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46 function (cdf) of the distributions are derived for arbitrary values of the parameters.
48 The pdf and cdf of the distributions for different arbitrary values of the parameters

50 are computed, and their graphs are plotted by writing and implementing new R codes.

52 *Address correspondence to Rossita M. Yunus, Institute of Mathematical Sciences, Faculty of Science,
53 University of Malaya, 50603 Kuala Lumpur, Malaysia; Email: rossita@um.edu.my

URL: http://mc.manuscriptcentral.com/Issp E-mail: comstat@univmail.cis.mcmaster.ca



©CoO~NOUTA,WNPE

Communications in Statistics - Simulation and Computation Page 2 of 55

An application of the correlated BNCF distribution is illustrated in the computations

of the power function of the pre-test test for the multivariate simple regression model

(MSRM).
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1 Introduction

The bivariate central F' (BCF) distribution has been studied by many authors, including
Krishaniah (1965a), Amos and Bulgren (1972), Schuurmann et al. (1975), Johnson et al.
(1995) and El-Bassiouny and Jones (2009). Krishnaiah (1965b) described the use of the
BCF distribution in a problem of simultaneous statistical inference. Krishnaiah (1965c¢)
and Krishnaiah and Armitage (1965) later studied the multivariate central F' distribution.
Hewett and Bulgren (1971) studied the prediction interval for failure times in certain life
testing experiments using the multivariate central F' distribution.

Many authors have also studied the univariate noncentral I’ distribution, including Mud-
holkar et al. (1976), Muirhead (1982), Johnson et al. (1995), and Shao (2005). Johnson
et al. (1995) provided the definition of the univariate noncentral F' distribution known as
the singly noncentral F' distribution. The authors also described the doubly noncentral F
distribution with (v, v2) degrees of freedom and noncentrality parameters A\; and Ay as the
ratio of two independent noncentral chi-square variables, x,% (A\1)/v1 and x,2(X2)/1ve. Tiku
(1966) proposed an approximation to the multivariate noncentral F' distribution.

In the study of improving the power of a statistical test by pre-testing the uncertain
non-sample prior information (NSPI) on the value of a set of parameters (cf. Saleh and Sen,
1983, and Yunus and Khan, 2011a), the cdf of a bivariate noncentral chi-square distribution
is used to compute the power function of the test. For large sample studies, the cdf of the
bivariate noncentral chi-square (BNCC) distribution is used to compute the power function
of the test for testing one subset of regression parameters after pre-testing on another subset
of parameters of a multivariate simple regression model (MSRM) (cf. Saleh and Sen, 1983,
Yunus and Khan, 2011a). For small sample sizes, the computation of the power function and
the size of the test after a pre-test (PT) requires the cdf of a correlated bivariate noncentral

F (BNCF) distribution, which has not been reported in the literature because unlike those

URL: http://mc.manuscriptcentral.com/Issp E-mail: comstat@univmail.cis.mcmaster.ca



©CoO~NOUTA,WNPE

Communications in Statistics - Simulation and Computation Page 4 of 55

for the bivariate central F' (BCF) distribution, the formulae for the pdf and cdf of the
correlated BNCF distribution are more complex; hence, there are no easy computational
formulae available. As such, no statistical packages include this distribution.

Yunus and Khan (2011b) derived the bivariate noncentral chi-square (BNCC) distribu-
tion by compounding the Poisson distribution with the correlated bivariate central chi-square
distribution, aiming to compute the power function of the test after pre-testing. Therefore,
using the same method of derivation, we derive the pdf and cdf of the singly and dou-
bly correlated BNCF distributions in this paper. The doubly correlated BNCF is defined
by mixing the correlated BNCC distribution with an independent central chi-square dis-
tribution. This definition allows for two noncentrality parameters from the two correlated
noncentral chi-square variables in the numerator of the noncentral F' variables. Additionally,
by compounding the BCF and Poisson distributions, we derive the singly correlated BNCF
distribution. This form of the BNCF distribution has only one noncentrality parameter. We
also propose the computational formulae of the pdf and cdf of the correlated BNCF distri-
bution and illustrate their application in the derivation of the power function of the pre-test
test (PTT) (for details on the PTT, see Khan and Pratikno, 2013). The R codes are written
to compute the values of the pdf and cdf of the correlated BNCF distribution and the power
curve of the PTT of the MSRM. In addition to suggesting the computational formulae, we
also compute and tabulate the critical values of the distribution for selected values of the
parameters and significance levels using the R codes.

The next section derives the expression for the pdf and cdf of the correlated BNCF
distribution. The computational method and graphical presentation of the pdf and cdf and
the critical values of the correlated BNCF distribution for different values of the noncentrality
parameter are presented in Section 3. An application of the BNCF distribution to the power
function of the PTT is discussed in Section 4, and concluding remarks are provided in Section

D.
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2 The Bivariate Noncentral /' Distribution

In this section, the cdfs of the singly and doubly correlated bivariate noncentral F' distribu-
tions are obtained using the compounding of distributions technique. The doubly correlated
BNCF is obtained by compounding the correlated BNCC distribution with an independent
central chi-square distribution, thus allowing for two noncentrality parameters and a correla-
tion coefficient parameter. Additionally, by compounding the BCF and Poisson distributions,
the singly correlated BNCF distribution is derived. This form of the BNCF distribution has

only one noncentrality parameter and a correlation coefficient parameter.

2.1 The Singly Correlated Bivariate Noncentral F' Distribution

Let a random variable X, ¢ = 1, 2 follow an F' distribution with v; degrees of freedom, and let
another random variable R follow a Poisson distribution with mean A. The proposed singly
correlated BNCF distribution is an extension of the univariate noncentral F' distribution

introduced by Krishnaiah (1965a) and Johnson et al. (1995) for the bivariate case. The pdf

of the singly BNCF distribution with noncentrality parameter A is defined as

Ny
f($17$27yr77/27)‘) = Z — fl(I17$2’V7"7V2)7 (2'1)

r!
r=0

where fi(x1, 22, v, 112) is the pdf of a BCF distribution with v, and v, degrees of freedom in

which v, = v; + 2r; that is,

v2/2 2\ (vr+1v2)/2 o0 27 ]
R (1 — p?)rtr2)/ PP (v + (v2/2) + 2)) 2
i@y, o0, vm 12) = ( T(v,/2)T(12/2) ) ( JT((vr/2) + ) ) '

9 ( (zyq)r/2Hi—1 ) |

(a(1 — p?) + vp(xy + @o)|Prt(v2/242)
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Note that the density function of the singly correlated BNCF distribution is obtained by
compounding the BCF distribution with the Poisson probabilities.

