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ABSTRACT 
Internal replacement pipe (IRP) is an innovative trenchless technology for the rehabilitation of legacy 
steel and cast-iron pipelines. This advanced IRP system must be properly designed so that it can safely 
and effectively restore the service of damaged pipelines. This paper studies the axial behaviour of IRP 
systems for repairing pipelines with circumferential host-pipe discontinuities under seasonal and 
extreme levels of temperature change. Analytical solutions along with a total of 270 linear and nonlin-
ear finite element (FE) simulations, validated against experimental results and available closed-form 
solutions, were used for a parametric study on the effects of geometrical and material properties on 
axial stresses and deformations of IRP systems subjected to temperature change. Effects of the internal 
pressure, material and geometric nonlinearities, and different modes of IRP-host pipe unbonding were 
also investigated. An analytical model was developed for the prediction of temperature change 
induced loading and response of the IRP system. Using the results obtained from a comprehensive FE- 
based parametric study, three modification factors were extracted for the application to the developed 
analytical model in order to accurately predict the maximum axial stress of IRP and the opening of a 
circumferential host-pipe discontinuity subjected to various levels of temperature change.
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1. Introduction

Pipelines play a vital role in satisfying the increasing global 
need for natural gas, recognized for its cleaner combustion 
compared to coal and oil. Therefore, maintaining the oper-
ational safety and reliability of this infrastructure is essential 
to ensure that natural gas remains a significant component 
of the global energy blend. Although gas pipelines provide a 
safe and reliable means of transporting natural gas from 
production sites to distribution networks and end users, 
they may experience damage over time because of a variety 
of actions, such as wear and tear (Shou & Chen, 2018), cor-
rosion (Wang, Teh, & Li, 2022; Xiang & Zhou, 2020), and 
external forces such as earthquakes or landslides 
(Garmabaki, Marklund, Thaduri, Hedstr€om, & Kumar, 
2020). To address these issues, pipeline operators often 
engage in rehabilitation efforts that are designed to identify 
and address potential problems before they become more 
serious (Iqbal, Tesfamariam, Haider, & Sadiq, 2017).

Trenchless methods for the rehabilitation of pipelines are 
techniques that allow for the repair or replacement of pipe-
lines without the need for extensive excavation (Lu et al., 
2020a; Xin, 2014). These methods offer several advantages 
over traditional excavation-based methods including reduced 

disruption to the surrounding environment especially in 
densely inhabited regions (Lueke & Ariaratnam, 2001), 
quicker completion durations, and reduced overall expenses 
(Francom, El Asmar, & Ariaratnam, 2014; Jeyapalan, 2000; 
Li et al., 2023). Additionally, they can often be used to 
rehabilitate pipelines in difficult-to-reach areas or locations 
with limited access (Chin & Lee, 2005), making them a 
valuable tool for pipeline operators and municipalities seek-
ing to maintain their infrastructure in a cost-effective and 
environmentally sustainable way (Fuselli, Huber, & 
Mambretti, 2022; Jung & Sinha, 2007).

Over the past few years, there have been significant 
advancements in trenchless repair technologies, especially 
with the implementation of internal replacement pipe (IRP) 
systems made of metallic components, polymers, and com-
posite materials (Fu et al., 2022; Yu, Kim, Hwang, & Lee, 
2008). The utilization of IRP has great potential as a trench-
less approach for the rehabilitation of legacy bare-steel and 
cast-iron pipelines. Yet, the absence of established design 
procedures and standards for these technologies restricts 
their application in gas pipelines. Hence, it is imperative to 
investigate the structural performance of emerging IRP sys-
tems under applied loads and devise efficient designs to 
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utilize them as internal repair systems for gas pipeline 
rehabilitation.

Nine major performance objectives have been identified 
by Dixon et al. (2023b) for the effective design of legacy gas 
pipelines with pipe-in-pipe (PIP) repair technology: cyclic 
surface load during service (Ha, Lee, & Kang, 2016; Wang, 
Wang, Xu, Zhong, & Li, 2019), lateral deformation (Kiriella 
et al., 2023), puncture/impact (Tafsirojjaman et al., 2022), 
ovalisation (Vasilikis & Karamanos, 2012), axial deformation 
(Argyrou, Bouziou, O’Rourke, & Stewart, 2018), hoop stress 
(Tien et al., 2023), suitability for both present and forthcom-
ing fluid compositions (Nuruddin et al., 2020), debonding at 
the interface between PIP and host pipe (O’Rourke et al., 
2021), and service connections (Adebola, Moore, & Hoult, 
2021). As outlined in this state-of-the-art review, a potential 
failure mode in pipelines and IRP systems is attributed to 
excessive thermal strains and the resultant stresses. In 2006, 
BP had to close sections of its Prudhoe Bay Pipeline in 
Alaska due to severe damage from excessive thermal strains, 
resulting in cracks and leaks (PHMSA, 2019). Subsequently, 
in 2021, the Colonial Pipeline faced closure following a 
cyber-attack. Upon restarting, the pipeline encountered a 
mechanical breakdown due to thermal expansion and con-
traction, triggering another shutdown that caused fuel short-
ages and price surges across multiple states (Bing & Kelly, 
2021). Despite the critical need for safe design against ther-
mal load-induced failures, research in this area is severely 
limited, and a comprehensive study addressing the structural 
challenges and design requisites of IRP systems against ther-
mal actions is currently lacking in the literature.

Jeon, O’Rourke, and Neravali (2004) and Stewart, 
Weinberg, Berger, and Strait (2019) have devised a series of 
closed-form solutions for estimating crack opening in a 
cast-iron pipe undergoing rehabilitation with an internal 
pipe repair system under negative temperature variations. 
While these analytical formulations are beneficial for 
straightforward conservative assessments, they come with 
several constraints if a more accurate depiction of the sys-
tem is desired. These formulations do not account for fac-
tors such as the stiffness of internal pipe, material 
nonlinearities, pipeline internal pressure, and thermal con-
traction/expansion of the repair pipe, all of which can influ-
ence crack opening and the axial behaviour of the repair 
system.

Dixon et al. (2023a) have employed an analytical method 
to predict potential levels of axial deformation. Their ana-
lysis centres on movement at a discontinuity, resembling a 
weak joint or circumferential crack in the host pipe, bridged 
by a rehabilitative internal pipe. They have derived closed- 
form equations for induced force and crack opening dis-
placement. These formulations incorporate the effects of soil 
friction, as well as the stiffness and thermal contraction/ 
expansion of the internal pipe. However, they do not 
account for the influence of material nonlinearities, stress 
concentrations, pipeline internal pressure, or variations in 
displacement along the thickness of both the internal repair 
pipe and the host pipe.

Bokaian (2004) formulated a comprehensive mathematical 
model to predict the thermal expansion of pipe-in-pipe and 
bundle systems commonly utilized in the offshore oil and gas 
industry. The objective was to determine displacements and 
forces on bulkheads, as well as axial loads within the inner 
pipe. However, this study assumed no discontinuities along 
the pipeline, limiting its applicability to gas distribution pipe-
lines. Lu et al. (2020b) conducted a series of finite element 
(FE) stress analyses on urban gas pipelines repaired using the 
inserted hose lining method. However, their study did not 
address the effects of temperature fluctuations and disconti-
nuities in the host pipe on the axial behaviour of the system. 
Tafsirojjaman et al. (2022) investigated the failure modes of 
pipe-in-pipe repair systems for water and gas pipelines. Their 
research primarily focused on the behaviour of the repair 
system alone, without considering the influence of host pipe 
properties, material nonlinearities, or potential circumferen-
tial discontinuities in the thermal analysis.

When temperature falls below freezing, moisture in the 
soil can freeze and expand, resulting in frost load. This frost 
load can exert significant bending forces on the pipe. 
Kiriella et al. (2023) investigated the lateral deformation 
behaviour of IRP systems subjected to flexural loading. 
Their study yielded valuable insights into the response of 
IRP systems to bending loads such as frost-induced forces. 
They observed that the lateral deformation behaviour of an 
IRP system with a narrow circumferential discontinuity in 
the host pipe is primarily influenced by the host pipe, 
whereas for a wide discontinuity, the behaviour is governed 
by the IRP itself. They found that both the strength and 
stiffness of the system decrease with increasing discontinuity 
width. Regardless of the discontinuity width, the failure 
mode consistently involved local outward buckling at the 
crown position of IRP between the edges of the discontinu-
ity. Additionally, they noted that increasing the thickness of 
IRP enhances the flexural capacity of the system, with a 
nonlinear increase for systems with wide discontinuities and 
a linear increase for systems with narrow discontinuities. 
Moreover, they found that the thickness and elastic modulus 
of the IRP have a greater impact on the lateral deformation 
of systems with wider discontinuity widths.

Ahmadi et al. (2024) developed a set of semi-analytical 
expressions for the calculation of thermal stresses and dis-
placements of IRP systems. The effects of soil friction were 
incorporated in their models. However, the effects of the 
pipeline’s internal pressure and various modes of debonding 
at the interface between the host pipe and IRP were not 
covered in their study. In addition, their research work did 
not include the statistical analysis of stress concentration 
factors (SCFs) in IRP systems.

The above discussion indicates that the axial behaviour 
of IRP system subjected to various levels of temperature 
change have not been thoroughly investigated; especially for 
cases in which there is a discontinuity along the pipeline 
(Figure 1). Three main categories of circumferential discon-
tinuity may be identified in a host pipe (Figure 2): a circum-
ferential fracture because of impact, fatigue crack 
propagation, and weld failure (Type I), a circumferential 
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discontinuity at bell and spigot joints (Type II), and a cir-
cumferential discontinuity because of the removal of a sig-
nificant portion of host pipe due to aging (Type III). For all 
these categories, IRP must be properly designed so that it 
performs satisfactorily in service.

This paper studies analytically and numerically the axial 
behaviour of IRP systems used for repairing pipelines with 
circumferential host-pipe discontinuities under seasonal and 
extreme levels of temperature change. Five major phases 
were implemented to achieve this objective. In Phase I, an 
analytical solution was developed for the prediction of load-
ing and axial response of a mechanical model for an IRP 
system used in a host pipe with circumferential discontinu-
ity subjected to a seasonal level of temperature change. 
Afterwards, in Phase II, parametric stress analyses were con-
ducted on 134 FE models of IRP systems with a circumfer-
ential discontinuity subjected to axial load. FE models were 
verified against experimental results and closed-form solu-
tions. Numerical results were then utilized to investigate the 
effects of geometrical parameters and material properties on 
the axial displacements and stresses of the system subjected 

to seasonal temperature changes. In Phase III, based on the 
results of FE analysis, three modification factors were 
extracted for the application to the developed analytical 
model to accurately predict the maximum axial stress of 
IRP and the opening of a circumferential host-pipe discon-
tinuity subjected to various levels of temperature change.

