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A B S T R A C T 

Debris discs consist of belts of bodies ranging in size from dust grains to planetesimals; these belts are visible markers of 
planetary systems around other stars that can reveal the influence of extrasolar planets through their shape and structure. Two key 

stirring mechanisms – self-stirring by planetesimals and secular perturbation by an external giant planet – have been identified to 

explain the dynamics of planetesimal belts; their relative importance has been studied independently, but are yet to be considered 

in combination. In this work, we perform a suite of 286 N -body simulations exploring the evolution of debris discs o v er 1 Gyr, 
combining the gravitational perturbations of both dwarf planets embedded in the discs, and an interior giant planet. Our systems 
were somewhat modelled after the architecture of the outer Solar system: a Solar mass star, a single massive giant planet at 
30 au ( M GP = 10 to 316 M ⊕), and a debris disc formed by 100 massive dwarf planets and 1000 massless particles ( M DD 

= 

3.16 to 31.6 M ⊕). We present the evolution of both the disc and the giant planet after 1 Gyr. The time evolution of the average 
eccentricity and inclination of the disc is strongly dependent on the giant planet mass as well as on the remaining disc mass. We 
also found that efficient stirring is achiev ed ev en with small disc masses. In general, we find that a mixed mechanism is more 
efficient in the stirring of cold debris discs than either mechanism acting in isolation. 

Key words: methods: numerical – software: simulations – planets and satellites: dynamical evolution and stability – planet-disc 
interactions. 
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 I N T RO D U C T I O N  

ebris discs are massive structures observed around 20 to 30 per cent
f main-sequence stars (for recent re vie ws, see e.g. Wyatt 2018 ;
ughes, Duch ̂ ene & Matthews 2018 ); their presence is signaled
y the presence of excess emission in thermal emission at infrared
o millimetre wavelengths (e.g. Eiroa et al. 2013 ; Thureau et al.
014 ; Holland et al. 2017 ; Sibthorpe et al. 2018 ) and/or scattered
ight at optical or near-infrared wavelengths (either total intensity or
olarization, e.g. Schneider et al. 2014 ; Esposito et al. 2020 ), coming
rom circumstellar micrometre- to centimetre-sized dust grains. 

The dust contents of debris discs are not just remnants of the
riginal massive dust- and gas-rich protoplanetary discs of material
rom which planets are born (Wyatt et al. 2015 ; Andrews et al. 2018 ).
lthough some amount of (sub-)micron-sized dust can remain after

he initial protoplanetary disc dissipates, the smallest dust grains are
ost on time-scales much shorter than the age of the host star due
o photoe v aporation and accretion processes (Burns, Lamy & Soter
979 ; Krivov 2010 ). Therefore, the dust observed in debris discs is
hought to be second-generation dust, produced in disruptive colli-
ions between larger lefto v er planetesimals, which were originally
ormed from dust (and ices) in the protoplanetary discs. Collisions
 E-mail: mmunoz.astro@gmail.com 

o  

i  

f

Pub
etween these bodies produce detectable amounts of dust throughout
he lifetime of the host star and beyond (e.g. Matthews et al. 2014 ;
arihi 2016 ). Ho we ver, to be able to produce that dust, planetesimals
ust be abundant enough to have frequent collisions, as well as have

elativ e v elocities high enough for collisions to be destructive, or at
east erosive (Dohnanyi 1969 ; Kenyon & Bromley 2001 ). 

The formation of planetesimals starts with dust growth in proto-
lanetary discs, which is encouraged by vertical settling of larger
rains to the disc mid-plane and radial trapping at pressure bumps,
specially around ice lines increasing the mass surface density to a
evel where the gas-to-dust ratio approaches unity (Blum & Wurm
008 ; Dr 

↪ 
a ̇zkowska & Alibert 2017 ). Growth beyond millimetre-

o centimetre-sized particles is inhibited by collisions due to the
bouncing barrier’ (Brauer, Henning & Dullemond 2008 ; Birnstiel,
ullemond & Brauer 2010 ; Zsom et al. 2010 ). The rapid loss of

hese large grains or pebbles due to inward radial drift is an inhibiting
actor in current theories of planet formation. A mechanism referred
o as the ‘streaming instability’ has been proposed as a means to
ypass the ‘bouncing barrier’ and precipitate planetesimals directly
rom pebbles in the protoplanetary disc (Youdin & Goodman 2005 ;
oudin & Johansen 2007 ; Johansen et al. 2007 ; Bai & Stone 2010b ,
 ). The size distribution of these bodies is consistent with the range
bserved in the Solar system’s Kuiper Belt, wherein Pluto and
ts cohort could represent the high-mass tail of this planetesimal
ormation process (Johansen et al. 2015 ; Simon et al. 2016 ). 
© 2023 The Author(s) 
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The initial orbits of planetesimals formed in the protoplanetary 
hase are expected to be nearly circular and confined to the disc mid-
lane therefore some additional stirring mechanism is required to 
ynamically excite the planetesimal belts left after the gas dispersal. 
tructures observed in protoplanetary discs, such as rings, spiral 
rms, etc., are uncorrelated with ice lines/density enhancements 
nduced by disc temperature structure (Long et al. 2018 ; van der

arel et al. 2019 ). Rings in protoplanetary discs could therefore be
he result of the action of protoplanets trapping material and sculpting 
he disc (e.g. Dong et al. 2018 ; Huang et al. 2018 ; Zhang et al. 2018 ).
ow-mass companions have been identified embedded within several 
uch discs (Fedele et al. 2018 ; Keppler et al. 2019 ; Ubeira-Gabellini
t al. 2020 ; Teague et al. 2021 ). Once the eccentricity-damping effect
f the protoplanetary gas disc has been remo v ed, the ongoing stirring
y either planets or planetesimals on the debris disc will excite the
elt leading to enhanced collision rates. 
Inheritance of structure from protoplanetary discs to debris discs 

s uncertain (Najita, Kenyon & Bromley 2022 ), but planetesimal belt 
ocations in cold debris discs (e xoK uiper belts) appear consistent 
ith formation at CO ice line (Matr ̀a et al. 2018 ; Marshall et al.
021 ). Ho we ver, the widths of rings in protoplanetary discs are much
arrower than debris disc’s planetesimal belts (Miller et al. 2021 ). 
he majority of broad debris belts observed by ALMA with sufficient 
patial resolution exhibit sub-structures consistent with the presence 
f a perturbing planetary companion (Marino 2021 ). 
Analysis of spatially resolved observations of debris discs have 

een used to infer the stirring mechanism(s) in play for a number
f young systems based on stirring arguments from the size of
he disc and the stellar age (e.g. Mo ́or et al. 2015 ; Vican et al.
016 ) and interpretation of their architectures, revealing disc-planet 
nteractions in a variety of ways, including the detection of gaps in
road belts (e.g. Marino et al. 2017 , 2018 ; MacGregor et al. 2019 ),
cattered haloes of mm dust grains (MacGregor et al. 2018 ; Geiler
t al. 2019 ), and the eccentric architectures of narrow belts (Kennedy
020 ). Most recently, Pearce et al. ( 2022 ) examined a large ensemble
f debris discs, both spatially resolved and unresolved, inferring the 
equired mass of a perturber, under the assumption that the sculpting 
s produced by a single planet or multiple planets, as well as if being
he result of self-stirring by massive planetesimals within the disc. 