Therefore, the cdf of the singly correlated BNCF distribution is defined as

P() = P(X1<d X2<d,VT,V2,/\)

B i( —>\/2( ) )P2<Xl d, Xy < d,vp, 1), (2.2)

r=0

where

(L= PP\ & (T + (2) +2)
Py(X X = ki
5 (X1 < d, Xy < d, vy, 1) (F(VT/Q)F (112/2) JZ J((v/2) + 5) g

and Lj, is defined as

hr hr xle l/r/2 +Jj— ldxlde
]7" 1 + 2+ x2)l/r+(V2/2)+2]
: _ dvy
with A, = PR
For the computation of the value of the cdf of the singly correlated BNCF distribution,
R codes are used. To make the computations easier, we represent the formulae of the cdf

of the singly correlated BNCF distribution in equation (2.2) as the sum of infinite series as

follows:

URL: http://mc.manuscriptcentral.com/Issp E-mail: comstat@univmail.cis.mcmaster.ca



Page 7 of 55 Communications in Statistics - Simulation and Computation

< (e N2 (2) (1 — p?)e/? (P + (1/2) +2))\ ,
2 ( ! ) (r<ur/2>r<u2/z>> Z ( ST ((vr/2) + 5) ) b

r=0

- S| () e (M) e

12 = Z Tr [HOTLOT' + Hl’l‘LlT‘ -+ HZTLZT' + e ]
13 —0

O©CoO~NOOOA~WNPRF
)
—
SN~—
l

15 = f: T.Hor Loy + T Hip Lny + T Hop Loy + -+ -+
r=0
18 = [ToHooLoo + ToHoLno + ToHaoLog + -+ ]
20 + [T1Ho1 Loy + TV Hyy Ly +T1Hy Loy + -+ -+ ]
22 +[ToHoo Loy + ToHioL1o + ToHog Loy + -+ -+ - ]

5 4o { (2.3)

where
29 e 2 (3) (1—p2)"
32 T, = ( - ) (F(VT/Q)F(Vz/Q))’

24 g T+ (2/2) Tt /2 +2) o pT o+ (f2) +4)
35 T 0r((n/2) T U ((v,/2)+1) % 20((r,/2) +2)

37 and P is defined as

41 P = ZTTHOTLOT‘ = ToHoyLoo +T1Ho1 Loy +ToHpeLog + -+ -+ , for j =0,
42 r=0

43 (e (1= s 1Ty + 1/2)
po - <0! « <m/2>r<u?/2>)( 0T (11/2) )L“O 3

j? <€—>\/2 (2) ) (1 — p2)+2/2 > <1F(V1 +2+ (u2/2))> Loyt -

1 T((v, + 2)/2)0(12/2) O ((1 +2)/2)
(2.4)
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Similarly, we obtain the expressions for Py = > "2 T, Hy, L1, Po = Y 2 T, Ha. Ly, and so

on. Finally, we write
P()=Py+P +Py+Py+ - :ZPJ'

Some properties of the singly correlated BNCF distribution are given as follows:

(i) Note that fi(x1,xe,v,,v0) in equation (2.1) is a pdf of a BCF distribution with v,
and vy degrees of freedom; hence, fooo fooo fi(z1, xo, vy, v9)dxidas = limg oo Po(X; <
d, X5 < d) in equation (2.2) is equal to one. Furthermore, >~ PO Thus,

7!

it can easily be observed that [;° [° f(x1, 2, vy, va, A)dz1day = 1.

(ii) Because fi(x1, 22, v, 15) is a pdf of a BCF, fi(-) > 0. It is noted that the quantity

fWrM is always positive. Therefore, f(-) > 0.

(iii) From equation (2.1), the central case of the bivariate I distribution proposed by Ki-
ishnaiah (1965a) is a special case of the singly correlated BNCF distribution when the

noncentrality parameter, A, is equal to zero.

2.2 The Doubly Correlated Bivariate Noncentral F' Distribution

Let the random variables (Xi, X») jointly follow a correlated BNCC distribution with m
degrees of freedom, noncentrality parameters #; and 65, and a correlation coefficient p, and
let the random variable Z follow a central chi-square distribution with n degrees of freedom.
We propose the cdf of the doubly correlated BNCF by compounding the two aforementioned
distributions.

The pdf of the correlated BNCC variables X; and X, proposed by Yunus and Khan
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(2011b) is given by

[e.9]

glrraa) = DY ) [P = )T (m/2 + j)]

7=0 r1=01r2=0

(xl)m/2+j+r1716_2((1z—1,32) 6*91/2(01/2)T1

- X
10 [2(1 = p?)m /24D (m /2 4 j + 1) !
11 - (o) -
12 (xQ)m/2+j+r2—1e—2(T2pz) 6792/2(92/2)”

" 201 = )T (m/2 + j + 1) | ol
15 - -

©CoO~NOUTA,WNPE

17 and the pdf of a central chi-square variable Z with n degrees of freedom is given by

20 Z(n/2)_1€_2/2

- 12) = St y2)

25 where Z is independent of X; and X,.
27 Therefore, the random variables (Y7, Y5), where

Y; = 2 for i=1,2, (2.7)

34 have a joint cdf given by

bmz amz

38 P(Y1 <a,Y; <D) :/ f(z)/ ' \ g(x1, xe)dx1dodz. (2.8)

z=0 =0 Jax1=0

42 The distribution function given in equation (2.8) is the cdf of the proposed doubly correlated
44 BNCF distribution with m and n degrees of freedom, noncentrality parameters ¢; and 6s,

46 and correlation coefficient p.
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In addition, equation (2.8) can be expressed as the following sum of infinite series

P(Yi<a,Yy<b) = ZZZ J p¥ (&, ¢ B)

r1=07r2=0 j5=0
/2 62/2<92/2>r2

7“1! 7'2!

, (2.9)

where

/°° e 2 y(an, c12) (g, c22)
dz
0 I

Ly(d;, ¢, 3) (8) T(aw) T(a)

and

5 no . am bm N (m+,+ m+.+ )
=5, C= a; = | — Ty, — o) .
27 n<1_p2)7n(1_p2) ) J 9 J 1, 9 J 2

Here, v(a,z) = [ e > 1dt, and T'(a) = [;" e "t*"1dt.
To ease the computational difficulties of the cdf, we use the following form of 5 given by

Amos and Bulgren (1972),
(1—u)?T(B+ )
ap  D(B)I(an)

x;% utt Ly (r + B4 an, ), (2.10)

12(561‘,575) = Iu(Oéhﬁ)_

with

u=c/(1+c), 1—y=1+c)/(1+c+c),
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o ,—z,[-1
/ c - V(Q’Cz)dz = IL(a,p) and
0

) T
* e 2P D (o, c2) _ N
| Tt e = D)

are the regularized beta functions, with a > 0,5 >0, x =¢/(1 +¢),and 1 —x = 1/(1 + ¢).

See the Appendix for the pdf of the doubly correlated BNCF distribution, which is derived

using the transformation of variables method.

Some properties of the doubly correlated BNCF distribution are given as follows:

(i)

(iv)

From equation (2.9), we find that F(a, b;r,7m2) = (1 —p?)= > e (?—,)] #1y(ay, ¢, B) is

the cdf of a BCF distribution (Amos and Bulgren, 1972); thus, Fi(a,b) approaches 1

o e=%1/2(p,/2)m1

r1=0 71! and

as both a and b go to infinity. It is clear that both quantities )
Zoo e=92/2(05/2)"2

ro=0 ro!

are equal to one. It follows that the cdf of the doubly correlated

BNCF distribution approaches 1 as both a and b go to infinity.

When a and b are zero, it is easy to show that the cdf of the doubly correlated BNCF

1S zero.

Note that Fi(a,b) is an increasing function because it is a cdf of a BCF distribution.
It follows that the cdf of the doubly correlated BNCF distribution is also an increasing

function.

As b approaches infinity, v(as,c22) = T'(ag) through ¢ = bm/n(l — p?), and the
second term on the right-hand side of equation (2.10) becomes zero because 1 — y ap-

proaches zero as b goes to infinity. Further simplifications yield the following marginal
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distribution function

o0 —01/2 6, /21

ZI :_nyl (m/2 +r1,n/2)% = F(yl;m7nu‘91)7 (211)
n+myq 1-

r1=0

which is the cdf of the noncentral F' distribution of Y}, with noncentrality parameter
01 and degrees of freedom m and n. In the same manner, the marginal distribution

function for Y5 can be derived.