These modification factors are capable of taking three 
important aspects of the system’s axial response into account: 
stress concentrations at the edge of circumferential discontinu-
ity, nonuniform stress distribution along the thickness of IRP, 
and variations in displacement along the thickness of host pipe 
and IRP. Then, in Phase IV, 87 linear and nonlinear FE simu-
lations were conducted and the results were utilized to investi-
gate the effects of material nonlinearities and pipeline internal 
pressure on the axial displacements and stresses of the system 
due to seasonal and extreme temperature variations. Finally in 
Phase V, 49 linear/nonlinear FE stress analyses were carried 
out to study the effects of the presence of an unbonded seg-
ment at the interface between IRP and host pipe on the axial 
response of the system due to seasonal and extreme tempera-
ture changes. Results extracted from the analytical and 

Figure 1. Geometrical notation for an IRP system with a circumferential host pipe discontinuity.

Figure 2. Three major types of circumferential discontinuity in legacy gas pipelines.
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numerical models developed in this research will assist design-
ers and developers in providing efficient and safe IRP systems 
urgently needed in pipeline industry.

It should be noted that depending on the material of the 
pipe, conditions of the surrounding soil, and stresses applied 
to the pipeline, both longitudinal and circumferential cracks 
may occur. Since in many cases, circumferential cracks tend 
to be more common than longitudinal cracks in buried 
pipelines, the present research is only focused on the cir-
cumferential cracks. It is also worth mentioning here that 
the effects of radial stresses due to temperature change are 
not included in this study, because subjected to temperature 
change, radial displacements in the pipeline and IRP system 
are relatively small compared to axial displacements (Jeon 
et al., 2004). Hence, generated radial stresses due to possible 
restriction of radial contraction/expansion would be small 
compared to axial thermal stresses (Stewart et al., 2019). 
This implies that the contributions of radial stresses and dis-
placements into the maximum stress of IRP and opening of 
host-pipe discontinuity should be minimal.

2. Methodology

2.1. Formulating the maximum axial stress of IRP due 
to temperature variations

2.1.1. Analytical formulation of an equivalent mechanical 
load for the simulation of thermal action
A compound section comprising both the host pipe and IRP 
is examined, featuring a circumferential discontinuity in the 
host pipe at the midspan. The pipe’s length comprises three 
segments: a ‘discontinuity’ segment (Segment 2) containing 
only the IRP section, and two ‘compound’ segments (Segments 
1 and 3) flanking the discontinuity segment. These compound 
segments include both the IRP and host pipe sections (refer to 
Figure 3). In such a compound section, even when axial 
deformation is unrestricted, a uniform temperature variation 
can still induce axial stresses in the pipe. This arises from dif-
ferences in the coefficients of thermal expansion (CTE), which 
are material properties distinct for IRP and host pipe. The 
focal point of interest in this section is the tensile force per 
unit area of the compound section (fT). This force is to be 
applied at the free end of the pipe in the mechanical model 
depicted in Figure 3, to replicate the axial response of the sys-
tem to temperature changes.

Assuming that the material behaviour is linear and host 
pipe and IRP are fully bonded, the total axial deformation 
of the system (dT) subjected to temperature change (DT) is 
calculated as follows:

dT ¼
X3

i¼1
di ¼ aC

L − c
2

� �

DT þ aIcDT þ aC
L − c

2

� �

DT

(1) 

where L is the pipe’s total length; c is the discontinuity 
width; aI is the CTE of IRP; and aC is the equivalent CTE 
of the compound section which can be obtained from 
Equation (2). For the derivation of aC, refer to Ahmadi 
et al. (2024):

aC ¼
EIAIaI þ EHAHaH

EIAI þ EHAH
(2) 

Based on Equation (2), Equation (1) is rewritten as fol-
lows:

dT ¼ DT aIcþ
EIAIaI þ EHAHaH

EIAI þ EHAH
L − cð Þ

� �

(3) 

In a mechanical model designed to be “equivalent”, the 
tensile force required at the free end of a compound section 
pipe to achieve an equivalent amount of axial deformation 
as when directly exposed to temperature change can be 
determined as follows:

FT ¼ dTkT ¼
dT

1
kT

;
1

kT
¼
X3

i¼1

1
ki
¼

L−c
2

� �

ECAC
þ

c
EIAI

þ
L−c

2

� �

ECAC

¼
L − c
ECAC

þ
c

EIAI
(4) 

where EC and AC are equivalent elastic modulus and area of 
cross section for the compound section, respectively. The 
term ECAC is calculated as a function of geometrical and 
material properties of host pipe and IRP as EIAI þ EHAH 
(see Ahmadi et al. (2024) for the derivation). Hence, the 
term 1=kT in Equation (4) is rewritten as follows:

1
kT
¼

L − c
EIAI þ EHAH

þ
c

EIAI
(5) 

Substitution of Equations (3) and (5) into Equation (4)
results in the following equation for the tensile load:

FT ¼
DT aIcþ EI AIaIþEH AHaH

EI AIþEHAH
L − cð Þ

h i

L−c
EI AIþEH AH

þ c
EI AI

(6) 

According to Equation (6), the tensile load per unit area 
of the cross-section (fT) required at the free end of a pipe 
with a circumferential host-pipe discontinuity in an 
“equivalent” mechanical model, to induce the same amount 
of axial deformation caused by temperature change, is 
obtained as follows:

fT ¼
FT

AC
¼

DT aIcþ EI AIaIþEH AHaH
EI AIþEH AH

L − cð Þ
h i

L−c
EI AIþEH AH

þ c
EI AI

h i
AI þ AHð Þ

(7) 

2.1.2. Transfer function for the IRP’s nominal axial stress
Nominal axial stress of IRP at the discontinuity segment, 
rnð ÞI , is formulated in terms of the tensile force per unit area 

of the compound section (fT in Equation (7)) as follows:

rnð ÞI ¼ kðDoH , tH , tIÞ � fT (8) 

where k is a transfer function that is a function of host 
pipe’s outer diameter (DoH), host pipe’s wall thickness (tH), 

Figure 3. Schematic representation of an IRP system with a host-pipe discon-
tinuity subjected to the axial force.
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and IRP’s wall thickness (tI) as follows (for derivation, refer 
to Appendix):

k ¼
D2

oH − DoH − 2tH − 2tIð Þ
2

DoH − 2tHð Þ
2 − DoH − 2tH − 2tIð Þ

2 (9) 

2.1.3. Average value of axial stress along the wall thick-
ness of IRP
Average values of axial stress along the wall thickness of 
IRP, rað ÞI , were extracted from linear FE stress analyses 
carried out on 134 models with different material and geo-
metrical properties. Values of axial stress were obtained 
from the midsection of the discontinuity segment. 
Afterwards, a parameter driven based on FE results was 
defined (g) to transform the nominal values of axial stress 
in IRP at the discontinuity segment, rnð ÞI , to the rað ÞI val-
ues as follows:

rað ÞI ¼ g rnð ÞI (10) 

2.1.4. Hot-spot stress (HSS) in IRP
After obtaining the average value of axial stress along the 
thickness of IRP, IRP’s HSS in the discontinuity segment is 
calculated as follows:

rhsð ÞI ¼ SCF� rað ÞI (11) 

in which, SCF denotes the stress concentration factor which 
needs to be determined from linear elastic FE analyses. The 
procedure for extracting SCFs from the FE models is elabo-
rated in Section 2.3.3. The HSS is regarded as the indicative 
value for the peak axial stress within the discontinuity seg-
ment, serving as a basis for fatigue analysis of IRP systems. 
This HSS-based approach aligns with methodologies 
employed by well-known design codes like the American 
Petroleum Institute (API) (2007) and Det Norske Veritas 
(2005) for the fatigue assessment of tubular joints.

2.1.5. Final expression for the description of IRP’s max-
imum axial stress
Combining Equations (7) through (11) results in the subse-
quent expression for IRP’s hot-spot stress within the discon-
tinuity segment:

rhsð ÞI ¼ SCF � g �
D2

oH − DoH − 2tH − 2tIð Þ
2

DoH − 2tHð Þ
2 − DoH − 2tH − 2tIð Þ

2

�
aIcþ EI AIaIþEH AHaH

EI AIþEH AH
L − cð Þ

L−c
EI AIþEH AH

þ c
EI AI

h i
AI þ AHð Þ

� DT (12) 

where the values of SCF and g are specified based on the 
results of linear elastic FE stress analyses carried out on 134 
models having different material and geometrical 
characteristics.

2.2. Formulating the opening of discontinuity due to 
temperature variations

2.2.1. Analytical formulation of applicable axial displace-
ment for the simulation of thermal actions
Utilizing the analytical formulation outlined in Section 2.1.1, 
the axial displacement required at the free end of the pipe 
in a mechanical model to replicate the axial deformation 
induced by temperature change can be computed using 
Equation (3).

2.2.2. Transfer function for the nominal discontinuity 
opening
Nominal discontinuity opening, dcð Þn, is obtained in terms 
of the applicable axial displacement (dT in Equation (3)) as 
follows:

dcð Þn ¼ lðc, L, EI , AI , EH , AHÞ � dT (13) 

where l is a transfer function that depends on the system’s 
material and geometrical properties as shown in Equation 
(14) (for derivation, the reader is referred to Ahmadi et al. 
(2024)):

l ¼
c

EIAI
c

EI AI
þ L−c

EH AHþEI AI

� � (14) 

2.2.3. The ratio of actual to nominal discontinuity 
openings
Actual discontinuity openings, dc, were extracted from lin-
ear FE stress analyses carried out on 134 models with differ-
ent material and geometrical properties. The value of dc was 
obtained using the displacements of the discontinuity’s 
upper edges. An FE-driven parameter was then defined (w) 
to relate the nominal discontinuity openings, dcð Þn, to the 
dc values as:

dc ¼ w dcð Þn (15) 

2.2.4. Final expression for the description of the discon-
tinuity opening
Combining Equations (3) and (13)–(15) results in the subse-
quent expression for the circumferential discontinuity open-
ing because of temperature variation in a host pipe 
rehabilitated by an IRP system:

dc ¼ w �
c

EIAI
c

EI AI
þ L−c

EHAHþEI AI

� �

� aIcþ
EIAIaI þ EHAHaH

EIAI þ EHAH
L − cð Þ

� �

� DT (16) 

where the values of the parameter w are obtained through 
linearly elastic FE stress analyses carried out on 134 models 
having different material and geometrical characteristics.
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2.3. Numerical simulation

2.3.1. Mesh generation, boundary conditions, and the 
simulation of interface between host pipe and IRP
The numerical modelling and analysis utilized the FE soft-
ware ANSYS (2016). In this setup, one end of the pipe was 
completely fixed, while the other end was left free to repli-
cate the conditions described in Section 2.1 and depicted in 
Figure 3. To streamline computational efficiency and 
account for symmetry in both geometry and loading, only 
one quarter of the entire tubular section was modelled. 
Symmetric boundary conditions were established on the 
symmetry planes as appropriate.