These two aforementioned main mechanisms have been suggested 
n the past to account for the planetesimal excitation levels, i.e. (1)
he self-stirring mechanism (e.g. Kenyon & Bromle y 2008 ; Krivo v &
ooth 2018 ), in which large planetesimals are able to trigger a
ollisional cascade once they acquire a certain size threshold, and (2)
he secular perturbations from giant planetary companions, interior 
r exterior to the discs (e.g. Wyatt et al. 1999 ; Mustill & Wyatt 2009 ).
he latter has been fa v oured recently due to the very large masses
f debris discs required to explain their excitation levels by the self-
tirring mechanism (Krivov & Wyatt 2021 ; Pearce et al. 2022 ). 

Ho we ver, the ef fects of a simultaneous stirring by external planets
ogether with internal planetesimals have never been studied in detail. 
esides, the existing self-stirring models do not properly account for 

he top-end of the size distribution (e.g. Pluto-sized dwarf planets), 
requently relying in models comprised of equal massed (not so 
arge) bodies stirring the disc. 

In previous works (Mu ̃ noz-Guti ́errez et al. 2015 ; Mu ̃ noz-
uti ́errez, Pichardo & Peimbert 2017 ; Mu ̃ noz-Guti ́errez, Peimbert &
ichardo 2018 ), we studied the long-term evolution of generic cold 
ebris discs of different masses, under the perturbations of an interior 
eptune-like giant planet, as well as of dozens of dwarf planet-sized 
assive perturbers (DPs, hereafter) embedded in the discs. In Mu ̃ noz-
uti ́errez et al. ( 2017 ), we demonstrated the existence of a stabilizing
ffect produced by a giant planet o v er the disruptiv e perturbations of
assive DPs; we also demonstrated (Mu ̃ noz-Guti ́errez et al. 2018 )

he existence of a constant resupplying of the giant’s MMRs with
ew objects, a mechanism acting on secular time-scales due to the
adial migration of disc particles produced by the DPs’ scattering 
ffects. 

In this work, we expand the exploration of the mass parameter
pace of our mixed stirring scenario for more massive debris discs,
omparable to those which have been observed in extrasolar planetary 
ystems. We account for both the perturbations produced by an 
nterior giant planet, as well as 100 massive DPs embedded in
 disc of 1000 massless particles. The simulation set-up for our
rid of disc-planet systems, along with a brief summary of the
ynamical modelling approach, is given in Section 2 . In Section 3 ,
e characterize the outcome of our simulations, through analysis 
f the evolution of the survi v al fraction, average eccentricities,
nd inclinations of the bodies comprising the discs, as well as the
rbital perturbations e x erted on the giant planet; we provide our
nterpretation of the results and how they relate to other works
ddressing either planetary or self-stirring of a debris disc in isolation
n Section 4 . Finally, in Section 5 , we summarize our findings and
resent our conclusions. 

 M E T H O D S  A N D  SI MULATI ONS  

e aim to test the efficiency for producing stirring over debris disc
articles, of models which combine the perturbations coming from 

 giant planet, located interior to an initially wide and cold debris
isc, as well as dwarf planets embedded within the disc. We call this
 mixed stirring scenario, since it combines some of the elements
pplied so far in debris discs stirring models, i.e. secular perturbations
rom giant planets and self-stirring. 

.1 Model disc generation 

ur systems are formed by a Solar mass central star, as well as
 Neptune-analogue ‘giant’ planet (GP, hereafter) located at 30 au 
nd starting with zero eccentricity and inclination. The debris disc 
s formed by 1000 test particles and 100 massive DPs; the disc is
0 au wide and its inner edge is set to be 10 Hill radii beyond the GP
ocation. We assume the mass of the debris disc to be given by the
um of the individual masses of the 100 DPs. 

We study a grid of models where the GP mass explores values
rom 10 to 316 M ⊕ (i.e. from sub-Neptune to one Jupiter masses), in
ogarithmic steps of 0.15 (11 values). 

The mass of the debris discs co v ers a range from 3.16 to 31.6 M ⊕
n logarithmic steps of 0.04 (26 values). 

Within each disc, the masses of the individual DPs are drawn
andomly to try to reproduce the 100 most massive particles of a
ass distribution n ( m ) ∝ m 

−2.8 , consistent with the distribution of
arge bodies in the Kuiper Belt (Fraser & Kavelaars 2009 ). The
ndividual mass of the most massive DP in the lightest disc is below
.105 M ⊕, while in the most massive disc it is 1.05 M ⊕. Those
alues correspond to ratios with the less massive giant planet of
.01 and 0.1, respectively. Such large planetesimal masses are not 
nexpected according to recent theories of planetesimal formation 
e.g. the streaming instability; Youdin & Goodman 2005 ; Morbidelli 
t al. 2009 ; Nesvorn ́y et al. 2019 ), and are consistent with recent
easurements of planetesimal masses inferred from the spatially 

esolved scale heights of β Pic and AU Mic (Matr ̀a et al. 2019 ;
aley et al. 2019 ). 
MNRAS 520, 3218–3228 (2023) 
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The range in debris disc masses was chosen to keep a realistic
epresentation of the individual objects in the discs while remaining
omputationally feasible, i.e. a larger range in debris discs masses
ould imply that individual DPs would be very massive (comparable

o the GP mass) to account for more massive discs, or we would
equire to proportionally increment the number of DPs in our
imulations, making them too computationally e xpensiv e. If lower
imits on the DP masses are preferred, the largest of these DPs should
e interpreted as the sum of many smaller bodies, a product of the
imitation of our computational power. 