The central F' distribution can be obtained from the noncentral distribution if the
noncentrality parameters, 6; and 65, are equal to 0. Because r; and 7y are both zero,

we rewrite (2.9) as

with

n . am bm . (m m .

Thus, we arrive at the central correlated bivariate F' distribution proposed by Amos
and Bulgren (1972) after allowing both noncentrality parameters equal zero in the

doubly correlated BNCF distribution.

(vi) For p =0, which implies j = 0, we write equation (2.9) as

e~01/2(, /2)1 e=02/2(9,/2)"

7’1! T'Q!

PYi1<a,Y><b) = iib(@,éﬁ)

r1=0r2=0

(2.13)

10
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with

n am bm m m
Ty 52(777)’ = (3engn). (2.14)

It can be observed that Y; and Y5 are not independent, although the correlation co-
efficient between Y] and Y5 is zero. In other words, the doubly correlated BNCF can
have a zero correlation, but the marginal distributions do not support statistical inde-

pendence.

3 Computation of the pdf and cdf

To compute the values of the pdf and cdf of the BNCF distributions, R codes are written.
The R package is also used for the graphical representation of the pdf and cdf. The pdf
of the singly BNCF distribution is computed using equation (2.1) and plotted in Figure 1.
The graph in Figure 1(iii) has a wider spread than that in Figure 1(i) due to the smaller
value of v;. Comparing Figures 1(i) and 1(iv), the spread of the distribution in Figure 1(iv)
decreases due to the increase in the noncentrality parameter. As the value of p increases, the
spread of the distribution decreases and the pdf shrinks, as shown in Figure 1(ii). For the
doubly correlated BNCF distribution, the pdf is calculated using equation (5.4) and plotted
in Figure 2. The graphs in Figure 2 show properties similar to those shown in Figure 1 but
with varying probabilities.

To compute the cdf of the singly correlated BNCF distribution in equation (2.3), we
choose arbitrary values of the degrees of freedom (v7,14), noncentrality parameter (\), cor-
relation coefficient (p) and upper limit (d) of the variable. Figure 3 shows that the cdf of the
singly correlated BNCF distribution increases as the value of any of the parameters, namely,

the degrees of freedom vy (for fixed 15), A, or d, increases.

11
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(i) The pdf for v;=10, v,=20, p =0.5, A =1 (i) The pdf for v,=10, v,=20, p =0.9, A =1

Pdf Pdf

(iii) The pdf for v,=5, v,=20, p =0.5, A =1 (iv) The pdf for v,=10, v,=20, p =0.5, A =3

Pdf Pdf

Figure 1: The pdf of the singly correlated bivariate noncentral F' distribution.

The cdf of the doubly correlated BNCF distribution is computed using equation (2.9) for
arbitrary degrees of freedom (m,n), noncentrality parameters (61, 6,), correlation coefficient
(p), and upper limit (a = b = d). The graphs of the cdf of the doubly correlated BNCF
distribution are presented in Figure 4. Interestingly, the cdf curve approaches 1 more rapidly
for a larger correlation coefficient (see Figure 4(i)), a smaller noncentrality parameter (see
Figure 4(ii)) and a greater number of degrees of freedom (m,n) (see Figures 4(iii) and 4(iv)).

Figure 4 shows that the shape of the cdf curve is sigmoidal, which depends on the values of

12
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(i) The pdf for 8,=1, 6,=2, p =0.5, m =10, n =20 (i) The pdf for 8,=1, 6,=2, p =0.9, m =10, n =20

O.BT

0.6+

O.BT

0.6+

©CoO~NOUTA,WNPE

Pdf 0.4+ Pdf 0.4

19 (iii) The pdf for 6,=1, 6,=2, p =0.5, m =5, n =20 (iv) The pdf for 6,=1, 6,=2, p =0.5, m =5, n =25

]

0.6
Pdf 0.4

0.2+

0.0

38 Figure 2: The pdf of the doubly correlated bivariate noncentral F' distribution.

a1 the noncentrality parameters (6, 6,), degrees of freedom (m,n), and correlation coefficient

43 (p). Tables 1 and 2 provide the values of d for different values of m, n, 6, 65, and «, where

d d
46 PYi < dYs < d) / / Flon, y2)dyrdys = (1= ),
0 0

30 for the case in which p = 0.5.
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(i) The cdf for p=0.5, v,=5, A=1 (i) The cdf for p=0.5, v,=10, A=1
o | e
— —
© | © |
o o
© | © |
w O w O
© el
© < © <t
S ] S 7]
N N
o o
o | o |
e e T T T T T
0 1 2 3 4 5
d
(iv) The cdf for v,=5, v,=30, p=0.5
o | o |
— —
© | © |
o o
© _| ©
w O w O
© e}
© < _ © < _
o o A=0
N N A=4
e e A=8
o ] o | -+ A=10
e T T T T T ° T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
d d

Figure 3: The cdf of the singly correlated BNCF distribution with arbitrary values of p, A,
v; and vs.

4 Application to the Power Function of the PTT

To test the null hypothesis on the intercept vector Hy : B, = By, (given known vector)

against H, : By > By, in the multivariate simple regression model

Y; = By + Bix; + e, (4.1)

14
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(i) The cdf for m=10, n=20 (ii) The cdf for m=10, n=20, p=0.5,
6,=1, 8,=1.5, 6=1.5, j,k=1,2,j#k

1.0

©CoO~NOUTA,WNPE

Cdf
00 02 04 06 08

Cdf
00 02 04 06 08 10

0,=1, p=0.5, 9,=1, p=0.5,

N

w

1.0
I

Cdf
00 02 04 06 08 10

)
(o]
Cdf
00 02 04 06 038

39 Figure 4: The cdf of the doubly correlated BNCF distribution with arbitrary values of p, 8y,
m and n.

43 (for details, see Khan, 2006) when there is non-sample prior information on the slope vector
45 B, the test statistic follows a correlated bivariate F' distribution. The ultimate test on H
is called the pre-test test (PTT) because it depends on the outcome of the pre-test on the
49 suspected slope; that is, Hf = B, = B, (cf. Khan and Pratikno, 2013). The cdf of the

doubly correlated BNCF distribution is involved in the formulae for the power function of
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the PTT. To illustrate the method, we conduct a simulation study by generating random
data using the R package.

The explanatory variable (x) is generated from the uniform distribution between 0 and 1.
The error vector (e) is generated from a p = 3 dimensional multivariate normal distribution
with o = 0 and ¥ = 0213, where I3 is the identity matrix of order 3. Then, the dependent
variable (y;) is determined by y, = By + 8@ + €1 for 3, = 3 and 3, = 1.5. Similarly, y, and
y3 are determined by y, = 3 + ;2 +ey for By = 5 and B, = 2.5 and by y3 = B, + 5 « +e3
for ﬁg/ — 6 and 3, = 3. For each of the three cases, n = 20 random variates are generated.