SOLID185 elements were employed to model both the 
host pipe and IRP. This element type, known for its com-
patible displacements and suitability for curved boundaries, 
is defined by eight nodes with three degrees of freedom per 
node and can be oriented spatially in any direction. During 
the FE modelling process, a sub-zone mesh generation 
approach was implemented. This involved dividing the 
entire pipe into multiple zones based on computational 
needs. The mesh for each zone was generated independ-
ently, and subsequently, the meshes of all sub-zones were 
merged to create the mesh for the entire system. This 
method can effectively manage mesh quantity and quality 
while preventing the occurrence of badly distorted elements 
(Ahmadi & Ziaei Nejad, 2017). Before conducting the 270 
FE analyses for the parametric study, a mesh convergence 
check was performed. Various mesh densities were tested to 
ensure that the results remained unaffected by mesh size.

In scenarios where there is no debonding at the interface 
between the host pipe and IRP, host pipe and IRP are 
effectively bonded along the entire interface, resulting in no 
ability to slide or separate from each other, with no gap 
between them. To replicate this fully bonded condition 
within the model, a “Glue” condition is applied between 
host pipe and IRP. In areas where bonding is not present, 
no “Glue” condition is defined. This allows for relative dis-
placements between the surfaces of IRP and host pipe over 
the unbonded segments.

2.3.2. Loading and analysis
2.3.2.1. Loading and analysis to obtain the values of the g 

and w. A value of 27.8 �C was selected for the temperature 
change. This value represents the maximum seasonal tem-
perature changes experienced by pipelines in New York 
State and other regions of the Northeastern United States, 
typically ranging from 22 to 27.8 �C equivalent to 40–50 �F 
(Stewart et al., 2015, 2019). A tensile force per unit area of 
the cross section, calculated based on Equation (7) for DT 
¼ 27.8 �C, was applied on host pipe and IRP cross sections 
at the pipe’s free end. As the focus of this study for the 
extraction of the parameters g and w is seasonal tempera-
ture variations, the maximum DT is not large enough to 
result in considerable effects of material nonlinearities 
(Stewart et al., 2015, 2019). Hence, all the conducted mech-
anical FE analyses were linear and elastic. A steel host pipe 
was assumed having elastic modulus, CTE, and Poisson’s 

ratio of 210.7 GPa (Lee, Pouraria, Seo, & Paik, 2015), 
12� 10−6 1/�C (Valves Instruments Plus (VIP) Ltd, 2002), 
and 0.3, respectively. The Poisson’s ratio of IRP was set to a 
constant value of 0.23.

2.3.2.2. Loading and analysis to extract the SCFs. Under 
any specific type of loading, the SCF value does not depend 
on the applied load’s magnitude. Hence, in order to calcu-
late SCFs subjected to axial loading, a tensile force per unit 
area of the cross section equal to 1 MPa was applied on host 
pipe and IRP cross sections at the pipe’s free end. N’Diaye, 
Hariri, Pluvinage, and Azari (2007) suggested that linear 
elastic analysis of static type is appropriate for the computa-
tion of SCFs. Since the SCF is mainly a function of geomet-
rical characteristics and it is independent from material 
properties (API, 2007), materials of host pipe and IRP were 
arbitrarily selected as steel of API 5 L X42/L290 class and 
ALTRA10VR (Bureau, Davison, & O’Rourke, 2021), respect-
ively. The modulus of elasticity (MoE) and Poisson’s ratio 
were assumed as 210.7 GPa and 0.3 for host pipe (Lee et al., 
2015); and 3.77 GPa and 0.23 for IRP (CDCQ, 2021), 
respectively.

2.3.2.3. Loading and analysis to monitor the effects of 
material nonlinearities and internal pressure. The axial dis-
placement value required for the application on the pipe’s 
free end in the mechanical model to replicate the system’s 
axial deformation due to the temperature variation was 
obtained utilizing Equation (3). Two different materials 
were considered for host pipe: steel and cast iron. Elastic 
modulus and CTE for steel were presented in Section 
2.3.2.1. For cast iron, these material properties were 
69.6 GPa (Stewart et al., 2019) and 10.8� 10−6 1/�C (TET., 
2003), respectively. Values of the Poisson’s ratio for IRP and 
host pipe were presented in Section 2.3.2.2. Stress-strain 
curves of IRP and host pipe in the axial direction are 
depicted in Figure 4. These curves were derived from true 
stress and true strain values. The transformation from 
engineering stress-strain data to the corresponding true val-
ues was achieved using the following equations:

rtrue ¼ reng 1þ eengð Þ (17) 
etrue ¼ ln 1þ eengð Þ (18) 

Engineering stress-strain curves for steel and cast-iron 
host pipes and ALTRA10VR IRP were referred from Lee et al. 
(2015), Mustafa and Moy (2011), and CDCQ (2021), 
respectively. To investigate the internal pressure’s effect sub-
jected to seasonal temperature variations, all the conducted 
FE analyses were linear and elastic. However, for the FE 
analysis of IRP system under extreme temperature varia-
tions, which may occur for example due to a fire incident 
or the exposure to high temperature steam, material nonli-
nearities were incorporated in the model. The effect of geo-
metric nonlinearity was also examined in case of an extreme 
temperature change.

2.3.2.4. Loading and analysis to study the effects of IRP- 
host pipe interface unbonding. An axial displacement, 
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calculated using Equation (3), was applied to the pipe’s free 
end to replicate the system’s axial deformation due to the 
temperature variation. A steel host pipe was assumed. 
Elastic modulus and CTE for steel were as assumed in 
Section 2.3.2.1. Values of the Poisson’s ratio for IRP and 
host pipe were same as Section 2.3.2.2, and stress-strain 
curves for IRP (ALTRA10VR ) and host pipe (steel) were as 
described in Section 2.3.2.3.

2.3.3. Calculation of the g, SCF, and w
At the first step, values of axial stress along the thickness of 
IRP were obtained from the FE model at the discontinuity 
segment’s midsection (Figure 5) for the purpose of calculat-
ing the value of the parameter g. Afterwards, the average 
axial stress, rað ÞI , was calculated based on Equation (19a); 
and then the obtained value was divided by the IRP’s nom-
inal value of axial stress, known from Equation (8), for cal-
culating the g (Equation (19b)):

rað ÞI ¼
1
k

Xk

i¼1
rmi að Þ ! g ¼

1
kkfT

Xk

i¼1
rmi bð Þ (19) 

In Equation (19), k is the number of nodes along the 
thickness of IRP and rmi is the axial stress in the ith node 
along the thickness of IRP at the discontinuity segment’s 
midsection (Figure 5). According to Equation (11), the SCF 
can be defined as follows:

SCF ¼
rhsð ÞI
rað ÞI

(20) 

where rhsð ÞI and rað ÞI are IRP’s HSS and average value of 
axial stress, respectively.

For the determination of the HSS, the axial stress at the 
edge of the discontinuity must be obtained from the stress 
field beyond the zone which is affected by the local geom-
etry of the edge (Ahmadi, Lotfollahi-Yaghin, & Aminfar, 
2012a, 2012b). The HSS calculated using this method 
depends on the overall geometry of the system instead on 
the specific geometry of the notch itself. The determination 
of the location from which stresses are extrapolated, known 
as the extrapolation region, is contingent upon the system’s 
dimensions (Ahmadi, Chamani, & Kouhi, 2020). According 
to the guidelines outlined by the UK Health and Safety 

Figure 4. True stress-strain curves used for the FE analysis: (a) API 5 L X42 steel, (b) cast iron, (c) ALTRA10VR .

Figure 5. Extraction of the parameters g, SCF, and w from the FE model.
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Executive (1997) for acrylic tubular joints lacking welds, and 
the extrapolation method proposed by the International 
Institute of Welding, the initial extrapolation point is set at 
a distance of 0:4tI from the edge. Subsequently, the second 
point is positioned 0:6tI beyond the first, where tI represents 
the IRP thickness (Hobbacher, 2016). The HSS is derived by 
linearly extrapolating geometric stresses from these two 
points to the edge position, using Equation (21), as depicted 
in Figure 5:

rhs ¼
1

0:6
ra1 −

0:4
0:6

ra2 (21) 

where ra1 and ra2 are the values of axial stress at the first 
and second extrapolation points, respectively.

Substituting rað ÞI from Equation (19) and rhs from 
Equation (21) into Equation (20) leads to the following for-
mula for the SCF calculation in an IRP system:

SCF ¼
k ra1 − 0:4ra2ð Þ

0:6
Pk

i¼1rmi
(22) 

To ensure uniform mesh densities across models with 
varying geometric characteristics, the parameter k in 
Equation (22) should be contingent upon the thickness of 
IRP. It was set to 4, 7, 10, 13, 16, and 21 for s values of 0.4, 
0.65, 0.9, 1.15, 1.4, and 1.65, respectively. Here, s represents 
the ratio of IRP thickness to host pipe thickness (tI=tH).

The axial displacements at the upper edges of the discon-
tinuity segment were obtained from the FE analysis (Figure 
5) for calculating the value of the parameter w: Afterwards, 
the actual value of the discontinuity opening was obtained 
using Equation (23a); and then this value was divided by 
the nominal value of the discontinuity opening, known 
from Equation (13), to determine w (Equation (23b)):

dc ¼ da1 − da2 að Þ ! w ¼
da1 − da2

ldT
bð Þ (23) 

2.3.4. Validation of numerical models
2.3.4.1. Examining nominal values of discontinuity opening 
and axial stress under temperature variation. Some of the 
parameters of interest in the present research could be pre-
dicted by both FE analysis and purely analytical solution 
(e.g. nominal value of IRP’s axial stress, rnð ÞI , and nominal 
value of discontinuity opening, dcð Þn). These parameters 
were calculated using purely analytical expressions and then 
used to verify the accuracy of developed FE models. Some 
other parameters could only be predicted by the FE model, 
not the purely analytical solution (e.g. hot-spot stress, 
rhsð ÞI , and actual discontinuity opening, dc). Values of 

these parameters were obtained by conducting extensive 
stress analyses on validated FE models and then used to 
propose modification factors (i.e. g, SCF, and w) for 
adjusting the purely analytical solution.

Nominal values of IRP’s axial stress and discontinuity 
opening were obtained from three sample numerical models 
under the tensile load equivalent of a 27.8 �C temperature 
variation. Table 1 lists the material and geometrical charac-
teristics of the developed FE models. Values of the axial 

stress at the central node along the IRP thickness at the dis-
continuity segment’s midspan was obtained from the FE 
model as the representative value for the IRP’s nominal 
axial stress. Nominal value of the discontinuity opening was 
obtained from the FE model through the calculation of the 
difference between the IRP’s nodal displacements at the two 
ends of the discontinuity segment and subsequently averag-
ing these differences along the thickness of IRP. Analytical 
values for the nominal value of IRP’s axial stress and nom-
inal discontinuity opening were calculated from Equations 
(8) and (13), respectively. Results of validation process sum-
marised in Table 2 demonstrate a very close agreement 
between the numerical results and analytical values for both 
discontinuity opening and IRP’s axial stress.