The distributions of semimajor axes, eccentricities, and inclina-
ions of the DPs and test particles were randomly generated based on
 single seed. The initial inclinations of the DPs and test particles were
andomly drawn between 0 and 5 ◦, whilst the initial eccentricities
ere constrained to be ≤0.05, i.e. we used similar values to the ones

ound for the cold classical Kuiper Belt (Gulbis et al. 2010 ). Visual
nspection of the output for 20 seed values was carried out and an
nitial simulation set-up was selected based on the uniformity of the
istribution in a –e and a–i parameter space for both the DPs and test
articles. 1 

.2 N -body simulations 

e used the hybrid symplectic integrator from the MERCURY package
Chambers 1999 ), to explore the long-term evolution of a grid of 286
ebris disc models. An initial time-step of 400 d is used in all cases,
s well as an accuracy parameter for the Bulirsch–Stoer integrator
f 10 −10 . We produced orbital outputs every 10 Myr, over a total
ntegration time of 1 Gyr. 

Particles are removed from the simulation if their semimajor axes
row larger than 10 000 au, decrease below 1 au, or if they collide
ith the GP or the DPs. In most cases, several DPs are also ejected

rom the simulations by the same mechanisms due to their mutual
nteractions. 

 RESULTS  

ver sufficiently long periods of time ( ∼100 Myr), the gravitational
erturbations from DP-sized objects, acting on initially cold debris
iscs particles, induce a considerable vertical and radial heating
Mu ̃ noz-Guti ́errez et al. 2015 ), which results in a progressive
ncrement of the disc’s mean eccentricities and inclinations. 

A GP in a non-circular non-planar orbit, will induce secular
erturbations on an external debris disc, forcing a component on
he particles’ eccentricity and inclination vectors (e.g. Murray &
ermott 1999 ; Mustill & Wyatt 2009 ; Gladman & Volk 2021 ).
hough initially circular and planar, the orbit of the GPs in our
imulations quickly evolves, as we will show, due to their interactions
ith the massive disc members (DPs), which makes the former
henomenon rele v ant. Moreo v er, under the right circumstances, i.e.
f massive enough ( � 100 M ⊕), an interior GP can also act to stabilize
he orbits of massless particles within debris discs, acting against the
erturbations produced by DPs (Mu ̃ noz-Guti ́errez et al. 2017 ). 
In the following subsections, we will show separately the evolution

f the populations of massless particles, DPs, the debris discs as a
hole, and finally the GPs within these systems. 
NRAS 520, 3218–3228 (2023) 

 The initial orbital distribution of the DPs and test particles in the discs, for 
he random seed used in this work, can be found online at Figshare . 
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.1 Evolution of Massless Particles in the Discs 

e aim to quantify the long-term impact that the combination
f perturbers, namely an interior GP plus 100 massive embedded
Ps, have on the dynamical stirring of the initially cold debris disc
articles. We produced coloured grids showing the survi v al fraction
f particles in the discs, as well as the amount of dynamical excitation,
haracterized by their mean eccentricities and mean inclinations; at
his first stage, we characterize this excitation as a function of the
otal initial disc mass, as well as the GP mass. 

In Fig. 1 , we sho w the e volution of the survi v al fraction, the average
ccentricities, and the average inclinations of the massless particles
n our array of simulations. 
In the top panel of Fig. 1 , we show the evolution of the survival

raction up to 1 Gyr. In the animated figure, each snapshot corre-
ponds to a 10 Myr time-step. The colour of each circle represents
he surviving fraction of massless particles within that disc, while its
ocation on the grid corresponds to the initial mass of the disc (i.e.
he sum of the masses of our DPs) and the mass of the GP in that
lanetary system. 
The ejection efficiency is correlated to both the GP mass and

he (initial) disc mass. Those systems with the highest GP and
isc masses are the most quickly depleted. Within the first 30 to
00 Myr, the systems with the most massive GPs ( M GP > 100 M ⊕)
ave already lost ≥ 80 per cent of their initial particles. Over the next
undreds of Myr, with a smaller number of total particles as well as
 smaller number of total perturbers, the ejection rate slows down.
verall, the most efficient ejection continues to occur in systems
ith simultaneously the most massive discs and the most massive
Ps. 
At the end of the simulations, the higher ejection efficiency occurs

or initial discs masses � 10 M ⊕, with the highest ejection efficiency
ccurring when the GP mass is ∼100 M ⊕ and the disc mass is
 20 M ⊕. Many systems exhibit the ejection of a substantial fraction

f the test particles in our simulations. The average ejection rate is
4.5 per cent across all simulations in the grid, with an ejection rate
f up to 96.3 per cent for the most extreme case. 
The orbital characteristics (eccentricity, inclination) of particles

n the discs were calculated by averaging the elements of surviving
articles at each time-step. In the animated version of Fig. 1 , we show
heir evolution in 10 Myr time-steps, illustrating the change in the
emaining particles, their eccentricity, and inclination o v er 1 Gyr. The
olour of each circle represents the mean values of the eccentricity
nd inclination for each model at the time-step in question. 

From the evolution seen in the middle and bottom panel animations
f Fig. 1 , we find that the disc response is monotonic for the lower GP
asses ( M GP ≤ 30 M ⊕). We find increasing excitation for decreasing
P mass, increasing disc mass, and longer integration times. The

volution of the disc excitation with time is more clearly visible in
ccentricity than inclination. 

The middle panel of animated Fig. 1 shows that after a few tens of
yr of evolution, a more efficient stirring has been produced for the
iddle rows of the grid, i.e. for M GP in the range ∼30 to ∼110 M ⊕.
t this time, the stirring grows in proportion to the debris disc mass,
hile for a given debris disc mass, the stirring increases with GP
ass, reaches a maximum around 70 to 100 M ⊕, and decreases for

arger GP masses. This behaviour does not resemble the quadratic
ehaviour presented in Mu ̃ noz-Guti ́errez et al. ( 2017 ), ho we ver that
tudy was for discs 2 to 4 orders of magnitude lighter than what we
re studying here. 

Over time, during the first 400 Myr, we see less massive GPs
ecoming progressively more efficient at exciting test particles; while

https://figshare.com/projects/Mixed_Stirring_of_Debris_Discs/136118
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Figure 1. Animated figures for the survi v al fraction of test particles in 
the discs (top), as well as their mean eccentricity (middle) and inclination 
(bottom). Each coloured circle in the grids shows the corresponding value at 
each time-step output from the simulations (i.e. every 10 Myr) according to 
the colour bar presented to the right of each grid. The points in the grid are 
arranged as a function of the mass of the GP in the model as well as of the 
initial mass of the debris disc, as accounted by the total mass of 100 massive 
DPs. The still frames in each panel show the final states of the simulations 
after 1 Gyr. Animated versions of all panels can also be found at Figshare . 
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he more massive GPs models stop evolving. After 300 Myr, the sweet
pot for efficient stirring becomes less evident, in part due to the
jection rate of the most excited particles from these systems; after 
00 Myr, even the models with the least massive GP have stopped
volving. By the end of the simulations, the largest mean eccentricity 
ccurs in the lower right corner of the grid, where the disc masses
re comparable to, or even greater than, the GPs masses in these
ystems. 