Considering the three cases (i) unspecified 8,, (ii) specified 3, and (iii) uncertain prior
information on 3,, we define the unrestricted, restricted and pre-test test statistics as follows:
TV = 30 (=) [(Bo—Boo) S~ (Bo—Boo)], T = 21, (= 2)*[(5—BroT—Boo) X (I
BroT — Byo)] and T =370 (2 — f>2[(61 - 510>/2_1(5~1 — B1)], respectively. Here, 5=
%_p > i (Y = Bo — Bz (y; — Bo — Byx:)/, where Bo =Y — B, Bo =y - Bi%, By
S, S 5= S i, and g = S yi/n.

Under H, : By > Byo, TVT and THT follow a noncentral F distribution with (p,n — p)

degrees of freedom and noncentrality parameters A?/2 and A3 /2, respectively, where A? =

Sy (i = 1) [(By — Boo) 2By — Bop)] and A3 = 37 (2 — )?[(Y — BT — Boo) X (g —
B10T — Boo)]- Under H* : B, > Byo, TTT follows a noncentral F' distribution with (p,n — p)

degrees of freedom and noncentrality parameter A3/2, where A3 = " (z; — 7)?[(8, —

Bio)'E71(By — Bio)l-

Let {K,} be a sequence of alternative hypotheses

K, : Bo = 600 + >\1/\/ﬁ 61 = /810 + >\2/\/ﬁ7 (4-2)

where A; and Ay are vectors of fixed real numbers. Under {K,}, the power function of the
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PTT is given by

TN = P(T" <a, T > )+ P(T"" > a,T"" > b)
= P(T" <a) P(T™ > ¢)+di (a,b, p)

= [1-P(T" >a)] P(T"™ >c)+di (a,b,p), (4.3)

where A = (A1/v/n, Xa/\/1), @ = Foypnp — G2, b= Foy pn—p — ¢1 and ¢ = Foy 1 — [P1 +
(bzf] + wx for qbl = )\/12_1)\1, ¢2 = )\/22_1)\2, W = )\/12_1A2 —+ )\/22_1A1, and dlr(a,b, p) is a

correlated bivariate F' probability integral defined as

di(a,b,p) = / / f(FPT PV QR qpvT (4.4)
b a

n2(n—p—4)
2n—p=22(n—p—3)"

with p = ( Clearly, the power of the PTT is defined in terms of the powers
of the RT and PT as well as the cdf of the doubly correlated BNCF distribution.

Figure 5 shows the graphs of the power function of the PTT in terms of di.(d,d, p)
for selected values of the correlation coefficients (p), noncentrality parameters (6, 6,) and
degrees of freedom (m,n). The power of the PTT decreases as the values of p increases. The
power of the PTT is identical for a fixed value of p, regardless of its sign. This figure shows
that the power of the PT'T increases as the values of the noncentrality parameters increase.

The power of the PTT decreases as the value of the first degrees of freedom (m) increases

and that of the second degrees of freedom (n) decreases.

5 Concluding Remarks

This paper derives the pdf and cdf of both the singly and doubly correlated BNCF distribu-

tions. The R codes are written to calculate and plot the pdf and cdf of the distributions as

17
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Figure 5: The power of the PTT using the cdf of the doubly correlated bivariate noncentral

F distribution.

well as the power function of the PTT. Two tables of critical values of the doubly correlated

BNCF distribution for selected values of the noncentrality parameters and p = 0.5 at the

significance levels 0.01 and 0.05 are presented. As an application of the distribution,

power function of the PTT for the MSRM is calculated and plotted.

the

The cdf of both the singly and doubly correlated BNCF distributions depend on the

18
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values of the noncentrality parameters, degrees of freedom and correlation coefficient. The cdf
curves for both singly and doubly correlated BNCEF distributions are closer to one when there
is an increase in the value of the degrees of freedom, correlation coefficient, and the variables
for which the cdf is required. However, a smaller value of the noncentrality parameter leads
to a larger value of the cdf for the doubly correlated BNCF distribution.

The power function of the PTT depends on the number of degrees of freedom, the correla-
tion coefficient and the noncentrality parameters. It decreases as the value of the correlation
coefficient p, the number of degrees of freedom of the numerator v; or both increase, but it
increases as the value of the noncentrality parameter increases.

We find that the central bivariate I’ distribution proposed by Krishnaiah (1965a) is
a special case of the proposed singly correlated BNCF distribution, whereas the central
bivariate F' distribution introduced by Amos and Bulgren (1972) is a special case of the
proposed doubly correlated BNCF distribution when the noncentrality parameters are zero.
We also observe that the two variables of the BNCF distributions are not independent even
if the value of p is 0. This is another example of a case in which zero correlation between

two random variables does not imply the variables’ independence.
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Appendix

Using the transformation of variables method for the multivariable case (see, for instance,

Wackerly et al., 2008, p.325), we obtain the joint pdf of y = [y, 1] and z variables as

fly,z) = f(@)f(2) | J((=,2) = (y,2)) |, (5.1)

where y; = %Ly, = ™2 and the Jacobian of the transformation (21, zs,2) — (y1,2, 2) is

given by

Oz Oz Oy
Jy1  Oy2 Oz

det. Oza  Ozy  Oxo = det.
Oyn Oy2 0z

m

33

o
I3
N
Il
—
|3
w
~—
[N}

m
n Y2

0z 0z 0Oz
By Oy 0 0 0 1
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Therefore, the joint pdf of y and z is given by

m/ZF(m/Q—l—j)}

SR

7=0 r1=017r2=0

(Ry12)
( m z)m/2+]+r1 16 2(1—p2)

6701/2(81/2)T1

R A w2 1t )

r ("Ryz2)
( Yo z)m/2+]+r2 l6 2(1-p2)

e=02/2(6, /2)"

7”1!

R AT m)2 1t )

Z(”/2)_16_Z/2 <m >2
z

oty \n

Thus, the density function of y is obtained as

f@%Zﬂwwﬁz/f@xmz

7”2!

(5.2)

(5.3)

Therefore, by applying some algebra and calculus, the pdf of the doubly correlated BNCF

distribution becomes

2

() [ | 2 5

7=0 r1=07r2=0

J(y1,v2)

X

m m 1)
FT-[l— 2 —-}
x D(grs) |( P)+nyl+ny2

)

where ¢,; = m+ (n/2) + 25 + 11 + ro.

22

)
: ( mme/? )(rmwgﬁ;+ra)<y
(-

e P22 92/2 (%)"”
)(rmu2+j+rg><y

) En2-4.)

m/2+j+r1—1>
1

m/2+j+r2—1>
2

(5.4)
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20 Table 1: Percentage points for the doubly correlated BNCF distribution for p = 0.5 and
12 0,