2.3.4.2. Examining the axial deformation and induced 
stresses subjected to pipeline’s internal pressure. In order to 
verify the validity of numerical models established for inves-
tigating the effects of pipeline’s internal pressure on the sys-
tem’s axial behaviour, analytical values calculated via closed- 
form expressions were compared with the results obtained 
from the FE model of a host-pipe-only case with the pipe-
line’s internal pressures of 1, 1.25, and 1.5 MPa at the tem-
perature change of zero. Tables 1 and 3 list the values of 
material and geometrical characteristics of host pipe, 
respectively. Hoop/circumferential stress (rh), longitudinal/ 
axial stress (rl), and radial stress (rr) of host pipe subjected 
to pipeline’s internal pressure are obtained using Equations 
(24)–(26), respectively:

rh ¼
piDiH

2tH
(24) 

rl ¼ mHrh (25) 
rr ¼ −pi (26) 

where pi is pipeline’s internal pressure; DiH is host pipe’s 
inner diameter; tH is host pipe’s wall thickness; and mH is 
host pipe’s Poisson’s ratio (API 5 L X42 class steel).

If the material behaviour is linear, system’s axial deform-
ation subjected to internal pressure is obtained as follows:

dT ¼ d xð Þ
�
�

x¼L ¼

ðL

0
elðxÞdx ¼

ðL

0

rl

EH
dx ¼

ðL

0

mHrh

EH
dx

¼
mHpiDiHx

2EHtH

�x¼L

x¼0
¼

mHpiDiHL
2EHtH

(27) 

Table 1. Geometrical and material properties of FE models used for the verifi-
cation of numerical results.

Parameter Symbol Unit Value

Young’s modulus of IRP EI GPa 3.77, 10, and 24.5
Poisson’s ratio of IRP mI – 0.23
CTE of IRP aI 1/�C 45� 10-6

Wall thickness of IRP tI mm 4.115, 7.3025, and 10.4775
Young’s modulus of the host pipe EH GPa 210.7
Poisson’s ratio of the host pipe mH – 0.3
CTE of the host pipe aH 1/�C 12� 10-6

Wall thickness of the host pipe tH mm 6.35
Outer diameter of the host pipe DoH mm 323.85
Discontinuity width c mm 12.7, 82.55, and 152.4
Pipe length L mm 3048
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Table 3 which summarises the results of validation pro-
cess demonstrates that the established numerical models can 
produce valid and accurate results in case a combination of 
parameters are changed simultaneously.

2.3.4.3. Comparing the numerical and experimental values 
of discontinuity opening. In order to study the axial behav-
iour of IRP systems, experimental tests were carried out at 
Center for Infrastructure, Energy, and Space Testing 
(CIEST), University of Colorado Boulder. Two specimens, 
namely S01 and S02, were prepared for the tests. In both 
specimens, host pipe was steel, and IRP was ALTRA10VR . 
Table 4 presents the material and geometrical properties of 
tested specimens. S01 and S02 specimens were tested under 
axial loading in a horizontal setup using 500 kN and 
1000 kN actuators, respectively (Figure 6). Before conducting 
the axial test, loadings from traffic on the surface and paral-
lel excavations were simulated in the lab, and specimens 
underwent 600,000 fatigue cycles. These prior bending tests 
could lead to some debonding even before the initiation of 
axial test.

Axial test was conducted by applying a tensile load which 
opens the discontinuity followed by a compressive load clos-
ing the discontinuity. The intention was to simulate the 
opening and closing of a circumferential discontinuity due 
to the temperature change from summer to winter and vice 

versa, respectively, during the design life of the IRP system. 
In the numerical model of S02 specimen, a greater 
debonded length was necessary to match the experimental 
results. Simulation of unbonded segments in the numerical 
model in depicted in Figure 7. This finding agrees well with 
specimens’ conditions, because the parallel excavation was 
representative of a significantly larger displacement of soil 
for the S02 specimen in comparison with S01. 
Consequently, more severe debonding was expected in S02 
specimen before the initiation of pull-push tests. Table 5
compares the discontinuity openings from the numerical 
analysis and experimental test lending support to reliability 
and accuracy of established numerical model.

2.4. Extraction of the expected peak SCF for design 
purposes

Based on FE stress analyses carried out on 44 models, a stat-
istical sample was generated for the SCF values in IRP sys-
tems, and a statistical analysis was performed to characterise 
the maximum expected SCF for design purposes. The first 
step was to apply the Kolmogorov-Smirnov (K-S) goodness- 
of-fit test to examine the hypothesis that the SCF, as a ran-
dom variable, follows a normal probability distribution. If 
the outcome of the test would support the hypothesis, then 
the second step would be using the properties of a normally 
distributed random variable to estimate the maximum 
expected value for the SCF.

The K-S goodness-of-fit test is a nonparametric test relating 
to the cumulative distribution function (CDF) of a continuous 
variable. In a two-sided test, the test statistic is the maximum 
absolute difference (which is usually the vertical distance) 
between the empirical and hypothetical CDFs (Kottegoda & 
Rosso, 2008). The maximum likelihood (ML) method was 
used to fit a hypothetical normal CDF to the empirical distri-
bution function of SCF sample. After fitting the hypothetical 
CDF, a K-S test was carried out via MATLAB (MathWorks, 

Table 2. Results of the FE verification process based on analytical predictions.

Model properties Parameter FE result Analytical prediction Difference

Case 1 (EI ¼ 3.77 GPa, tI ¼ 4.115 mm, c ¼ 12.7 mm) Nominal axial stress of IRP, rnð ÞI 86.117 MPa 86.145 MPa 0.03%
Nominal value of discontinuity opening, dcð Þn 0.2755 mm 0.2903 mm 5.1%

Case 2 (EI ¼ 10 GPa, tI ¼ 7.3025 mm, c ¼ 82.55 mm) Nominal axial stress of IRP, rnð ÞI 53.409 MPa 53.430 MPa 0.04%
Nominal value of discontinuity opening, dcð Þn 0.4203 mm 0.4411 mm 4.7%

Case 3 (EI ¼ 24.5 GPa, tI ¼ 10.4775 mm, c ¼ 152.4 mm) Nominal axial stress of IRP, rnð ÞI 64.150 MPa 64.162 MPa 0.02%
Nominal value of discontinuity opening, dcð Þn 0.3816 mm 0.3991 mm 4.4%

Table 3. Results of the FE model verification against closed-form solutions.

Model properties Parameter Closed-form solution FE result Difference

Case I (DiH ¼ 311.15 mm, 
tH ¼ 6.35 mm, L ¼ 3048 mm, pi ¼ 1 MPa)

Hoop stress, rh 24.5 MPa 24.528 MPa 0.1%
Longitudinal stress, rl 7.35 MPa 7.083 MPa 3.7%
Radial stress, rr −1 MPa −0.918 MPa 8.2%
Total axial deformation, dT 0.106 mm 0.103 mm 2.8%

Case II (DiH ¼ 593.60 mm, 
tH ¼ 8.00 mm, L ¼ 10000 mm, pi ¼ 1.25 MPa)

Hoop stress, rh 46.38 MPa 46.32 MPa 0.1%
Longitudinal stress, rl 13.91 MPa 13.45 MPa 3.3%
Radial stress, rr −1.25 MPa −1.16 MPa 7.2%
Total axial deformation, dT 0.832 mm 0.812 mm 2.4%

Case III (DiH ¼ 890.60 mm, 
tH ¼ 11.90 mm, 
L ¼ 30000 mm, pi ¼ 1.5 MPa)

Hoop stress, rh 56.13 MPa 56.05 MPa 0.1%
Longitudinal stress, rl 16.84 MPa 16.33 MPa 3.0%
Radial stress, rr −1.5 MPa −1.40 MPa 6.7%
Total axial deformation, dT 2.40 mm 2.35 mm 2.1%

Table 4. Geometrical and material properties of S01 and S02 specimens pre-
pared for the experimental tests.

Parameter Value

Young’s modulus of the ALTRA10VR IRP 3769.2 MPa
Poisson’s ratio of the ALTRA10VR 

IRP 0.23
Wall thickness of the ALTRA10VR IRP 4.115 mm
Young’s modulus of the steel host pipe 210700 MPa
Poisson’s ratio of the steel host pipe 0.3
Wall thickness of the steel host pipe 6.35 mm
Outer diameter of the steel host pipe 323.85 mm
Discontinuity width 12.7 mm (S01), 152.4 mm (S02)
Pipe length 3048 mm
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2007). For more details about the ML method and K-S test, 
the reader is referred to Ahmadi et al. (2019). If the generated 
SCF sample follows a normal probability distribution, then the 
maximum expected value of the SCF can be estimated as fol-
lows (Kottegoda & Rosso, 2008):

SCFmax ¼ lSCF þ 3rSCF (28) 

where lSCF and rSCF are the mean and standard deviation 
values for the SCF, respectively.

2.5. Details of parametric study

2.5.1. Parametric study to characterize the g, SCF, and w
Altogether, 134 FE models were run to study the effects of 
material and geometrical properties of the system on values 

of parameters g, SCF, and w to complete the formulation of 
axial deformations and stresses in an IRP system subjected 
to seasonal temperature variations. Table 6 lists the various 
values designated to the system’s material and geometrical 
properties. Nondimensional geometrical parameters were 
defined (Equation (29)) to feasibly relate the behaviour of 
the IRP system to its geometrical properties:

s ¼
tI

tH
; f ¼

c
tH

; c ¼
DoH

2tH
; a ¼

2L
DoH

(29) 

Values of geometrical and material properties presented in 
Table 6 cover the practical ranges which are typically expected 
in IRP systems. Selected range for the parameter c is based on 
the actual sizes of both steel and cast-iron pipes used in the 

Figure 6. Experimental tests conducted at the university of Colorado boulder: (a) setup for axial pull-push tests, (b) S01 specimen, (c) digital image correlation 
(DIC) system setup for the S02 specimen.

Figure 7. Considered unbonding modes: (a) one-sided unbonded segment, (b) two-sided unbonded.

Table 5. Results of the FE model verification using experimental data.

Parameter Specimen Debonded length Experimental value FE result Difference

Discontinuity opening S01 95 mm 0.73 mm 0.77 mm 5.5%
S02 150 mm 2.95 mm 3.04 mm 3.1%
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gas industry. Steel pipe sizes were extracted from Gas Industry 
Standard GIS/L2 (2018) and cast-iron pipe dimensions were 
selected based on the information provided by Cast Iron Pipe 
Research Association (1952).

2.5.2. Parametric study on the effects of the internal pres-
sure of the pipe and material nonlinearities
Collectively, 87 linear and nonlinear stress analyses were con-
ducted to examine the effects of pipeline’s internal pressure 
and material nonlinearities on the axial stress and displacement 
of the IRP system with a circumferential discontinuity under 
seasonal and extreme temperature changes. Different values 
assigned to the geometrical and material characteristics of the 
system are listed in Table 7. In order to study the effect of 
internal pressure, a value of 27.8 �C was selected for the tem-
perature change. The reason for the selection of this specific 
value has been discussed in Section 2.3.2.a. Five values were 
assigned for the internal pressure: 0, 0.25, 0.5, 0.75, and 1 MPa.