In the bottom panel of animated Fig. 1 , we observe a slower and
ore linear trend for the evolution of the mean inclination; up to

00 Myr, the increment in mean inclination is small and its value
emains almost homogeneous across the grid. With time, a small 
endency of larger excitation with larger disc masses and smaller GP
asses starts to develop; after 200 Myr, the lower right corner of

he grid, where M GP ≤ M DD , starts to show clear signs of a stronger
tirring. By the end of the simulations, the final stirring is shown to
e a function of both GP mass and debris disc mass, with the greater
tirring observed in systems with lower GP masses and larger disc
asses. 
When the mass of the disc is comparable to that of the GP, the

lanet-disc interactions are warranted to be complex. The angular 
omentum that can be transferred from the GP to the DPs is large

nough to produce a significant migration of the GP due to the
jection of massive objects. Also, the reference plane (or ‘invariable 
lane’) within such a massive debris disc is not well defined, as
he GP orbit no longer plays such an important role in determining
he total angular momentum of the system. These conditions are 
atisfied for models in the lower right corner of our grid; in that
egion, particles are excited but they are not efficiently ejected, so
he system ef fecti vely heats up and there is no way of cooling it
own. 
Complementary to the animated grids in Fig. 1 , we also present

he time evolution of each model as a curve on the three panels
f animated Fig. 2 . There, we can see the evolution of each model
cross the animation, with the survi v al fraction on the top panel,
ean eccentricity in the middle panel, and mean inclination in the

ottom panel; the last images (as well as the still frames) highlight
he average of all the models with the same GP mass. 

In the top panel of animated Fig. 2 , we see the decline in
article numbers as a function of time. As expected, the more
assive planets are more efficient at ejecting test particles from 

he system. For a given planet mass, the ejection is more efficient
ith a more massive disc. In the middle panel of animated Fig. 2
e present the eccentricity evolution for each of our 286 models; as

n Fig. 1 , we are presenting the evolution of the mean eccentricity
f all particles remaining in the simulations. For models with GP
asses less than � 80 M ⊕, we can see that the eccentricities keep

ncreasing o v er the whole duration of most of the simulations;
ll models slow down with time, but for models with GP masses
etween ∼30 and ∼80 M ⊕, there seem to be two phases: first, a fast
ncrease and then they reach a plateau with very little increase in
ccentricity thereafter; the change between these two phases occurs 
ooner and at a lower average eccentricity for the more massive
Ps, and will likely occur even at GP masses less than 30 M ⊕,
ut it probably requires more than 1 Gyr for the same to happen,
hile for 80 M ⊕, it only requires approximately 100 Myr. For the
ost massive GPs ( � 100 M ⊕), a third phase appears, after the fast

ncrease, and before the plateau, a moderately fast decrease occurs 
ue to the rapid ejection of the most eccentric objects; again the
volution is faster for more massive GPs, this new phase seems
o be most pronounced for our 223 M ⊕ models, but perhaps with
maller time-steps, it might be even more important for the 316 M ⊕
P. Finally, models with GPs more massive than 220 M ⊕ seem to

each saturation, perhaps even a small decline, near the end of the
imulations. 

Regarding the effect of the disc mass on the o v erall eccentricity, we
nd that, for a given time and GP mass, larger disc masses produce

arger mean eccentricities. 
We present the inclination evolution in the bottom panel of 

nimated Fig. 2 ; as for eccentricity, we are presenting the evolution
f the mean inclination of all particles remaining in the simulations.
ere, we show that the evolution of the inclinations is much

lower than for the eccentricities, in fact, the inclination for all
odels continues to rise until the end of the simulations. As with
MNRAS 520, 3218–3228 (2023) 
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Figure 2. Evolution of the survi v al fraction (top), mean eccentricity (middle), 
and inclination (bottom) of test particles in the discs. The different colours of 
the lines in the three panels indicate the mass of the GP in the models. The 
initial debris disc mass in the models is represented by the thickness of each 
line, with thicker lines corresponding to more massive discs (pale lines in the 
still frames, all but the last frame in the animated figures). The thickest lines 
in the still frames (and those of the last animated frames) correspond to the 
average of all disc masses for any given GP mass. Animated versions of all 
panels can also be found at Figshare . 
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ccentricities, simulations with more massive discs tend to evolve
aster and have larger mean inclinations. 

In general, for very large GP masses, both eccentricity and
nclination show a mostly smooth evolution. This is related to the
NRAS 520, 3218–3228 (2023) 
ominance of the GP mass on the o v erall dynamics, as well as to
he number of particles quickly ejected from the system. This shows
 dependence in GP mass on the degree of stirring of the disc.
ery massive GPs become less efficient with time at heating the
iscs, and in fact, those discs cool off at later times, whereas less
assive GPs continually stir their discs throughout the time-scale

f the simulations. This effect can be explained through the ejection
fficiency of the GPs at different masses. High-mass GPs (top rows)
uickly excite and eject disc particles and DPs that stray into regions
f strong interaction with the GP, leaving a depleted but dynamically
old system in their w ak e. In contrast, low-mass GPs do very little
o stir the discs, but also very little to suppress stirring by the DPs
r to eject particles excited by DPs, leaving a well-populated but
ynamically hot system. 

.2 Evolution of DPs in the Discs 

e find that the evolution of massive DPs in the discs follows a
imilar trend to that of massless particles, but their self-stirring is
lightly less efficient, as shown in Fig. 3 (cf. Fig. 2 ). There, we present
nimations showing the evolution of the survival fraction (top panel),
ean eccentricities (middle panel), and mean inclinations (bottom

anel) for surviving DPs in the simulations as a function of time, in
he same scheme as for the test particles in the previous sub-section.

In the top panel of Fig. 3 , we see the surviving fraction of DPs
n each model system as a function of time. Again, consistent with
he analogous plot for test particles in Fig. 2 , we see that the DPs
re more efficiently remo v ed from the system with a more massive
P and a more massive disc. In the middle panel of Fig. 3 , we can

ee trends in the behaviour of the DPs can be delineated for models
ith dif ferent GP masses, follo wing the same general behaviour as

or the test particles. The models with the lo west GP masses, belo w
5 M ⊕, exhibit a rising mean eccentricity for the DPs up until the
nd point of our simulations. Models with GPs abo v e that, but below
0 M ⊕, again reach a plateau, and have a slow increase, but this time
he y hav e an ob vious maximum before having a slow decrease in
ccentricity at some point between 400 Myr and 1 Gyr. The time at
hich the highest value occurs, and its value are both dependent on

he GP mass; more massive GPs have their maxima at earlier times
nd with lower mean eccentricity values. This is again a result of the
ncreasing strength of interaction for DPs that more closely approach
he GP. Furthermore, we see that o v erall the mean eccentricity of
he DPs is lower than that of test particles. For models with GPs
 60 M ⊕, we again observe a third phase of evolution, in the first a

apid increase in mean eccentricity occurs, quickly reaching a peak
ithin the first 200 Myr which is faster for more massive GPs; after

his, follows a decline, also faster the more massive the GP; finally,
fter the decline, a slow increment begins again until reaching an
pproximate steady state by the end of the simulations. 