ﬁ m n 2 4 10
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1? 2 [ 4 10 [ 2] 4 10 2] 4] 10
18 2 | 5 | 119 ] 141 ] 228 [ 145 ] 162 ] 234 || 236 | 242 | 27.9
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22 10| 84 | 95 | 150 || 96 | 106 | 152 || 151 | 154 | 176
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Table 2: Percentage points for the doubly correlated BNCF distribution for p = 0.5 and

a=0.01
0

m | n 2 4 10

0, 0 0
2 4 | 10 2 | 4 ] 10 2 4 | 10
2 | 5 260 | 307 | 49.1 || 314 | 350 | 50.3 || 50.5 | 51.6 | 59.3
6 | 20.9 | 247 | 39.0 || 25.1 | 27.7 | 39.8 || 39.8 | 40.6 | 46.5
8 | 15.9 | 18.8 | 29.3 || 19.0 | 20.9 | 29.8 || 29.7 | 30.2 | 34.3
10 | 13.6 | 16.0 | 24.7 || 16.1 | 17.6 | 25.1 || 24.9 | 25.3 | 28.6
4 | 5 [ 180 [ 203 | 29.0 || 20.6 | 22.3 | 20.7 [ 29.8 | 30.4 | 344
6 | 143 | 16.1 | 22.9 || 16.3 | 17.6 | 23.4 || 23.4 | 239 | 26.8
8 | 10.7 | 120 | 17.0 || 12.2 | 13.1 | 174 || 17.3 | 17.6 | 19.7
10 | 9.0 | 101 | 143 || 102 | 11.0 | 145 | 144 | 146 | 16.3
6 | 5 | 153 | 168 | 224 || 17.0 | 181 | 23.0 || 23.0 | 23.5 | 26.1
6 | 12.0 | 132 | 17.6 || 13.3 | 142 | 18.0 || 17.9 | 183 | 20.3
8 | 89 | 97 | 13.0 || 99 | 105 | 13.2 || 13.2 | 135 | 149
10 | 75 | 82 | 108 | 82 | 87 | 11.0 || 10.9 | 11.1 | 12.3
8 | 5 [ 140 [ 150 | 19.1 || 152 | 16.0 | 19.6 || 19.6 | 20.0 | 21.9
6 | 109 | 117 | 149 || 11.8 | 125 | 15.2 || 15.2 | 155 | 17.1
8 | 81 | 87 | 11.0 || 87 | 92 | 11.2 || 11.1 | 11.3 | 124
10| 67 | 72 | 91 | 72 | 76 | 93 | 92 | 94 | 10.2
10 | 5 | 131 | 140 | 171 | 141 | 148 | 175 | 175 | 17.8 | 195
6 | 102 | 10.9 | 13.3 || 11.0 | 115 | 13.6 || 13.6 | 13.8 | 15.1
8 | 75 | 80 | 98 || 80 | 84 | 10.0 | 9.9 | 10.1 | 11.0
10 62 | 66 | 81 | 66 | 69 | 82 | 82 | 83 | 9.0
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Abstract

This paper proposes the eorrelated-singly and doubly correlated bivariate noncentral
F (BNCF) distributions. The probability density function (pdf) and the cumulative
distribution function (cdf) of the distributions are derived for seme-arbitrary values of
the parameters. The pdf and cdf of the distributions for different arbitrary values of the

parameters are computed, and their graphs are plotted by writing and implementing
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new R codes. An application of the correlated BNCF distribution is illustrated in the
computations of the power function of the pre-test test for the multivariate simple

regression model (MSRM).

Keywords: Correlated bivariate noncentral F' distribution; noncentrality parameter; bivari-
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1 Introduction

The bivariate central F' (BCF) distribution has been studied by many authors, including
Krishaniah (1965a), Amos and Bulgren (1972), Schuurmann et al. (1975), Johnson et al.
(1995) and El-Bassiouny and Jones (2009). Krishnaiah (1965b) described the use of the
BCF distribution in a problem of simultaneous statistical inference. Krishnaiah (1965¢) 5
and Krishnaiah and Armitage (1965) later studied the multivariate central F' distribution.
Hewett and Bulgren (1971) studied the prediction interval for failure times in certain life
testing experiments using the multivariate central F' distribution.

Many authors have also studied the univariate noncentral F' distribution, including Mud-
holkar et al. (1976), Muirhead (1982), Johnson et al. (1995), and Shao (2005). Johnson et al.
(1995) gave-provided the definition of the univariate noncentral F' distribution known as the
singly noncentral F' distribution. Fhey-The authors also described the doubly noncentral F
distribution with (11, v») degrees of freedom and noncentrality parameters A; and A\, as the
ratio of two independent noncentral chi-square variables, x,? (A\1)/v1 and x,2(\2)/ve. Tiku
(1966) proposed an approximation to the multivariate noncentral F' distribution.

In the study of improving the power of a statistical test by pre-testing the uncertain non-
sample prior information (NSPI) on the value of a set of parameters (cf. Saleh and Sen, 1983,
and Yunus and Khan, 2011a), the cdf of a bivariate noncentral chi-square distribution is used
to compute the power function of the test. For large sample studies, the cdf of the bivariate
noncentral chi-square (BNCC) distribution is used to compute the power function of the
test for testing one subset of regression parameters after pre-testing on the-another subset
of parameters of a multivariate simple regression model (MSRM) (cf. Saleh and Sen, 1983,
Yunus and Khan, 2011a). For small sample sizes, the computation of the power function and
the size of the test after a pre-test (PT) requires the cdf of a correlated bivariate noncentral

F (BNCF) distribution, which is-unavailable-has not been reported in the literature —Fhis
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is-beeanse—unlike-because unlike those for the bivariate central F' (BCF) distribution, the
formulae ef-for the pdf and cdf of the correlated BNCF distribution are more eemplicated;
and—heneethere-is—complex; hence, there are no easy computational formulae available:—as
suehnone-ofthe-. As such, no statistical packages include this distribution.

Yunus and Khan (2011b) derived the bivariate noncentral chi-square (BNCC) distribution
by compounding the Poisson distribution with the correlated bivariate central chi-square
distributionwith-a—view—to—eomputing—, aiming to compute the power function of the test
after pre-testpre-testing. Therefore, using the same method of derivation, we derive the pdf
and cdf of the eerrelated—singly and doubly correlated BNCF distributions in this paper.
The doubly correlated BNCF is defined by mixing the correlated BNCC distribution with
an independent central chi-square distribution. This definition allows for two noncentrality
parameters from the two correlated noncentral chi-square variables in the numerator of the
noncentral F' variables. On—the-other—handAdditionally, by compounding the BCF and
Poisson distributions, we derive the singly correlated BNCF distribution. This form of the
BNCEF distribution has only one noncentrality parameter. We also propose the computational
formulae of the pdf and cdf of the correlated BNCF distribution —and-illustrate—its—and
illustrate their application in the derivation of the power function of the pre-test test (PTT)
(for details on the PTT, see Khan and Pratikno, 2013). The R codes are written to compute
the values of the pdf and cdf of the correlated BNCF distribution and the power curve of
the PTT of the MSRM. Adeng—with-In addition to suggesting the computational fermlas
formulae, we also compute and tabulate the critical values of the distribution for selected
values of the parameters and significance levels using the R codes.

The next section derives the expression for the pdf and cdf of the correlated BNCF
distribution. The computational method and graphical presentation of the pdf and cdf —and
the critical values of the correlated BNCF distribution for different values of the noncentrality

parameter are given-presented in Section 3. An application of the BNCF distribution to the
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power function of the PTT is ineluded—in—Seetion—4—Seme—discussed in Section 4, and

concluding remarks are provided in Section 5.

2 The Bivariate Noncentral /' Distribution

In this section, the cdfs of the singly and doubly correlated bivariate noncentral F' distribu-
tions are obtained using the compounding of distributions technique. The doubly correlated
BNCF is obtained by compounding the correlated BNCC distribution with an independent
central chi-square distribution, thus allowing for two noncentrality parameters and a cor-
relation coefficient parameter. On-the-other-handAdditionally, by compounding the BCF
and Poisson distributions, the singly correlated BNCF distribution is derived. This form of
the BNCF distribution has only one noncentrality parameter and a correlation coefficient

parameter.