To investigate the effects of material and geometric non-
linearities, ALTRA10VR was chosen as IRP; since it was previ-
ously used for water pipeline repair (Bureau et al., 2021) 
and its nonlinear stress-strain curve is available. MoE, 
Poisson’s ratio, and CTE for ALTRA10VR were assumed to 
be 3.77 GPa (CDCQ, 2021), 0.23 (CDCQ, 2021), and 
45� 10−6 1/�C (CDCQ., 2022), respectively. Seven DT val-
ues ranging from 13.9 to 97.3 �C were considered to cover 
both seasonal and extreme temperature changes (DT ¼ 13.9, 
27.8, 41.7, 55.6, 69.5, 83.4, and 97.3 �C).

2.5.3. Parametric study on the effects of unbonded IRP- 
host pipe interface
A total of 49 linear and nonlinear stress analyses were con-
ducted to study the effects of the presence of an unbonded 

segment on the axial displacements and stresses of IRP sys-
tems with a circumferential discontinuity under temperature 
changes. Various values selected for geometrical and mater-
ial characteristics of the system are given in Table 8. Two 
DT values equal to 27.8 and 97.3 �C were considered to 
cover both seasonal and extreme temperature changes. The 
DT value of 97.3 �C, which is 3.5 times the maximum sea-
sonal variations, was selected as the representative extreme 
temperature change which may occur due to exposure of 
the pipeline to adjacent high-temperature steam pipes. For 
the linear analyses, three different values were assigned to 
the MoE of IRP (1, 3.77, and 10 GPa). For nonlinear analy-
ses, ALTRA10VR was chosen as IRP. Two modes of unbond-
ing were considered as shown in Figure 7.

3. Results and discussion

3.1. Peak axial stress in IRP

3.1.1. Variations of applied load (f T) with geometrical 
and material properties
The value of tensile force per unit area of the cross section 
(fT) which must be applied on the pipe’s free end with a cir-
cumferential host-pipe discontinuity in an “equivalent” 
mechanical model to achieve equal level of axial deform-
ation due to the temperature change can be calculated using 
Equation (7). Effects of MoE and CTE of IRP on fT are 
depicted in Figure 8. The increase of both CTE and MoE of 
IRP results in increasing fT : As the MoE increases, the effect 
of the CTE on fT becomes more significant implying that 
the stiffer the IRP material, the more effective is the CTE 
on the value of the fT : The reason is that, for a linear mater-
ial behaviour, thermal stress is linearly proportional to both 
MoE and CTE. Consequently, the change of thermal stress 
due to the change of CTE is more highlighted when the 
MoE is higher. Figure 9(a) indicates that the host pipe’s 
outer diameter does not have a significant effect on fT :

However, according to Figure 9(b), the wall thicknesses of 
host pipe and IRP both can have a considerable effect on fT :

If the host pipe’s wall thickness is small (tH ¼ 6.35 mm), the 
increase of IRP’s wall thickness leads to decreasing fT : On 
the contrary, for a large value of the host pipe thickness (tH 
¼ 18.80 mm), the increase in IRP thickness results in the 
increase of fT :

Table 6. Geometrical and material properties of 134 FE models used for the parametric study to characterise g, SCF, and w:

Parameter Symbol Unit Values

Young’s modulus of IRP EI GPa 1, 3.77, 10, 15, 24.5, 69
Wall thickness of IRP tI mm 2.54, 4.115, 5.715, 7.3025, 8.89, 10.4775
CTE of IRP aI (1/�C)�10-6 10, 30, 45, 70, 90, 110, 130, 150
Outer diameter of the host pipe DoH mm 323.85, 609.6, 914.4, 1219.2, 1524
Wall thickness of the host pipe tH mm 6.35, 8, 11.9, 14.3
Discontinuity width c mm 6.35, 12.7, 47.625, 82.55, 117.475, 152.4
Pipe length L mm 3048, 12144.4, 24288.8, 48577.5
tI=tH ratio s – 0.4, 0.65, 0.9, 1.15, 1.4, 1.65
c=tH ratio f – 1, 2, 7.5, 13, 18.5, 24
DoH=2tH ratio c – 11.1, 18.5, 25.5, 34, 38.5, 45
2L=DoH ratio a – 18.8, 75, 150, 300

Table 7. Geometrical and material properties of 49 FE models to study the 
effects of the internal pressure and material nonlinearities.

Parameter Symbol Unit Value(s)

Young’s modulus of IRP EI GPa 1, 3.77, 10
Wall thickness of IRP tI mm 2.54, 4.115, 5.715
Outer diameter of the host pipe DoH mm 323.85, 431.80, 571.50
Discontinuity width c mm 6.35, 12.7, 152.4
CTE of the host pipe aH 1/�C 10.8� 10-6, 12� 10-6

Young’s modulus of the host pipe EH GPa 69.6, 210.7
Poisson’s ratio of the host pipe mH – 0.3
Wall thickness of the host pipe tH mm 6.35
Poisson’s ratio of IRP mI – 0.23
CTE of IRP aI 1/�C 45� 10-6

Pipe length L mm 3048
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3.1.2. Geometrical effects on the value of parameter k
According to Equation (8), parameter k is the ratio of nom-
inal axial stress of IRP in the discontinuity segment to the 
value of fT :

k ¼
rnð ÞI
fT

(30) 

Using Equation (9), values of the parameter k can be cal-
culated as a function of the host pipe’s outer diameter 
(DoH), host pipe’s wall thickness (tH), and IRP’s wall thick-
ness (tI). Figure 10 clearly shows that the increase of IRP’s 
wall thickness leads to the decrease of k, and the host pipe’s 
diameter does not have a significant effect on k (Figure 
10(a)); while the increase of host pipe’s wall thickness 
results in the increase of k (Figure 10(b)).

3.1.3. Geometrical effects on parameter g and design 
values
According to Equation (10), the parameter g can be defined 
as the ratio of the average value of axial stress along the 
wall thickness of IRP to the nominal value of axial stress at 
the discontinuity segment:

g ¼
rað ÞI
rnð ÞI

(31) 

Values of the parameter g were extracted from linear 
elastic FE stress analyses carried out on 134 models with 
various material and geometrical properties. With the 
increase of the discontinuity width, parameter g is less 
affected by the geometrical characteristics of host pipe and 
IRP (Figure 11(a)). The reason is that, as explained in 
Section 3.1.5, the increase of discontinuity width generally 
leads to the decrease of stress concentration at the regions 
adjacent to the discontinuity edge which eventually leads to 
a more uniform stress distribution along the wall thickness 
of IRP. Consequently, the average axial stress along the IRP 
thickness becomes closer to the nominal stress at the dis-
continuity segment, and due to this, the value of the g 

approaches unity. For example, for c¼ 6.35 mm (f ¼ 1), the 
value of the g ranges between 0.865 and 1.073 for different 
IRP thicknesses. However, for c¼ 152.4 mm (f ¼ 24), the 
range of the g is between 1.000 and 1.011. MoE of IRP and 
host pipe do not have a significant effect on parameter g:
Based on FE results (Figure 11(b)), a maximum g value of 
1.08 is recommended for design purposes.

3.1.4. Variations of hot-spot and nominal stresses with 
geometrical characteristics
Figure 12 shows the change of nominal and hot-spot 
stresses with the parameters s and f: As the value of s 

increases, both nominal and hot-spot stresses decrease. This 
is an expected result; since the increase of the s, if the host 
pipe thickness is fixed, results in the increase of IRP’s wall 
thickness that obviously results in the decrease of the axial 
stresses of IRP at the discontinuity segment. This result 
does not depend on the value of f, and hence the discon-
tinuity width. Designers can use Equation (12) to calculate 
the HSS of IRP, and then utilise the obtained HSS along 
with the S-N curve of the IRP material to estimate the 
design fatigue life of the system.

3.1.5. Effects of discontinuity width on the stress distribu-
tion along the IRP thickness
Figure 13 compares the distributions of axial stress along the 
IRP’s wall thickness for various values of discontinuity width. 
The most uniform pattern is observed for f ¼ 24, while the 

Table 8. Geometrical and material properties of 87 FE models to study the effects of unbonded interface.

Parameter Symbol Unit Value(s)

Young’s modulus of IRP EI GPa 1, 3.77, 10
Unbonding mode (Figure 7) – – One-sided, Two-sided
Unbonded length (Figure 7) lu mm 0, 12.7, 25.4, 50.8, 76.2, 101.6, 127.0
Unbonded length to discontinuity width ratio lu=c – 0, 1, 2, 4, 6, 8, 10
Material behaviour – – Linear, Nonlinear
Poisson’s ratio of IRP mI – 0.23
CTE of IRP aI 1/�C 45� 10-6

Wall thickness of IRP tI mm 4.115
Young’s modulus of the host pipe EH GPa 210.7
Poisson’s ratio of the host pipe mH – 0.3
CTE of the host pipe aH 1/�C 12� 10-6

Outer diameter of the host pipe DoH mm 323.85
Wall thickness of the host pipe tH mm 6.35
Discontinuity width c mm 12.7
Pipe length L mm 3048

Figure 8. The change of fT with material properties (DoH ¼ 323.5 mm, tH ¼

6.35 mm).
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harshest variations are detected for f ¼ 1 which means that as 
the discontinuity width increases, the stress distribution along 
the IRP’s wall thickness becomes closer to a uniform pattern. 
The reason is that, on an average basis, as the discontinuity 
width increases, the stress concentration at the regions adjacent 
to the discontinuity edge decreases. This leads to the decrease 
of the axial stress on the outer surface of IRP which conse-
quently results in the decrease of difference between stresses 
on the outer and inner surfaces of IRP leading to a more uni-
form stress distribution along the IRP thickness. It can be 
observed that for f ¼ 24, axial stress is perfectly uniform (con-
stant) along the thickness of IRP.

3.1.6. Effects of nondimensional geometrical parameters 
on the SCF values
Nondimensional geometrical parameters are defined in 
Equation (29), and the SCF is defined in Equation (20). For 
a constant wall thickness of host pipe, the increase of the s 
leads to the increase of IRP’s wall thickness. Figure 14
depicts the change of SCF values due to the change of the s:
The increase of the s results in the increase of the SCF at 
the discontinuity edge in an IRP system. With the increase 
of the s and consequently the IRP thickness, the axial stiff-
ness of the discontinuity segment increases. It is well-docu-
mented that with the increase of stiffness, the stress 

Figure 10. Variations of the parameter k with geometrical characteristics: (a) effects of the IRP thickness and its interactions with the host pipe diameter (tH ¼

6.35 mm), (b) effects of the IRP thickness and its interactions with the host pipe thickness (DoH ¼ 323.85 mm).

Figure 9. Effects of geometrical properties on the fT for different values of the IRP thickness: (a) effect of the outer diameter of the host pipe, (b) effect of the wall 
thickness of the host pipe.
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Figure 12. The change of: (a) nominal stress and (b) hot-spot stress with the parameters s and f:

Figure 13. Effects of discontinuity width on the stress distribution along the IRP thickness (s ¼ 0.65, fT ¼ 1 MPa).