The maximum values of the average mean eccentricity for the
odels remain below � 0.35 for DPs (cf. 0.55 for test particles,
hich continue growing for the lowest mass GP models), with an

pparent saturation limit at this value independently of GP mass. We
an also see that the behaviour of the lines in Fig. 3 is noisier than in
he case of test particles (Fig. 2 ), this is because the DP population
s 10 times less numerous than the particles. We would expect this
o also be true for any real disc since the number of DPs containing
 substantial amount of the disc mass will al w ays be a minority
ompared to the total population (starting with the largest bodies,
hich are the most dynamically rele v ant). 
F or an y giv en GP mass, there is a trend of larger eccentricities

or larger disc masses. Ho we ver, there is an overall dispersion for
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https://figshare.com/projects/Mixed_Stirring_of_Debris_Discs/136118


Mixed stirring of debris discs 3223 

Figure 3. Same as Fig. 2 but for the evolution of the survi v al fraction (top), 
mean eccentricity (middle), and inclination (bottom) of DPs in the discs. 
The colour of the lines in both panels indicates the mass of the GP in the 
models, while line thickness represents the mass of the disc, with thicker lines 
corresponding to more massive discs (pale lines in the still frame, all but the 
last frame in the animated figure). The thickest lines in the still frame (and 
those of the last animated frame), correspond to the average of all disc masses 
for an y giv en GP mass. Animated v ersions of all panels can also be found at 
Figshare . 
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he evolution of each suite of simulations, and some individual 
imulations fall outside of the global trend e.g. the most massive 
iscs for the systems with 28 and 112 M ⊕ GPs lie well abo v e the
ther systems in their respective suites. These ‘outliers’ may be 
ttributed to stochastic events involving DP interactions or ejections 
nfluencing the o v erall evolution of that system. 

The evolution of the mean inclination for DPs in our models is
hown in the bottom panel of Fig. 3 . Again, we observe a similar
ehaviour to the one described abo v e for the test particles, finding
ower inclinations for larger GP masses, and also that the final
nclination values are consistently lower. In this case, almost all 
he systems show a monotonic rise in mean inclination o v er the
uration of the simulations with no turno v er. Only the most massive
P systems ( > 220 M ⊕) seem to reach a peak in their respective
ean inclination within the duration of the simulations. Systems 
ith lower mass GPs, M GP < 30 M ⊕, are not yet slowing down at

he end of the simulations. We also find that, for a given GP mass,
ore massive discs will produce larger mean inclinations. Overall, 

he greatest inclination values lie below 30 ◦ for the DPs, regardless
f GP mass, and take longer to undergo the same relativ e de gree of
xcitation, as compared to the test particles in the same systems that
an reach values close to 45 ◦. 

.3 Evolution of the Discs as a Whole 

o better understand the evolution of discs as complete systems, 
ontaining both massive and massless particles, as well as the 
elationship between the two, we begin by comparing the final 
alues of the mean orbital parameters and survival fractions of test
articles and DPs. In Fig. 4 , we show the final distribution of mean
ccentricities (left-hand panel), mean inclinations (middle panel), 
nd survi v al fractions (right-hand panel), of both populations, for all
86 systems; the different colours indicate the mass of the GP in that
ystem, while the size of the dots represents the initial mass of the
orresponding debris disc. 

In the left-hand and middle panels of Fig. 4 we see that for both
ean eccentricity and inclination, the distribution of final values 

emains abo v e the identity line (indicated by the solid black line)
xcept for one outlier case in eccentricity which corresponds to one
f the models with the most massive GP. We can see that the final
onditions for all models closely follow a straight line. A comparison
f the corresponding panels in Fig. 2 and 3 , shows that massless
articles are more easily disturbed than DPs (as seen in Fig. 4 ); it
an also be seen that the evolution of the eccentricity is much less
ass dependent than that of the inclination. We applied a linear fit in

oth cases (dashed black lines in the left-hand and middle panels of
ig. 4 ) to quantify how efficient the stirring of test particles is when
ompared to that of massive DPs. The best fit for the models in the
ccentricity panel is given by < e particles > = 1.366 < e DPs > + 0.004
nd for the final inclination < i particles > = 1.916 < i DPs > −2.602 ◦;
hese fits show that the stirring of test particles is more efficient
han that of DPs by factors of 1.366 for eccentricity and 1.916 for
nclination. Both of these fits lie close to the grey star representing
he initial conditions of all the distributions. 

As in Figs 2 and 3 , 4 shows that the more massive discs (larger
ots) are more efficient at stirring their particles than less massive
nes (smaller dots) but that more massive GPs have a stabilizing
ffect on the discs after a quick removal of the initially unstable
inor bodies (both DPs and test particles); this comes about because
assive GPs will tend to eject particles that pass close to them,
hereas lighter GPs will perturb their orbits without ejecting them 

rom the system. 
The final distribution of survi v al fractions (right-hand panel of

ig. 4 ) remains below the identity line, illustrating the greater
ifficulty for a planet in ejecting massive objects (DPs) than massless
nes (test particles). A strong dependence on GP mass is observed in
MNRAS 520, 3218–3228 (2023) 
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Figure 4. Comparison of the final mean orbital parameters and survi v al fractions of DPs versus test particles. The left-hand panel shows the distribution of 
mean eccentricities, the middle panel for mean inclinations, and the right-hand panel for survi v al fractions. The colours indicate the mass of the GP in the 
system, while the size of the dot represents the initial mass of the debris disc. The identity is indicated by the solid black line, while best fits are indicated by 
dashed black lines. Linear fits were done for both eccentricity and inclination, while a third-order polynomial was fitted to the survi v al fraction. The grey star in 
each panel represents the initial conditions of our systems. 
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he final survi v al rate for both populations of minor bodies, demon-
trating the efficiency of ejection. We find the relationship between
he surviving fractions ( SF particles and SF DPs ) is best represented by a
rd order polynomial of the form: 

F particles = 0 . 932 SF DPs 
3 − 0 . 703 SF DPs 

2 (1) 

+ 0 . 746 SF DPs − 0 . 031 . 