2.1 The Singly Correlated Bivariate Noncentral I’ Distribution

Let arandom variable X;, +=-4-2;41 = 1, 2 follow an [’ distribution with v; degrees of freedom,
and let another random variable R felews-follow a Poisson distribution with mean A. The
proposed singly correlated BNCF distribution is an extension of the univariate noncentral F
distribution introduced by Krishnaiah (1965a) and Johnson et al. (1995) for the bivariate

case. The pdf of the singly BNCF distribution with noncentrality parameter X is defined as

rl

= (o)
f(xl7x27VT‘7V27>\) = Z <—2) fl(xlvx%V?"vVQ)? (2'1)
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; where fi(x1, 2, v, 112) is the pdf of a BCF distribution with v, and v, degrees of freedom in
2 which v, = 11 + 2r; that is,

5

6 ) ; .

) fl(xl,IQ,VT,VQ) = ' . TT

S [(vr/2)L (v2/2) 3T (1 /2) + 7)

10 y <x1$2)(yr/2)+j_1

2 = ) vy T P )

13

1‘51 Note that the density function of the singly correlated BNCF distribution is obtained by
i? compounding the BCF distribution with the Poisson probabilities.

ig Then-Therefore, the cdf of the singly correlated BNCF distribution is defined as

20

21

2 P() = P(X)<d Xy <d,vy,vm,)\)

24 - i ( _W( i ) Py(Xy < d, Xy < d,vy, 1), (2:2)

26 r=

where

1= p2)l2 L pHET (v + (15/2) + 25)
32 Sy | 2 :
Py(Xy < d, Xz < dyvy 1) = (F(VT/2)F (12/2) ) Z < J'( vr/2) +.4) > b

is

38 in-which-and Lj, is defined as

41 hy hy (x1$2)(yr/2)+j—ldxldl,2
42 Lir = +(v2/2) 42
o Joo (L@t @g)rrtte/2t

: _ dv,
46 with h, = AT
48 For the computation of the value of the cdf of the singly correlated BNCF distribution,
50 R codes are used. To make the computations easier, we represent the formulae of the cdf

52 of the singly correlated BNCF distribution in equation (2.2) as the sum of infinite sums—of
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series as follows:

r=0

- S| () e (T e

= ZTT [HOTLOT + HlT‘Lh" + HQT‘LQ’I‘ + ...... ]
r=0

LSO (= N (P + (n/2) +2)
T Z( T )(F<ur/2>r<u2/2>>;o( )

= > T.Ho Loy + ToHyy Ly, + Ty HypLog + <+ -
r=0
= [ToHooLoo + ToHoL1o + ToHooLog + -+ -+ - ]
+[T1H01L01 +T1H11L11 +T1H21L21 4o ]

+ [T2H02L02 4+ T5Hi9L1o +T5Ho9 Loy + - -+ -+ ]

4 7 (2.3)
where
B —)\/2 (%) (1 _ p2)ur/2
- ( r ) <r<ur/2>r<uz/2>> |
AT+ (0/2) ATt (/2042 T+ /2) 1)
Hor = 00((v,/2)) B = UT((1/2) +1) Hor = 20 ((v,)2) +2) =
and P is defined as
Py = iTrHOrLOT = ToHooLoo + T1Hor Loy + ToHoa Loy + -+ -+ -+ , for j =0,
rze,)\/g ( p2)ul/2 1F(V1 + 1/2/2)
(o tarariarm) (oo ) o+
e (3) (1= p*)t2/2 1 (1 + 24 (12/2))
( T (P2 +2>/2>F<V2/2>> (i) it

(2.4)
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Similarly, we obtain the expressions for Py = > >2 /T, Hy,L1,, P> = Y < T, Ha Lo, and so

on. Finally, we write

P():P0+P1+P2+P3+ """ :ZPJ

©CoO~NOUTA,WNPE

11 Some properties of the singly correlated BNCF distribution are given as follows:

14 (i) Note that fi(x1, 22, v, 2) in equation (2.1) is a pdf of a BCF distribution with v, and v

o0 o p

16 degrees of freedom;

18 chence, [° [ fi(xy, Zo, Ve vo)daydy = lim Py(X; < d. X, < d) in equation (2.2)

. -/ r . :
20 +is equal to one. Furthermore, ) >, em# = 1. Thus, it iseasyto-see-can easily

22 be observed that [ [ f (21, 22, vy, va, N)dayday = 1.

25 (ii) Sinee-Because fi(x1,z2, v, o) is a pdf of a BCF, thus-f1(-) > 0. It is noted that the

. A2 /2)"
;g quantity #

is always positive. Therefore, f(-) > 0.
30 (iii) From equation (2.1), the central case of the bivariate F' distribution proposed by K-
32 ishnaiah (1965a) is a special case of the singly correlated BNCF distribution when the

34 noncentrality parameter, A, is equal to zero.

38 2.2 The Doubly Correlated Bivariate Noncentral /' Distribution

41 Let the random variables (X7, X5) jointly follow a correlated BNCC distribution with m
43 degrees of freedom, noncentrality parameters #; and 65, and a correlation coefficient p, and
45 let the random variable Z follow a central chi-square distribution with n degrees of freedom.
47 We propose the cdf of the doubly correlated BNCF by compounding the two aforementioned
49 distributions.

51 The pdf of the correlated BNCC variables X; and X, proposed by Yunus and Khan
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(2011b) is given by

[e.9]

Il,IQ ZZ Z 2] m/2F(m/2 +])]

7=0 r1=01r2=0

(1)

. ( )m/2+y+r1 1o 20-02) « 6*91/2(01/2)T1
2(1 = p2)]"/2H T (m)2 + j + 1) ri!
- (z2) 7
. (zg)™/2Hi+r2=1 30 DT « e 2/2(0,/2)
201 = )T (m/2 4+ ) ot |

and the pdf of a central chi-square variable Z with n degrees of freedom is given by

Z(n/2)—1€—z/2

f(z):m,

where Z is independent of X; and Xs.
Fhen-Therefore, the random variables (Y7,Y5), where

Z/n’

Y; = for i =1,2,

has-have a joint cdf given by

bmz

P(Y) <a,Ys <V) / / / g(xy, x2)dr dradz.
xo=0

(2.5)

(2.7)

(2.8)

The distribution function given in equation (2.8) is the cdf of the proposed doubly correlated

BNCF distribution with m and n degrees of freedom, noncentrality parameters 6; and 6,

and correlation coefficient p.
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Aldseln addition, equation (2.8) can be expressed as the following sum of infinite series

P(Yi<a,Yy<b) = ZZZ L0 I(a;, ¢, B)

r1=07r2=0 j=0
Xfw%%ﬂWeeﬂwﬁmm

7’1! 7"2!

©CoO~NOUTA,WNPE

, (2.9)

where

15 o (e y(an, a2) (g, ¢2)
16 b(d;.6,8) = /0 I'B)  T(a) Do) *

20 and

5 n o am bm _ (m+,+ m+.+ )
=5, C= a; = | — Ty, — o) .
24 27 n<1_p2)7n(1_p2) ) J 2 ] 1 2 J 2

27 Here, v(a,z) = [ e > 1dt, and T'(a) = [;7 e "t*"1dt.

To ease the computational difficulties of the cdf, we use the following form of 5 given by
31 Amos and Bulgren (1972),

- (1—u)’ (3 +ay)

gg L(aj,¢e,0) = L (o, B)— o T(B)T ()

= + T r+o;
38 X ;%u Ty (r+ B+ ag,az), (2.10)

42 with

46 u=c/(1+ac), 1—y=04c)/(1+c +c2),
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and

oo -z, 8-1
/ c - V(Q’Cz)dz = IL(a,p8) and
0

) T
* e 2P D (o, c2) B N
|, T w1 = D)

are the regularized beta functions, with a > 0,5 >0, x =¢/(1 +¢),and 1 — 2z = 1/(1 + ¢).
See the Appendix for the pdf of the doubly correlated BNCF distribution, which is derived
using transfermation—ef-variable-the transformation of variables method.