Figure 11. (a) Effects of the IRP thickness and discontinuity width on the values of the parameter g, (b) change of the parameter g in 44 FE models with the 
same material properties and different geometrical characteristics.
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concentration decreases at a sharp notch. For example, 
Ahmadi et al. (2012b) observed such behaviour during their 
research on reinforcing tubular joints with internal ring 
stiffeners. The magnitude of such increase is greatly affected 
by parameter f: If the host pipe’s wall thickness is fixed, the 
increase of the f leads to the increase of the discontinuity 
width. Figure 14 shows that as the value of f increases, par-
ameter s has less effect on the SCF. For f ¼ 24, the SCF 
remains almost unchanged as the IRP’s wall thickness 
increases, while for f ¼ 1, the SCF for s ¼ 1.65 is over twice 
the corresponding value for s ¼ 0.4.

For a constant host pipe diameter, the thickness of the 
host pipe decreases with the increase of c: FE results indi-
cated that the SCF at the discontinuity edge generally 
increases with the increase of the c: The reason is that with 
the increase of the c resulting in the decrease of the host 
pipe’s wall thickness, the axial stiffness of the discontinuity 
segment decreases leading to the increase of the stress con-
centration at the edge as explained before. However, the 
amount of the increase is so small that it can be safely con-
sidered to be negligible. The reason behind such small 
changes of SCF due to the change of the c is that the stiff-
ness of the discontinuity segment is primarily controlled by 
the axial stiffness of IRP rather than the host pipe. If the 
host pipe’s diameter is fixed, the increase of the a results in 
the increase of the pipe length. Analysis results indicated 
that the parameter a has no effect on the SCF at the discon-
tinuity edge. The main reason is that the change of pipe 
length cannot affect the stiffness of discontinuity segment 
and hence does not considerably influence the stress con-
centration at the discontinuity edge.

3.1.7. Design SCFs
With a hypothesis test outcome of 0 (accept), results of the 
Kolmogorov-Smirnov (K-S) goodness-of-fit test conducted 
on the generated SCF sample showed that the SCFs at the 
discontinuity edge in an IRP system follow a normal prob-
ability distribution. The p value was equal to 0.0253; and 
the test statistic and critical value were 0.2409 and 0.2212, 
respectively. Details of the testing approach are given in 
Section 2.4. Hence, an estimation for the maximum 

expected value of the SCF can be obtained using Equation 
(28). Values of the mean, standard deviation, and coefficient 
of variations for the generated SCF sample were equal to 
1.85, 0.23, and 12.3%, respectively; and the maximum 
expected value of the SCF was obtained as 2.53. The range 
of validity for geometrical parameters of these statistical 
measures is given in Equation (32). The probability of 
observing an SCF value that exceeds the estimated max-
imum expected value (2.53) is only 0.15%:

0:4 � s ¼
tI

tH

� �

� 1:65

1 � f ¼
c

tH

� �

� 24

11:1 � c ¼
DoH

2tH

� �

� 45

18:8 � a ¼
2L

DoH

� �

� 300

(32) 

3.2. Discontinuity opening

3.2.1. The change of applied displacement (dT) with geo-
metrical and material properties
According to Equation (3), the axial displacement (dT) 
which must be applied on the pipe’s free end in a mechan-
ical model to replicate the system’s axial deformation under 
the temperature variation depends on the discontinuity 
width (c), pipe length (L), and temperature change (DT) as 
well as the cross-sectional area, MoE, and CTE of IRP and 
host pipe. Figure 15 shows that the increase of the IRP 
thickness, discontinuity width, and MoE of IRP all result in 
the increase of the dT :

3.2.2. Effects of material and geometrical properties on 
parameter l
The parameter l is defined as the ratio of the nominal value 
of discontinuity opening to the dT value (Equation (13)):

l ¼
dcð Þn
dT

(33) 

Figure 14. Effect of the parameter s on the SCFs and the interaction of this parameter with the f:
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The parameter l is a function of the discontinuity width 
(c) and pipe length (L) as well as the cross-sectional area 
and MoE host pipe and IRP. Figure 16 indicates that the 
increase of IRP’s MoE and thickness both results in the 

decrease of the nominal value of discontinuity opening and 
the parameter l; while the increase of the discontinuity 
width increases both the nominal value of discontinuity 
opening and the parameter l:

Figure 15. (a) Effects of the IRP thickness and discontinuity width on the values of the dT , (b) effects of the thickness and MoE of IRP on the values of the. dT

Figure 16. The change of nominal discontinuity opening with the IRP thickness and: (a) discontinuity width, (b) MoE of IRP; variations of the parameter l with the 
IRP thickness and (c) discontinuity width, (d) MoE of IRP.
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3.2.3. The parameter w : material and geometrical effects 
and design formulation
According to Equation (15), the parameter w can be defined 
as the ratio of actual to nominal values of the discontinuity 
opening:

w ¼
dc

dcð Þn
(34) 

Figure 17(a) indicates that the increase of the IRP thickness 
results in the decrease of the FE-driven values of the actual 
discontinuity opening; while, the increase of the discontinuity 
width leads to the increase of the actual discontinuity opening. 
Conversely, as shown in Figure 17(b), the value of the w 

increases with the increase of the IRP thickness, while the 
increase of the discontinuity width reduces the value of the 
parameter w: This is because the increase of the IRP thickness 
results in the increase of the stress concentrations in the dis-
continuity segment due to the increase of the s, while the 
increase of the discontinuity width generally reduces the stress 
concentration. Figure 18 shows that, as expected, the increase 
of the MoE of IRP leads to the decrease of the actual discon-
tinuity opening. However, the value of the parameter w 

increases with the increase of the MoE of IRP.

3.2.3.1. Type I circumferential discontinuity: fracture. For 
the representation of a circumferential fracture as a result of 
impact, buckling, or fatigue crack propagation, the discon-
tinuity width was selected to be equal to 6.35 mm (1/4 in.). 
Based on Figure 19, the following equation is suggested for 
calculating the parameter w for a Type I circumferential dis-
continuity:

w ¼ c1s
3 þ c2s

2þc3sþ c4; s ¼
tI

tH
(35) 

where the coefficients c1 to c4 can be calculated using the 
following equation (Figure 20):

ci ¼ uie3 þ ϑie2 þ nieþ xi; e ¼
EI

EI ½ref �
;

EI ½ref � ¼ 10 GPa; i ¼ 1, 2, 3, 4
(36) 

in which, coefficients ui, ϑi, ni, and xi are obtained by:

u½ �Type I ¼

u1
u2
u3
u4

2

6
6
4

3

7
7
5 ¼

0:2062
−0:5818
0:5300

−0:1238

2

6
4

3

7
5;

ϑ½ �Type I ¼

ϑ1
ϑ2
ϑ3
ϑ4

2

6
6
4

3

7
7
5 ¼

- 2:1067
5:9948

- 5:5679
1:2649

2

6
4

3

7
5

n½ �Type I ¼

n1
n2
n3
n4

2

6
6
4

3

7
7
5 ¼

5:5974
- 16:403
15:770

- 3:0065

2

6
4

3

7
5;

x½ �Type I ¼

x1
x2
x3
x4

2

6
6
4

3

7
7
5 ¼

- 2:6464
6:5157

- 3:8813
3:8265

2

6
4

3

7
5

(37) 

3.2.3.2. Type II circumferential discontinuity: joint. For the 
representation of a circumferential discontinuity at bell and 
spigot joints, a 12.7-mm (1/2-in.) discontinuity width was 
assumed. According to Figures 21 and 22, Equations (35)
and (36) can still be used to calculate the parameter w for a 
Type II circumferential discontinuity. Values of the coeffi-
cients ui, ϑi, ni, and xi for a Type II circumferential dis-
continuity can be obtained from Equation (38). Note that 
according to Figure 21, the value of c1 for the Type II cir-
cumferential discontinuity is equal to zero:

u½ �Type II ¼

u1
u2
u3
u4

2

6
6
4

3

7
7
5 ¼

0:0000
0:0000
0:0000
0:0000

2

6
4

3

7
5;

ϑ½ �Type II ¼

ϑ1
ϑ2
ϑ3
ϑ4

2

6
6
4

3

7
7
5 ¼

0:0000
0:0604

−0:1875
0:0404

2

6
4

3

7
5

Figure 17. Effects of the IRP thickness and discontinuity width on the value of: (a) actual discontinuity opening, (b) parameter w:
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Figure 18. Effects of the IRP thickness and MoE on the values of the actual discontinuity opening and the parameter w for different discontinuity widths.
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n½ �Type II ¼

n1
n2
n3
n4

2

6
6
4

3

7
7
5 ¼

0:0000
−0:5911
1:6506

−0:0925

2

6
4

3

7
5;

x½ �Type II ¼

x1
x2
x3
x4

2

6
6
4

3

7
7
5 ¼

0:0000
0:0336
0:9205
0:9237

2

6
4

3

7
5

(38) 

3.2.3.3. Type III circumferential discontinuity: aging. A 
width of 152.4 mm (6 in.) was assumed for the representa-
tion of a circumferential discontinuity as a result of the 
elimination of a significant portion of host pipe due to 
aging. According to Figures 23 and 24, Equations (35) and 
(36) can still be used to calculate the parameter w for a 
Type III circumferential discontinuity. Values of the coeffi-
cients ui, ϑi, ni, and xi for a Type III circumferential dis-
continuity can be obtained from Equation (39). Note that 
according to Figure 23, the value of c1 for the Type III cir-
cumferential discontinuity is equal to zero:

u½ �Type III ¼

u1
u2
u3
u4

2

6
6
4

3

7
7
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0:0000
0:0000
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4
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ϑ½ �Type III ¼

ϑ1
ϑ2
ϑ3
ϑ4
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n½ �Type III ¼
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n4

2
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3

7
7
5 ¼

0:0000
−0:0228
0:0589
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2
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x½ �Type III ¼

x1
x2
x3
x4

2

6
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4

3

7
7
5 ¼

0:0000
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0:0049
1:0998

2

6
4

3

7
5

(39) 

High values achieved for the determination coefficients (R2 

> 0.90) for Equations (35)–(39) can guaranty the accuracy of 
the fit (Figures 19–24). The validity ranges for the applicability 
of Equations (35)–(39) are 0:4 � s � 1:65 and 1 GPa � EI �

69 GPa covering a wide range of practical applications.
After calculating the w, designers can use Equation (16)

for the calculation of actual discontinuity opening (dc) cor-
responding to the three different types of circumferential 
discontinuity expected to occur due to the fracture, joints, 
and aging. Afterwards, they can divide the dc by the appro-
priate discontinuity width (depending on the type of discon-
tinuity) to obtain an estimation of critical axial strain, and 
then compare it with the failure strain of IRP material in 

Figure 19. Formulation of the w as a function of the s for different IRP MoE values in Type I discontinuity (c¼ 6.35 mm).
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order to approximate the margin of safety for their design 
and revise it if required.