s with eccentricity and inclination, extrapolation of this trend
owards the less perturbed discs leads to the grey star representing
he initial conditions; for survi v al fractions, there is also an obvious
xtrapolation to more violent systems and we find that our trend
eads toward the (0,0) point where all particles would be ejected.
he scatter of simulations around this trend line is generally more
ronounced for the systems with higher GP masses (in the survi v al of
oth test particles and DPs). This is to be expected as it is interactions
ith the GP in each system that will dominate the removal of smaller
odies (either by collision or ejection). We find that the number of
est particles remo v ed by collisions remains approximately constant
 v er the simulation grid, comprising about 2 per cent of the particles
 v er the duration of each model run. By contrast, the number of
jection events is strongly correlated with the GP mass, with removals
nitially about 5 per cent , and swiftly becoming greater by an order
f magnitude or more with up to 95 per cent during a model run.
s the GP mass decreases so too does the ejection efficiency, and

hey will only dynamically heat their companion discs rather than
eplete them. This leads to a lower dispersion in the survi v al of DPs,
ut a comparable scatter in test particle ejection. The most massive
Ps exhibit the tightest correlation with the observed trend. In these

imulations, the GP rapidly stirs and depletes the disc (cf. Fig. 2 ) and
f any minor body subsequently migrates into the perturbation region
f the GP, it is swiftly remo v ed. 
The most massive discs in the simulations for a given GP mass tend

o lie below the trend line identified by equation ( 1 ). This indicates
e gre gation by disc mass within the distribution of surviving minor
odies, where the more massive (initial) discs are more depleted
n both test particles and DPs for a given GP mass. This is the
atural consequence of greater dynamical stirring by more massive
ndividual DPs within the more massive disc for a given system,
eading to particles (and DPs) passing into close interaction with
he GPs. This tendency weakens and breaks down as the GP mass
NRAS 520, 3218–3228 (2023) 
ecreases, representing the decreasing capacity of the GP to deplete
ass from the disc. 
Most of the analysis of Sections 3.1 and 3.2 is focused on the

oint of view of the models, this is: we are classifying each model
ccording to its initial conditions. Ho we ver, this is not directly
pplicable to observations. From an observational point of view,
t is more interesting to characterize a model according to its current
arameters, and while the GP mass will not change, the disc mass will
hange with the ejection of DPs. Therefore, similar to the animated
ig. 2 , in the animated version of Fig. 5 , we show the time evolution of
ur 286 models by plotting the survi v al fractions, mean eccentricities,
nd mean inclinations of surviving particles at each time-step, as a
unction of the evolving mass of the disc, instead of its initial mass. 

In the top panel of Fig. 5 , we show the survival fraction of test
articles, where each snapshot corresponds to a 10 Myr evolution.
he colour of each circle indicates the particle survi v al fraction
resent in each disc at that time, with darker colours representing
 lower survival fraction. 

We can see that the evolution of the survi v al rate is fastest for the
ost massive GP and (initial) disc mass combinations, with more

han 50 per cent depletion of those discs occurring within the first
ew tens of Myr; in the same time frame, barely any ejections have
ccurred amongst the lower mass systems. By 100 Myr, systems with
P masses greater than 60 M ⊕ have experienced substantial ejection,

osing up to half the particles (but not necessarily half their mass),
hereas systems below that have yet to experience any substantial

jections. At the 500 Myr point, the most massive systems have lost
p to 90 per cent of their initial particles and only the least massive
P/disc systems are untouched by ejections. Beyond this time up to
 Gyr, the o v erall picture remains constant and the systems’ evolution
s more gradual. 

If we focus on a fixed small area of the grid, instead of following
he evolution of individual coloured circles, the behaviour of the
urvi v al fraction in that region becomes even more extreme, e.g.
or a disc mass of ∼7 M ⊕, the difference in survi v al fraction goes
rom ≈ 90 per cent (at low GP masses) to ≈ 10 per cent (at high GM
asses) during the 1 Gyr simulation. 
In the same sense, one should look at the animated middle panel

f Fig. 5 , following the eccentricity evolution, as we looked at the
nimated top panel, i.e. we should focus on an area and not let our
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Figure 5. Animated figures illustrating the surviving fraction of test particles 
(top), mean eccentricity (middle), and mean inclination (bottom) as a function 
of the evolving disc mass versus GP mass. The time-step is in increments of 
10 Myr. Animated versions of all panels can also be found at Figshare . 
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yes drift away from it; by looking at a column centred at around
10 M ⊕, we see that the eccentricity slowly rises with time; after the
rst few time-steps, the most eccentric models were those with a GP
ass of ∼200 M ⊕, but with time, this maximum went all the way

own to 10 M ⊕ (although this took the best part of the 1 Gyr of our
imulations). Another thing to note is that, while many individual dots 
each saturation within our simulations, by looking at a fixed area, we
ee that it keeps on evolving, mostly because simulations with more 
assive initial discs keep passing through our observation area (akin 

o the difference between Eulerian versus Lagrangian evolution). By 
he end of our simulation, we find that there is a triangular region,
n the lower right of the plot, that is mostly saturated with mean
ccentricities ∼0.6. This is quite extreme for discs that were initially 
ynamically cold with < e 0 > = 0.025, a ∼25 fold increase. 
Finally, for the bottom panel of the animated Fig. 5 , following the

nclination evolution, we observe that the evolution of inclination 
s slower than for eccentricity. After ∼100 Myr the inclination 
s mostly homogeneous with only the most massive disc models 
howing signs of a significant stirring. During the next hundreds of

yr, a differentiation in the level of stirring becomes evident for
ndividual columns, which seem to have uniform colours evolving 
n time, i.e. the excitation level for the inclination is more clearly
ependent on the remaining debris disc mass than on the initial
isc mass or the GP mass. At the end of the simulations, the
aximum stirring has occurred for the most massive debris discs 

nd the least massi ve GPs, ho we ver, since the ejection fraction
rows with GP mass, as time passes, what would be an equally
xcited component in our most massive GP models has already been
epleted. 
A skewed initial grid (rather than the rectangular one, we con-

idered here), with more massive debris discs for the more massive
P systems, might fill in some of this depleted parameter space.
o we ver, as the disc evolution time-scale decreases with increasing
isc mass, the observed regions of parameter space that are vacated
n our simulations are necessarily void given the duration of the
imulations. In this sense, the structure we observe in our grid at
 Gyr is not fixed; longer integration would necessarily drive all the
ystems to lower disc masses, leading to a more pronounced ‘gap’
n the top right of these plots. This diagram therefore provides some
onstraints on the evolutionary pathway undertaken by observed 
ebris discs with the constraints of the stellar age and inferred disc
ass. 