Some properties of the doubly correlated BNCF distribution are given as follows:

(i) From equation (2.9), we find that Fy(a,b;r,7m2) = (1 — p?)% > e (%—,)] *1y(ay, ¢, B)

is the cdf of a BCF distribution (Amos and Bulgren, 1972)—thus; thus, Fi(a,b) ap-

proaches 1 as both a and b go to infinity. It is ebwieus—clear that both quantities
> VLR D oo e 2P2(02/2" 416 equal to one. It follows that the cdf of

r1=0 rq! ro!

the doubly correlated BNCF distribution approaches 1 as both a and b go to infinity.

(ii) When a and b are zero, it is easy to show that the cdf of the doubly correlated BNCF

1S zero.

(iii) Note that Fi(a,b) is an increasing function -because it is a cdf of a BCF distribuitondistribution.
It follows that the cdf of the doubly correlated BNCF distribution is also an increasing

function.

(iv) As b approaches infinity, v(as, c22) = I'(a) through co = bm/n(1—p?), and the second
term on the right-hand-right-hand side of equation (2.10) becomes zero ;sinee-because

1 — y approaches zero as b goes to infinity. Further simplifications yield the following
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marginal distribution function

6701/2<91/2)T1

= F(y;;m,n,0y), (2.11)
7"1!

Y I (m/2+711,n/2)
n+myp

r1=0

©CoO~NOUTA,WNPE

which is the cdf of the noncentral F' distribution of Y}, with noncentrality parameter
11 01 —and degrees of freedom m and n. In the same manner, the marginal distribution

13 function for Y5 can be derived.

16 (v) The central F' distribution can be obtained from the noncentral distribution if the
18 noncentrality parameters, ¢, and 6, are equal to 0. Sinee-Because r; and ry are both

20 zero, we rewrite (2.9) as

24 P(Yi<aYp<bh) = (1-p)% Y

28 with

31 no am bm . m .om

Thus, we arrive at the central correlated bivariate F' distribution proposed by Amos
and Bulgren (1972) after allowing both noncentrality parameters equal zero in the

doubly correlated BNCF distribution.
(vi) For p =0, which implies j = 0, we write equation (2.9) as

e~01/2(f, /2)7r e=02/2(9,/2)"

7’1! T'Q!

46 PV <aY,<b) = > 3 DLa.ep)

r1=0r2=0

(2.13)

25 10
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+—and plotted in Figure 2. The graphs in Figure 2 show si
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with

n am bm m m
6:57 é:(—7—)7 d:(;‘i‘?’j,?"‘?”g). (214)

We-see-It can be observed that Y; and Y; are not independent, although the correlation
coefficient between Y; and Y5 is zero. In other words, the doubly correlated BNCF
can have a zero correlation, but the marginal distributions do not support statistical

independence.

3 Computation of the pdf and cdf

To compute the values of the pdf and cdf of the BNCF distributions, R codes are written.
The R package is also used for the graphical representation of the pdf and cdf. The pdf of
the singly BNCF distribution sas-is computed using equation (2.1) and plotted in Figure
1. The graph in Figure 1(iii) has a wider spread than that in Figure 1(i) due to the smaller
value of 1. Comparing Figures 1(i) and 1(iv), the spread of the distribution in Figure 1(iv)
decreases due to the increase in the noncentrality parameter. As the value of p increases, the
spread of the distribution decreases and the pdf shrinksas—ean-be-seen—, as shown in Figure

1(ii). For the doubly correlated BNCF distribution, the pdf is calculated using equation (5.4)

+——properties similar to those shown in Figure 1 but with varying probabilities.

Figure 1: The pdf of the singly correlated bivariate noncentral F' distribution.

Figure 2: The pdf of the doubly correlated bivariate noncentral F' distribution.

To compute the cdf of the singly correlated BNCF distribution in equation (2.3), we

choose seme-arbitrary values of the degrees of freedom (v1, v5), noncentrality parameter (\),

11
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correlation coefficient (p) and upper limit (d) of the variable. Figure 3 shows that the cdf
of the singly correlated BNCF distribution increases as the value of any of the parameters,

namely, the degrees of freedom vy (for fixed 1), A, or d, increases.

Figure 3: The cdf of the singly correlated BNCF distribution with seme-arbitrary values of
p, A, v1 and v,.

Figure 4: The cdf of the doubly correlated BNCF distribution with seme-arbitrary values of
p, 0k, m and n.

The cdf of the doubly correlated BNCF distribution is computed using equation (2.9) for
arbitrary degrees of freedom (m,n), noncentrality parameters (0, 6), correlation coefficient
(p), and upper limit (a = b = d). The graphs of the cdf of the doubly correlated BNCF
distribution are presented in Figure 4. Interestingly, the cdf curve approaches 1 guieker-more
rapidly for a larger correlation coefficient (see Figure 4(i)), a smaller noncentrality parameter

(see Figure 4(ii)) and larger-a greater number of degrees of freedom (m,n) (see Figures 4(iii)

and 4(iv)). Figure 4 shows that the shape of the cdf curve is sigmeid-whese-shape-sigmoidal,

which depends on the values of the noncentrality parameters (0, 65), degrees of freedom
(m,n), and correlation coefficient (p). Tables 1 and 2 provide the values of d for different

values of m, n, 6y, 65, and o, where

d d
P(Y1 <d,Y; <d) =/ / fyr, y2)dyrdys = (1 — ),
0 0

for the case where-in which p = 0.5.

4 Application to the Power Function of the PTT

Fortesting-To test the null hypothesis on the intercept vector —Hy : By = B (given known

12
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vector) against H, : B, > B, in the multivariate simple regression model

Y; = By + Bix; + e, (4.1)

(for details, see Khan, 2006) when there is non-sample prior information on the slope vector
B, the test statistic follows a correlated bivariate F' distribution. The ultimate test on H,
is called the pre-test test (PTT) because it depends on the outcome of the pre-test on the
suspected sloper—; that is, Hf = 8, = B3, (cf. Khan and Pratikno, 2013). The cdf of the
doubly correlated BNCF distribution is involved in the formulae for the power function of
the PTT. To illustrate the method, we conduct a simulation study by generating random
data using the R package.

The explanatory variable (x) is generated from the uniform distribution between 0 and 1.
The error vector (e) is generated from a p = 3 dimensional multivariate normal distribution
with = 0 and ¥ = 0I5, where I3 is the identity matrix of order 3. Then, the dependent
variable (y;) is determined by y; = ,66+61m+61 for ﬁ(l] =3 and B, = 1.5. Similarly, y, and ys
are determined by y, = (3, + 3w+, for 5 =5 and 3, = 2.5 -and-and by ys = 3, + 5, v+es
for 60 — 6 and 3] = 3;respeetively. For each of the three cases, n = 20 random variates
are generated.