3.3. Effects of the internal pressure of the pipe on the 
axial behaviour

Altogether, 45 linear elastic FE analyses were carried out to 
investigate the effects of the pipe’s internal pressure on the 
axial stress of IRP and discontinuity opening. In this study, 
the influences of the IRP thickness, host pipe diameter, 
MoE of IRP, and the discontinuity width over the effect of 
the internal pressure were also investigated.

3.3.1. Variations of the axial stress at the discontinuity 
segment with the internal pressure
Figure 25(a) demonstrates the effect of the pipe’s internal 
pressure on the average axial stress along the wall thickness 
of IRP in the discontinuity segment’s midspan, rað ÞI , as the 
thickness of IRP increases. The increase of internal pressure 
results in the increase of axial stress. However, the max-
imum difference between the axial stresses in the models 
with and without the inclusion of the pipe’s internal pres-
sure is only 8% (Figure 25(d)). It can also be observed in 
Figure 25(d) that as the IRP thickness increases, pipe’s 
internal pressure has less effect on the axial stress. Figure 
25(b) depicts the effect of the pipe’s internal pressure on the 
value of rað ÞI as the diameter of host pipe increases. 

According to Figure 25(b), up to a certain level of internal 
pressure, the increase of the host pipe diameter leads to the 
decrease of the axial stress, while beyond this certain level, 
the increase of the diameter leads to the increase of the axial 
stress in the discontinuity segment.

Figure 25(e) indicates that with the increase of the host 
pipe’s outer diameter from 323.85 to 571.50 mm, the max-
imum difference between the axial stresses in models with and 
without the inclusion of the pipe’s internal pressure increases 
from 8% to 16%. Figure 25(c) shows that IRP’s MoE does not 
have a significant influence over the effect of internal pressure 
on the axial stress. According to Figure 25(f), with the increase 
of MoE from 1 to 10 GPa, the maximum difference between 
the axial stresses in models with and without the inclusion of 
the pipe’s internal pressure increases by only 1%. Analysis 
results also showed that as the discontinuity width increases, 
the effect of internal pressure on the axial stress becomes more 
significant. For example, with the increase of the discontinuity 
width from 6.35 to 152.4 mm (0.25 to 6 in.), the maximum 
difference between the axial stresses in models with and with-
out the inclusion of the pipe’s internal pressure increases from 
8% to over 24%.

3.3.2. Effects of the pipe’s internal pressure on discontinu-
ity opening
Figure 26(a) depicts the effect of the pipe’s internal pressure 
on the discontinuity opening (dc) for different values of the 

Figure 20. Formulation of the coefficients c1 to c4 in Equation (35) as a function of the MoE of IRP in Type I discontinuity (c¼ 6.35 mm).
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IRP thickness. The increase of the internal pressure leads to 
the increase of the discontinuity opening (Figure 26(a)), and 
the maximum difference between the discontinuity openings 
in the models with and without the inclusion of the pipe’s 
internal pressure is around 10% (Figure 26(d)). Figure 26(d)
also indicates that as the IRP thickness increases, the 
internal pressure of the pipeline becomes less effective on 
the amount of discontinuity opening. Figure 26(b) shows 
the effect of the pipe’s internal pressure on the value of dc 
as the diameter of host pipe increases. Figure 26(e) indicates 

that with the increase of the host pipe’s outer diameter from 
323.85 to 571.50 mm, the maximum difference between the 
discontinuity opening values in models with and without 
the inclusion of the pipe’s internal pressure increases from 
11% to 19%. MoE of IRP does not have a significant influ-
ence over the effect of pipe’s internal pressure on the dis-
continuity opening. As the width of discontinuity increases, 
the effect of internal pressure on the discontinuity opening 
becomes more significant. As an example, as can be 
observed in Figure 26(f), with the increase of the 

Figure 22. Formulation of the coefficients c2 to c4 in Equation (35) as a function of the MoE of IRP in Type II discontinuity (c¼ 12.7 mm); For a Type II discontinuity: 
c1¼ 0.

Figure 21. Formulation of the w as a function of the s for different IRP MoE values in Type II discontinuity (c¼ 12.7 mm).
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discontinuity width from 6.35 to 152.4 mm (0.25 to 6 in.), 
the maximum difference between the discontinuity opening 
values in models with and without the inclusion of the 
pipe’s internal pressure increases from 8% to over 18%.

3.4. Effects of material and geometric nonlinearities on 
the axial behaviour

Altogether, 42 linear and nonlinear FE analyses were con-
ducted to study the effects of material and geometric nonli-
nearities on the IRP’s axial stress and opening of a 

circumferential discontinuity. In this study, two different 
materials were considered for host pipe: X42 steel and cast 
iron. ALTRA10VR was chosen as IRP because it has been pre-
viously proposed for the repair of water pipelines (Bureau 
et al., 2021) and its nonlinear stress-strain curve is available.

3.4.1. Nonlinearity effects on the IRP’s axial stress at the 
discontinuity segment
Figure 27 depicts the effects of material and geometric non-
linearities on the average axial stress along the wall thick-
ness IRP in the midspan of discontinuity segment, rað ÞI , as 

Figure 23. Formulation of the w as a function of the s for different IRP MoE values in Type III discontinuity (c¼ 152.4 mm).

Figure 24. Formulation of the coefficients c2 to c4 in Equation (35) as a function of the MoE of IRP in Type III discontinuity (c¼ 152.4 mm); for a Type III discontinu-
ity: c1¼ 0.
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the value of applied displacement increases. The value of 
applied displacement can be calculated based on Equation 
(3). It is the magnitude of axial displacement which must be 
applied to the pipe’s free end in a mechanical model to rep-
licate the system’s axial deformation under the temperature 
variation (DT). Values of applied displacement in Figures 27
and 28 cover DT values ranging from 13.9 to 97.3 �C.

According to Figure 27, the difference between nonlinear 
and linear solutions of the axial stress increases with the 
increase of the applied displacement. This means that as the 
value of DT increases, material nonlinearities affect IRP’s 
axial stress more significantly. Hence, nonlinear material 
behaviour of host pipe and IRP should be included in analy-
sing the pipeline repair systems under extreme temperature 
variations. The nonlinear solution of axial stress is always 
lower than the corresponding linear solution. The main rea-
son is that when the material nonlinearity is considered, the 
structural system becomes more compliant resulting in 
greater deformations through which the energy exerted by 
applied loads is dissipated and consequently, the structural 
system is less reactive in terms of internal forces leading to 
the decrease of stresses.

For example, in a system with the steel host pipe, for a 
DT value of 97.3 �C which is corresponding to an applied 
displacement of 3.71 mm, nonlinear solution of the 
ALTRA10VR IRP’s axial stress is only 37% of the 

corresponding linear solution. For a cast iron host pipe, this 
ratio is around 46%. Hence, it can be concluded that an IRP 
system with a steel host pipe is more affected by the nonlin-
ear material behaviour compared to the corresponding sys-
tem with a cast iron host pipe. It can also be observed in 
Figure 27 that if the maximum applied displacement is lim-
ited to 3.71 mm, there is no considerable difference between 
the small- and large-displacement solutions, which implies 
that up to a DT value of 97.3 �C, geometric nonlinearity has 
almost no effect on the axial stress of IRP in the discontinu-
ity segment.

It should be noted that major difference observed 
between nonlinear and linear behaviours of ALTRA10VR IRP 
in terms of axial stress does not invalidate the developed 
analytical solution and modification factors g and SCF 
extracted from linear FE analyses. There are several IRP 
materials which do not exhibit significantly nonlinear 
behaviour up to the point of failure. Hence, the developed 
analytical solution is accurate for such IRP systems. For IRP 
materials with considerably nonlinear behaviour, Equation 
(12) results in a conservative estimation of peak axial stress 
which does not compromise a safe design.

3.4.2. Nonlinearity effects on the discontinuity opening
Figure 28 indicates that the difference between the linear 
and nonlinear solutions of discontinuity opening increases 

Figure 25. (a) The effect of internal pressure on the average axial stress along the IRP thickness in the Middle section of the discontinuity segment and its inter-
action with the (a) IRP thickness, (b) outer diameter of the host pipe, (c) IRP’s elastic modulus; the ratio of the axial stress subjected to an arbitrary internal pressure 
to the axial stress subjected to zero internal pressure for different values of the (d) IRP thickness, (e) outer diameter of the host pipe, (f) IRP’s elastic modulus.
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with the increase of the applied displacement, implying that 
as the DT increases, material nonlinearities affect the dis-
continuity opening more significantly. The nonlinear solu-
tion of the discontinuity opening is always larger than the 
corresponding linear solution. For example, in a system 
with the cast iron host pipe, for a DT value of 97.3 �C which 
is corresponding to an applied displacement of 3.40 mm, 
nonlinear solution of the discontinuity opening is 1.95 times 
the corresponding linear solution. For a steel host pipe, this 
ratio is around 1.91. It can also be observed that up to a DT 
value of 97.3 �C, geometric nonlinearity does not have a 
considerable effect on the amount of discontinuity opening.

Considerable difference between nonlinear and linear 
behaviours of an ALTRA10VR IRP system in terms of discon-
tinuity opening does not mean that the developed analytical 
solution and modification factor w extracted from linear FE 
analyses are invalid. Many IRP materials do not exhibit sig-
nificantly nonlinear behaviour up to the point of failure, 
and hence, the developed analytical solution is accurate for 
such IRP systems. For IRP materials with significantly non-
linear behaviour, Equation (16) tends to underestimate the 
maximum discontinuity opening and users may have to 
apply a factor of safety for design purposes. It should also 
be noted that such nonlinear effects are more highlighted 
for extreme rather than seasonal temperature changes.

In linear FE models, the ratio of discontinuity opening to 
applied displacement is always fixed, and for the specific geo-
metrical and material properties used in Figures 27 and 28, 
this ratio is equal to 0.419 and 0.379 for steel and cast iron 
host pipes, respectively. In nonlinear FE models, the ratio of 
discontinuity opening to applied displacement increases with 
the amount of applied displacement, and it’s always higher 
than the corresponding ratio from a linear analysis. For the 
specific geometrical and material properties used in Figures 27
and 28, this nonlinear ratio for a system with the steel host 
pipe ranges between 0.493 and 0.802 with an average value of 
0.702 which is 40% higher than the corresponding linear ratio. 
In a system with the cast iron host pipe, nonlinear ratio varies 
between 0.410 and 0.739 with an average value of 0.625 which 
is 39% higher than the corresponding linear ratio.