.4 Evolution of GPs 

esides the evolution of the debris disc systems as a whole, the
Ps in our models experience modifications to their initial orbital 
arameters; this is due to the interactions between the GP and massive
Ps, which results in the interchange of angular momentum that leads

o an o v erall increase in their eccentricity and ultimately to ejections
f some DPs. Although small in most cases, the orbital perturbations
xperienced by some of the GPs in our models can be significant;
pecifically: large inward orbital drifts, of up to 10 au, are observed
n systems with the less massive GPs and the most massive debris
iscs, i.e. in those systems with the largest mass ratio, as given by
 DD / M GP . 
In Fig. 6 , we only show the final distribution, in logarithmic values,

or the eccentricities (left-hand panel), inclinations (middle panel), 
nd semimajor axis changes (right-hand panel) of the GPs in our 286
odels, as a function of the logarithm of the mass ratio of the system.

n log–log space, those three distributions can be well described by
inear fits. 

At the end of the simulations, we found that most of our GPs would
e considered to have remained in cold orbits (only 3, out of 286,
ave e > 0.1, while only 5 have i > 5 ◦); ho we ver, about 30 per cent
f the GPs in our simulations have lost a significant fraction of their
ngular momentum, having a noticeable decrease in their semimajor 
xis by the 1 Gyr mark, a < 0.9 a 0 . 

At any point during the simulations, the three distributions ( e , i ,
nd | � a | / a 0 ) can be well described by linear fits that slowly evolve
ith time, with both the absolute value as well as the mass fraction
ependence slowly increasing. By fitting all simulations at 100 Myr 
ntervals, and subsequently fitting a time dependence to the linear 
ts we obtain: 

og 10 ( e GP ) = 0 . 3383 
(

T 
Myr 

)0 . 1005 
log 10 ( M DD /M GP ) 

+ 0 . 2061 log 10 

(
T 

Myr 

)
− 2 . 0871 , (2) 
MNRAS 520, 3218–3228 (2023) 
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Figure 6. Final orbital values for the GPs as a function of the mass ratio. The left-hand panel shows the distribution of final eccentricities, the middle panel for 
final inclinations, and the right-hand panel for final semimajor axes changes. As in Fig. 4 , the colours indicate the mass of the GP in the system, while the size 
of the dot indicates the initial mass of the debris disc. Linear fits in these Log–Log planes are indicated by the dashed lines (see the text for details). 
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og 10 ( i GP ) = 0 . 6454 
(

T 
Myr 

)0 . 0751 
log 10 ( M DD /M GP ) 

+ 0 . 3265 log 10 

(
T 

Myr 

)
− 0 . 9025 , (3) 

og 10 ( | �a | /a 0 ) = 0 . 3138 
(

T 
Myr 

)0 . 1281 
log 10 ( M DD /M GP ) 

+ 0 . 4582 log 10 

(
T 

Myr 

)
− 2 . 0646 , (4) 

or eccentricity, inclination, and semimajor axis change, respectively.

 DISCUSSION  

n this work, we did not focus on the sculpting process of the edges
f the discs, nor on the disc shapes; this is why we choose 10 Hill
adii as the inner edge of the discs and not 5 Hill radii as been done
lsewhere (e.g. Pearce & Wyatt 2014 ). We further assumed a GP in
 circular and planar orbit to minimize the impact of the planet on
he disc. We instead focused on the stirring process produced as a
esult of the interaction of the massive DPs embedded in the debris
iscs, but such a process was somewhat dominated by the presence
f the GP. We focused on determining the stirring levels as functions
f both the GP and debris disc masses (assuming the shapes and
isc edges are imprinted on the debris discs by the giant planetary
ompanion). 

Our model spans GP masses between 10 M ⊕ (approximately
0 per cent the mass of Neptune) and 316 M ⊕ (approximately the
ass of Jupiter); Pearce et al. ( 2022 ) estimate that Neptune to
aturn-mass planets are the minimum needed to stir most of their 178
odelled discs (though some needing Jupiter mass planets, assuming
aximum eccentricities of 0.3). Similarly, the range of disc masses in

his analysis, 3.16 to 31.6 M ⊕, are consistent with expectations based
n both observations and theoretical considerations (Mulders et al.
021 ; Krivov & Wyatt 2021 ). Several other studies predict larger
asses ( > 100 M ⊕) in order for debris discs to be self-stirred (e.g.
rivov & Booth 2018 ; Krivov & Wyatt 2021 ). None the less, in this
ork, we found that small masses in debris discs can result in large

tirring values, up to a 25-fold increase in the most extreme cases.
hus an efficient stirring is possible for small disc masses ( < 10 M ⊕),

f ever perhaps containing larger than expected perturbers, as some
f the DPs present in the most massive discs, we considered have
ssigned masses close to 1 M ⊕. 
NRAS 520, 3218–3228 (2023) 
Our massive objects are initially thought to be real ‘dwarf planets’
DPs), as long as we adopt the definition of DP as an object that has
ot cleared its neighbourhood from debris (yet). We could expect
assive debris discs (much more massive than our Kuiper belt) to

ontain more massive objects, though this is not necessarily true,
epending on planetary formation mechanisms, disc mass density,
tc. Recent studies on dust formation and excitation place limits to
he most massive objects present in massive debris discs to be around
 times the mass of Pluto. Based on spatially resolved observations
f the vertical scale heights of the debris discs around AU Mic and
Pic, the most massive bodies present in those discs could be up to

 × 10 −5 and 0.4 M ⊕, respectively (Daley et al. 2019 ; Matr ̀a et al.
019 ). Ho we ver, more massi ve objects might be present in debris
iscs (without leaving a piece of observational evidence, such as
umps or gaps), if we assume the mass range in planetesimals scales
inearly with the o v erall mass of the disc. 

Limiting the mass of the DPs to be similar to the mass of Pluto
ould diminish the stirring effect in both e and i . According to shorter
uration simulations ( t = 50 Myr) with 41, 100, and 250 DPs (and
10, 1 000, and 2 500 test particles) we ran as consistency checks,
his correction should be approximately a factor of 1.5, and definitely
ess than a factor of 2. 

Notably, by using MERCURY , the problem becomes computation-
lly intractable when considering more than a few hundred massive
Ps; new tools are required to expand the grid with a greater number
f DPs and particles, such as GPU-based simulations. We leave this
uestion open for future work. 
The main stage for excitation evolution in our simulations occurs

n time-scales of the order of a few and up to 100 Myr; while the
ime required for our systems to acquire their final configurations,
.e. reach their saturation levels, is of the order of 150 Myr to more
han 1 Gyr scales. These time-scales are similar to the ages of host
tars for many observed debris disc systems; thus, we would expect
hat many of the observed systems with similar physical parameters
s those co v ered in this w ork, w ould already be settled in their final
onfiguration, currently experiencing a quiet steady-state evolution. 

