various C/D (ϕ= 20°).

Fig. 14. 3D Fs versus S/D and various C/D (ϕ≥ 25°).

Fig. 10. 3D Fc versus S/D and various C/D (ϕ= 30°).

Fig. 15. 3D Fγ versus S/D and various C/D (ϕ= 10°).
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are generally within a few per cent of one another, with the true sol-
ution lying between both bounds. The confidence level in produc-
ing these results is extremely high although there is very little
literature on 2D and 3D twin tunnels in cohesive–frictional soil.

Fig. 19 and Table 1 give a comparison between the results of
this study and those from 2D undrained studies in the literature
(Sahoo and Kumar 2015; Wilson et al. 2014; Shiau and Al-Asadi
2020e) and the 3D undrained studies that used Broms and Benner-
marks’ original stability number approach (Shiau and Al-Asadi
2020b). Fig. 19 presents excellent agreement between the 3D
results of this study (stability factor approach) and the 3D un-
drained stability results from twin tunnels (Shiau and Al-Asadi
2020b). However, Fig. 19 shows that the variance between 3D
and 2D is significant. In general, the 3D stability results were ap-
proximately three-fold higher than those in the 2D analysis. There-
fore, the 2D analysis could be a conservative tool in the early stages
of tunnel design. Of note, good agreement was found for all the 2D
undrained results (Sahoo and Kumar 2015; Wilson et al. 2014;
Shiau and Al-Asadi 2020e).

An Example

The figures and tables in this paper for the stability factors (e.g., Fc,
Fs, and Fγ) were used to estimate the critical pressure to maintain
the stability of the headings of 3D twin tunnels in the following
example.

A twin tunnel was spaced 30 m apart (center-to-center) and the
tunnels were assumed to be bored at the same time, and D= 6.0 m
and C= 18 m. The soil parameter were c= 15 kPa, ϕ= 10°, and
γ= 18 kN/m3. No surcharge was presented (σs= 0) in this example.
The following procedures were used to estimate σt, that is, the
required tunnel pressure to maintain soil stability.
1. The dimensionless ratios were calculated as: C/D= 3 and

S/D= 5.
2. From Figs. 8, 12, and 15 (e.g., C/D= 3, S/D= 5, and ϕ= 10°),

the LB stability factors were Fc= 5.01, Fs= 0.116, and
Fγ= 0.870.

Fig. 17. 3D Fγ versus S/D and various C/D (ϕ= 30°).

Fig. 16. 3D Fγ versus S/D and various C/D (ϕ= 20°).

Fig. 18. 3D Fγ versus S/D and various C/D (ϕ= 40°).

Fig. 19. Comparison of γmaxC/c results with those available in the lit-
erature for twin tunnels (e.g., C/D= 5 and ϕ= 0°). (Data from Sahoo
and Kumar 2015.)
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3. Using Eq. (1), σt was

σt = −cFc + σsFs + γDFγ = −15 × 5.01 + 0 + 18 × 6 × 0.870

= 18.81 kPa.

Therefore, what is the required critical pressure when ϕ= 20°?
4. From Figs. 9, 13, and 16 (e.g., C/D=3, S/D=5, and ϕ= 20°), the

LB stability factors were Fc=2.73, Fs= 0.003, and Fγ=0.278.
5. Using Eq. (1), the minimum σt to induce collapse is σt=−cFc+

σsFs+ γDFγ=−15 × 2.73+ 0+ 18 × 6 × 0.278=−10.93 kPa.
6. A negative value of σt indicates that the tunnel requires a pulling

pressure to reach a collapsed state. Therefore, theoretically, the
tunnel will remain stable without any internal pressure.

Conclusions

Very few studies have used the comprehensive stability factors ap-
proach to study 3D twin circular tunnels in cohesive–frictional
soils. This paper, to the best of the authors’ knowledge, is the first
to investigate the problem. The following conclusions were drawn:
1. The equation to estimate the critical support pressures of 3D

twin tunnels is:

σt = −cFc + σsFs + γDFγ

2. For ϕ= 0°, Fc is directly related to the S/D and C/D, and Fs and
Fγ are independent of S/D and have constant values of Fs= 1
and Fγ= (C/D+ 0.5), respectively.

3. For ϕ= 0°, the stability factors are strongly related to ϕ, C/D,
and S/D. In general, the three stability factors decreased as the
value of ϕ increased. For ϕ≥ 20°, the stability factors were
not related to the C/D and S/D, due to the strong effect of soil
arching.
The proposed tunnel stability factor approach to estimate tun-

nel face pressures, which is similar to the classical bearing capac-
ity problem, could be efficient and effective for practical
engineers. Great confidence is achieved when UBs and LBs are
presented.

Data Availability Statement

All data, models, and codes that support the findings of this study are
available from the corresponding author upon reasonable request.
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