3.5. Effects of the unbonded interface on the axial 
behaviour

3.5.1. Effects of unbonded length on linear and nonlinear 
axial responses
Figures 29 and 30 demonstrate the effects of the presence of 
an unbonded segment on linear and nonlinear axial behav-
iours of IRP systems under seasonal and extreme tempera-
ture variations. Figure 29 indicate that the increase of 

Figure 26. (a) The effect of internal pressure on the discontinuity opening and its interaction with the (a) IRP thickness, (b) outer diameter of the host pipe, (c) dis-
continuity width; the ratio of the discontinuity opening subjected to an arbitrary internal pressure to the discontinuity opening subjected to zero internal pressure 
for different values of the (d) IRP thickness, (e) outer diameter of the host pipe, (f) discontinuity width.
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unbonded length can result in significant decrease of the 
axial stress of IRP in the discontinuity segment. Comparison 
of Figure 29(b,d) shows that if the material behaviour is lin-
ear, the amount of stress decrement is the same for seasonal 
and extreme temperature changes, where the ratio of the 
axial stress in a system with an unbonded segment to the 
corresponding axial stress in a fully bonded system ranges 
between 0.83 (for lu=c ¼ 1) and 0.31 (for lu=c ¼ 10). 
However, if the nonlinear material behaviour is included, 
then the increase of the unbonded length subjected to an 
extreme temperature change has greater effect over the axial 
response compared to the seasonal temperature change, 
where the maximum difference between the axial stresses in 
unbonded and fully bonded systems is 55% and 60% for 
seasonal and extreme temperature changes, respectively.

Figure 30 illustrates that the increase of unbonded length 
results in the increase of discontinuity opening. For a linear 
material behaviour, the amount of such increase is the same 
for seasonal and extreme temperature changes, and the ratio 
of the discontinuity opening in a system with an unbonded 
segment to the corresponding discontinuity opening in a 
fully bonded system ranges between 1.23 (for lu=c ¼ 1) and 
1.96 (for lu=c ¼ 10). If the nonlinear material behaviour is 
considered, then the increase of the unbonded length sub-
jected to the seasonal temperature change has greater effect 
over the system’s axial response compared to the extreme 
temperature variation, where the maximum difference 
between the discontinuity openings in unbonded and fully 
bonded systems is 14% and 32% for seasonal and extreme 
temperature changes, respectively.

Figure 27. (a) And (b) effects of material and geometric nonlinearities on the average axial stress along the IRP thickness in the Middle section of the discontinuity 
segment, (c) and (d) the ratio of axial stress obtained from a nonlinear FE analysis to the corresponding value extracted from a linear FE analysis.
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3.5.2. Effects of unbonded length on the axial behaviour 
of the systems with different MoE
Figure 31(a,b) indicate that for IRP materials with lower 
MoE, the change of the unbonded length has a greater effect 
on the axial stress. For example, the ratio of the axial stress 
in a system with a relatively long unbonded segment 
(lu=c ¼ 10) to the corresponding axial stress in a fully 
bonded system is 0.19, 0.31, and 0.42 for MoE values of 1, 
3.77, and 10 GPa, respectively. This means that with the 
increase of the MoE of IRP from 1 to 10 GPa, the ratio of 
axial stress in a system with a relatively long unbonded seg-
ment to the corresponding axial stress in a fully bonded sys-
tem increases by a factor of over two. Figure 31(c,d)
indicate that with the increase of MoE, the effect of 
unbonded length on discontinuity opening gets more sig-
nificant. It can be seen that for lu=c ¼ 10, the ratio of dis-
continuity opening in the unbonded IRP system to the 

corresponding discontinuity opening in a fully bonded sys-
tem increases from 1.3 to 2.5, if the MoE changes from 1 to 
10 GPa.

3.5.3. Effects of the unbonding mode on the axial stresses 
and displacements
Figures 32 and 33 demonstrate the effects of the two modes 
of unbonding (one-sided and two-sided as shown in Figure 
7) on the IRP’s axial behaviour under seasonal temperature 
changes. As can be seen in Figure 32(a), in terms of the 
average axial stress along the wall thickness of IRP in the 
midspan of discontinuity segment, there is no considerable 
difference between one- and two-sided modes of unbonding. 
However, it should be noted that this does not necessarily 
mean that the HSS values for IRP in one- and two-sided 
modes of unbonding should be the same too. Figure 33

Figure 28. (a) And (b) effects of material and geometric nonlinearities on the discontinuity opening, (c) and (d) the ratio of discontinuity opening obtained from a 
nonlinear FE analysis to the corresponding value extracted from a linear FE analysis.
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clearly shows that the peak stress of IRP in a system with a 
one-sided unbonded segment can be quite larger than the 
peak stress in the corresponding system with a two-sided 
unbonded segment. The reason is that the stress concentra-
tions are more significant in the one-sided mode of 
unbonding compared to the two-sided mode. Figure 32(b)
shows that there is no significant difference between the val-
ues of discontinuity opening in one- and two-sided modes 
of unbonding.

4. Conclusions

Structural response of an IRP system under the seasonal 
and extreme levels of temperature variation was studied 
applying numerical and analytical approaches validated 
against experimental results and available closed-form 

expressions. A comprehensive FE analysis comprising 270 
linear and nonlinear assessments was conducted to examine 
the axial behaviour of IRP systems and explore how geomet-
rical parameters and material properties influence system 
stresses and displacements. Analytical expressions were for-
mulated to depict the loading and resulting responses of a 
mechanical model for IRP systems experiencing seasonal 
temperature variations. Subsequently, leveraging the FE 
findings, three adjustment factors were formulated to refine 
the analytical expressions, facilitating the determination of 
the peak axial stress in IRP and the opening of circumferen-
tial discontinuities due to seasonal temperature fluctuations. 
The key findings can be outlined as follows:

� The increase of parameter s (IRP to host pipe thickness 
ratio) results in the increase of the stress concentration 

Figure 29. Effects of the presence of an unbonded segment on linear and nonlinear axial responses of IRP systems subjected to seasonal and extreme temperature 
changes: (a) and (c) the effect of unbonded length on the average axial stress along the IRP thickness at the Middle section of the discontinuity segment, (b) and 
(d) the ratio of the axial stress in an IRP system with an unbonded segment to the corresponding axial stress in a fully bonded system.
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factor (SCF) at the discontinuity edge in IRP systems. 
The magnitude of such increase is greatly affected by 
parameter f (discontinuity width to host pipe thickness 
ratio). As the value of f increases, the effect of parameter 
s on the SCF becomes less highlighted.

� The increase in discontinuity width makes the stress dis-
tribution along the wall thickness of IRP uniform. The 
increase of c (host pipe radius to thickness ratio) gener-
ally increases the stress concentration at the discontinuity 
edge in an IRP system but can be safely considered to be 
negligible. The increase of parameter a (host pipe length- 
to-radius ratio) has no effect on the SCF. The SCFs at 
the discontinuity edge in an IRP system follow a normal 

probability distribution and the estimated maximum 
expected value for the SCF in IRP systems is 2.53.

� The increase of the pipeline’s internal pressure results in 
the increase of the IRP’s axial stress as well as the dis-
continuity opening. As the IRP thickness increases, pipe-
line’s internal pressure gets less effective on the 
magnitude of IRP’s axial stress and discontinuity open-
ing. As the initial width of discontinuity increases, the 
effect of pipeline’s internal pressure on IRP’s axial stress 
and discontinuity opening becomes more significant.

� Material nonlinearities affect IRP’s axial stress and dis-
continuity opening more significantly as the level of tem-
perature fluctuation increases. Hence, nonlinear material 

Figure 30. Effects of the presence of an unbonded segment on linear and nonlinear axial responses of IRP systems subjected to seasonal and extreme temperature 
changes: (a) and (c) the effect of unbonded length on the discontinuity opening, (b) and (d) the ratio of the discontinuity opening in an IRP system with an 
unbonded segment to the corresponding discontinuity opening in a fully bonded system.
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behaviour of host pipe and IRP should be included in 
analysing the pipeline repair systems under the extreme 
temperature variations. An IRP system with a steel host 
pipe is more affected by the nonlinear material behaviour 
compared to the corresponding system with a cast-iron 
host pipe.

� The increase of the unbonded length can result in sig-
nificant decrease of the axial stress of IRP in the discon-
tinuity segment. This suggests that a degree of 
debonding could be advantageous for repair systems, as 
it assists the IRP system to more effectively accommo-
date thermal strains and the resulting stresses.

� For both linear and nonlinear IRP materials, the increase 
of unbonded length results in the decrease of stress and 
increase of discontinuity opening. Nonlinear behaviour 
of IRP material is affected more by the extreme than sea-
sonal temperature change.

� The change of the unbonded length has a greater effect 
on the axial stress of IRP with low modulus of elasticity 
while the effect of the unbonded length on the discon-
tinuity opening becomes more significant for stiff IRP.

� IRP’s hot-spot stress in the one-sided mode of unbond-
ing can be quite larger than the two-sided mode. 
However, there is no significant difference between 

Figure 31. Effects of the presence of an unbonded segment on axial responses of IRP systems with different young’s moduli subjected to seasonal temperature 
changes: (a) and (c) the effect of unbonded length on the axial stress of IRP and discontinuity opening, (b) and (d) the ratio of the axial response in an IRP system 
with an unbonded segment to the corresponding response in a fully bonded system.
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Figure 32. Effects of the two modes of unbonding on the: (a) average axial stress along the IRP thickness at the Middle section of the discontinuity segment, (b) 
discontinuity opening.

Figure 33. Deformed shapes of the system with different unbonding modes (contours: axial stress [MPa]).
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discontinuity openings in one- and two-sided modes of 
unbonding.

The analytical and numerical models developed in this 
paper offer a dependable framework for describing the lin-
ear and nonlinear axial behaviour of internal replacement 
pipe (IRP) systems within host pipes afflicted by circumfer-
ential cracks. Depending on factors such as pipe material, 
soil conditions, and applied stresses, both circumferential 
and longitudinal cracks may occur. Future research endeav-
ours could explore the behaviour of IRP systems retrofitted 
for longitudinal cracks under temperature variations. 
Additionally, investigating radial stresses and deformations 
resulting from temperature changes is suggested as another 
avenue for future research. When temperatures drop below 
freezing, moisture-laden soil can freeze and expand, exerting 
frost loads that impose significant bending forces on the 
pipe. Although not addressed in this study, examining the 
response of IRP systems to frost loads presents another 
promising avenue for future research endeavours.
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Appendix. Deriving the analytical expression of 
the transfer function k

Parameter k is defined as (Equation (8)):

k ¼
rnð ÞI
fT
¼

FT=AI

FT=AC
¼

AC

AI
¼

AI þ AH

AI
(A1) 

Cross-sectional areas for IRP and host pipe are calculated as 
follows:

AH ¼
p

4
D2

oH − DoH − 2tHð Þ
2

h i

(A2) 

AI ¼
p

4
D2

oI − DoI − 2tIð Þ
2

h i

(A3) 

Outer diameter of IRP (DoI) can be rewritten in terms of the wall 
thickness and outer diameter of host pipe as follows:  

DoI ¼ DoH − 2tH (A4) 

Substitution of Equation (A4) in Equation (A3) leads to the below 
expression for the IRP’s cross-sectional area:  

AI ¼
p

4
DoH − 2tHð Þ

2 − DoH − 2tH − 2tIð Þ
2� �

(A5) 

Substitution of Equations (A2) and (A5) in Equation (A1) results 
in the below analytical expression of the transfer function k as follows:  

k ¼
D2

oH − DoH − 2tH − 2tIð Þ
2

DoH − 2tHð Þ
2 − DoH − 2tH − 2tIð Þ

2 (A6) 
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