The time-scales derived here are a function of the chosen ar-
hitecture of the model, adopting a 1 M 
 star with a planetary
ompanion at 30 au and a Kuiper belt-like disc beyond that. Ho we ver,
he evolutionary time-scales can be easily scaled for different stellar

asses or disc semimajor axes, as the dynamics should be self-
imilar, provided physical collisions are a negligible cause of removal
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f bodies. For a different central star mass, all the masses should scale
roportional to the new stellar mass, and the time-scales should be 
odified as the inverse of the square root of the mass; for a different
P orbital radius, the masses should not be modified, and the time-

cales should be modified as the mass to the −3/2 power. For the Vega
ystem, with a stellar mass ∼2 M 
 and a planetesimal belt around
00 au (Matr ̀a et al. 2020 ; Marshall et al. 2022 ), the equi v alent time-
cale would be nearly three times longer than the evolution of the
odels considered here (depending on the exact location of the GP 

sed in Vega). 
A debris disc is the result of a collisional cascade within a plan-

tesimal belt triggered by dynamical excitation, either intrinsically 
y the largest planetesimals within the belt (Krivov & Booth 2018 )
r extrinsically by an external perturber (e.g. Mustill & Wyatt 2009 ).
he range of relative velocities among planetesimals, required to 

rigger the onset of the collisional cascade, is typically estimated 
s 100 to 300 m s −1 (e.g. Kenyon & Bromley 2001 ). On the other
and, such relative velocities can be estimated from the average 
rbital parameters of the dust-producing small objects in the discs, 
s V rel = V K 

√ 

1 . 25 e 2 + I 2 , where V K is the Keplerian velocity at
he distance a from the star (Lissauer & Stewart 1993 ; Wyatt &
ent 2002 ). Krivov & Booth ( 2018 ) argued though, that the average

nclinations are not terribly important when determining the relative 
elocities among planetesimals, since eccentricities grow much faster 
han inclinations in debris disc models. Thus, one can simply estimate
he relative velocities from the root mean square eccentricity of the 
lanetesimals as V rel = V K 

√ 

〈 e 2 〉 . In any case, an estimation of such
elativ e v elocities in all of our models sho ws that v alues close to
 km s −1 are quickly reached, in less than 10 Myr, regardless of
he initial debris disc mass or the GP mass of the model. Indeed,
elocities of collisions within the belt modeled here, range from 

250 to ∼2000 m s −1 , therefore locating themselves safely on the
ide of a collisional cascade capable of producing dust. 

A population of planetesimals on eccentric orbits within a debris 
isc would produce a halo of millimetre dust grains. Such structures
ave been identified in ALMA observations of several systems, 
ncluding HR 8799 (Geiler et al. 2019 ), HD 32997 and HD 61005
MacGregor et al. 2018 ). The typical eccentricity of dust grains
ithin debris discs inferred from their spatially resolved belts lies in 

he range 0.1 to 0.3 (based on 11 discs, see fig. 9 of Marino 2021 ); this
evel of eccentricity is consistent with the mean eccentricity induced 
y the dwarf planets in this set of simulations. 

 SUMMARY  A N D  C O N C L U S I O N S  

n this work, we performed a suite of 286 numerical simula-
ions to explore the stirring effects that a combination of giant 
nd dwarf planetary perturbations would have on the long-term 

volution of initially cold debris disc models. Our systems are 
ormed by a solar mass star, a giant planet initially located at
0 au in a circular and planar orbit, and 100 massive dwarf plan-
ts embedded in a disc described by 1000 test particles. The 
rbital distribution of the discs was drawn randomly for small 
alues of eccentricity (between 0 and 0.05) and inclination (be- 
ween 0 ◦ and 5 ◦). We initially located the inner edge of our
iscs at 10 Hill radii from the GP, with a total width of 30 au.
ur 1 Gyr long simulations take into account the perturbations 

rom the GP and the DPs o v er test particles and among them-
elves. 

The evolution time-scale for the eccentricity and inclination 
epends mostly on GP mass, where the simulations with more 
assi ve GPs e volved faster than those with less massive GPs.
n the other hand, the limit to the heating depends on both GP mass

nd disc mass, with large disc masses and small GP masses being
ble to heat the disc more than simulations with light discs and/or
eavy GPs. Part of the reason why massive GPs are less efficient at
eating the disc is their tendency of ejecting ‘warm’ particles before
hey can get extreme values of either eccentricity or inclination. 

In all models, the mean inclination rises quickly (or at least
elatively quickly) before slowing down, only the most massive GPs 
eem to be able to le vel of f before the 1 Gyr mark. The eccentricity
volves faster with many of the simulations reaching a plateau 
efore the end of the simulation. Very massive GPs heat their discs
ery quickly which then slowly cool down by ejecting the more
xcited particles. The effect on the eccentricity is larger than for the
nclination. 

Massless particles, which in real systems could be considered as 
he less massive members of the discs, such as cometary nucleii,
re more mobile than massive objects (DPs), therefore they become 
hotter’, i.e. more eccentric, more inclined, and are easier to be
jected (the y hav e a poorer survi v al rate). None the less, DPs reach
ignificant stirring levels as well and have only slightly better chances
f survi v al than test particles. 
The values of both eccentricity and inclination for test particles at

 given time have a better correlation with the remaining mass of the
ebris discs than with the GP mass or the initial debris disc masses;
his is particularly evident for the inclination. 

GPs themselves are perturbed by their interactions with massive 
Ps, the most significant perturbations occur when the mass of the
isc is comparable to the mass of the GP. In such cases, a significant
nward migration of the GP takes place, of up to ∼10 au, leaving a
tirred disc that is not able to cool off by ejecting ‘warm’ particles,
ith a far away GP closer to its star. 
The masses in debris discs explored in this work, and specif-

cally their evolving remaining masses, are indeed very small 
hen compared to those expected to be able to stir the disc
y the self-stirring scenarios (Krivov & Wyatt 2021 ; Krivov &
ooth 2018 ), but here we highlight the fact that even with such

mall masses, which involve a small number of massive per- 
urbers (100 DPs initially), and perhaps more importantly, not-so- 

assive objects, are capable of increasing in an important per cent,
hile acting together with the GP, the eccentricities, and incli- 
ations of debris disc particles. This result is similar to the en-
ancement of cometary production in the Kuiper belt found by 
u ̃ noz-Guti ́errez et al. ( 2019 ) and could have additional impli-

ations for the production of exocomets in extrasolar planetary 
ystems. 

Taking everything into account, we have found that a combination 
f perturbers, consisting of embedded dwarf and external giant 
lanetary masses, is in general more efficient in the stirring of cold
ebris discs than one or the other mechanism acting independently. 
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