Considering the three cases +—(i) unspecified B;, (ii) specified 3, and (iii) uncertain
prior information on 3, we define the unrestricted, restricted and pre-test test statistics as
follows: T9" =377, (i — @2[(50 - /300)/2_1([30 — Boo)l, T = 301 (2 — 2)°[(y — BroT —
Boo) =My - ﬁwi — Byo)) and THT = 377 (25— 2)*[(B, — B1o) S (81 — Bao)], respectively.
Here, 3371 = n—p i (¥ _Bo _lei)(yi _Bo _lez‘)/ where Bo =Y — BT, Bo = @—Blf
Bi=Y, L) =S mifn, and § = L /.

Under H, : By > By, TVT and THT follow a noncentral F distribution with (p,n — p)

degrees of freedom and noncentrality parameters A?/2 and A2/2, respectively, where A? =

13
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> i (@ = 7)*[(Bo = Boo) 7By — Boo)] and A = 371 (2 — 7)*[(Y — BT — :300),2_1@ -
B10T — Boo)]- Under H* : B, > Byo, TTT follows a noncentral F distribution with (p,n — p)

degrees of freedom and noncentrality parameter A3/2, where A3 = Y7 (z; — Z)*[(B; —

B10)E7H(By — Bl
Let {K,} be a sequence of alternative hypotheses

K, : Bo = Boo + )\1/\/57 51 = /310 + )‘2/\/57 (4'2)

where A; and Ay are vectors of fixed real numbers. Under {K,}, the power function of the

PTT is given by

TN = P(T" <a,T" >¢) + P(T™ > a, T" > b)
= P(T"" <a) P(T" >c)+di (a,b,p)

= [1-P(T"" >a)] P(T"" >c)+di (a,b,p), (4.3)

Whel"e A — (Al/\/ﬁ, AQ/\/H), a = Fag,p,n—p - ¢2, b — Fahp,n—p - ¢1 a’nd C = Fagm,,n—l - [¢1 +
ngf] + wx for 9251 = /\’12_1)\1, ¢2 = )\'22_1)\2, w = AIIE_IAQ + A;E_lAh\NaHd dlr(a, b, p) i1s a

correlated bivariate F' probability integral defined as

dy(a,b,p) = / / fFPT pUTYqpPT g pvT (4.4)
b a
with p = ¢ n(n—p—4) ObvieustyClearly, the power of the PTT is defined in terms of the

n—p-22(n—p4)°

powers of the RT and PT as well as the cdf of the doubly correlated BNCF distribution.

Figure 5: The power of the PTT using the cdf of the doubly correlated bivariate noncentral
F distribution.

Figure 5 shows the graphs of the power function of the PTT in term-terms of dy,.(d, d, p)

14
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for seme-selected values of the correlation coefficients (p), noncentrality parameters (60, 65)
and degrees of freedom (m,n). The power of the PTT decreases as the values of p increases.
The power of the PTT is identical for a fixed value of p, regardless of its sign. This figure
shows that the power of the PTT increases as the values of the noncentrality parameters
increase. The power of the PTT decreases as the value of the first degrees of freedom (m)

increases and that of the second degrees of freedom (n) decreases.

5 Concluding Remarks

The-This paper derives the pdf and cdf of both the singly and doubly correlated BNCF
distributions. The R codes are written to calculate and plot the pdf and cdf of the distribution
distributions as well as the power function of the PTT. Two tables of critical values of the
doubly correlated BNCF distribution for selected values of the noncentrality parameters and
p = 0.5 at the significance levels 0.01 and 0.05 are presented. As an application of the
distribution, the power function of the PTT for the MSRM is calculated and plotted.

The cdf of both the singly and doubly correlated BNCF distributions depend on the values
of the noncentrality parameterparameters, degrees of freedom and correlation coefficient.
The cdf curves for both singly and doubly correlated BNCF distributions are closer to one
when there is an increase in the value of the degrees of freedom, correlation coefficient, and
the wahie-ofthe-variables for which the cdf is required. However, a smaller value of the
noncentrality parameter leads to a larger value of the cdf for the doubly correlated BNCF
distribution.

The power function of the PTT depends on the valie-of-number of degrees of freedom,
the correlation coefficient and the noncentrality parameters. It decreases as the value of the
correlation coefficient per-, the number of degrees of freedom of the numerator v, +-or both

increase, but it increases as the value of the noncentrality parameter increases.

15
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We find that the central bivariate F' distribution proposed by Krishnaiah (1965a) is a
special case of the proposed singly correlated BNCF distribution, while-whereas the central
bivariate F' distribution introduced by Amos and Bulgren (1972) is a special case of the
proposed doubly BNGEF-distribution;—correlated BNCF distribution when the noncentrality
parameters are zero. We also observe that the two variables of the BNCF distributions are
not independent even if the value of p is 0. This is another example of a case in which zero

correlation between two random variables does not imply their-the variables’ independence.
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Appendix

Using transfermation-of-variable-the transformation of variables method for the multivariable

case (see, for instance, Wackerly et al., 2008, p.325), we obtain the joint pdf of y = [y1, 9]

©CoO~NOUTA,WNPE

and z variables as

0 fly.2) = f@)f(2) | T((@,2) = (y.2)) | (5.1)

16 where y; = ®2 yy = ™2 and the Jacobian of the transformation (x1, s, 2) — (y1,%2, 2) +is

18 given by

Oz1 Oz 9m m m
22 oy1  Oy2 0z nz 0 nyl

m A2
ox ox ox — m m = | —
o4 det. B_yf 8_y§ o det. 0 2z Zy, ( z) )

25
0z 0z 0z
26 Byi  Oys 02 0 0 1

29 Therefore, the joint pdf of y and z is given by

33 fly,2) = D> > [P =) PT(m/2 4 j)]

34 7=0 r1=017r2=0

35 r ) _ (Byi2) 7

36 (Mylz)m/z_‘—]""rl_le 2(1*?2) 6701/2(91/2)7‘1
n , X

37 [2(1 = p?)]/2Htn T (m/2 + j + 1) ry!

39 - , _(Byyo) .

20 e N i Y

X A X
41 [2(1 — p2)|/2Hitr2T (m /2 + j + 7o) ra!
43 S (n/2)=1,—2/2

2451 X ) <%z>2 (5.2)

48 Thus, the density function of y is obtained as

> F(y) = f(yr, ) = / f(y, 2)d=. (5.3)

25 18
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Then;—Therefore, by applying some algebra and calculus, the pdf of the eerrelated-doubly

correlated BNCF distribution becomes

fonw) = (& m[ oL :/;)]ZZi{% (%)”wm/zwﬂ

0 r1=07r2=0

)
- (M i )(r(m/gi);m)) ]
(

—05/2 g (0/2) m)" m)24j+ra—1 ]
= ) (r<m/g+)j+r2)) (yQ/ )

X

, (5.4)

m m —(arj)
XF@ﬁkhw%+gm+gM

where ¢.; = m + (n/2) +2j +r1 + 72
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Table 1: Percentage points for the doubly correlated BNCF distribution for p = 0.5 and

Communications in Statistics - Simulation and Computation

a=0.05
0

m | n 2 4 10

0, 0 02
2 4 | 10 2 [ 4 ] 10 2 4 | 10
2 | 5 [ 119 | 141 | 228 || 145 | 162 | 234 | 23.6 | 242 | 27.9
6 | 104 | 123 | 19.8 || 12.6 | 14.0 | 20.3 || 204 | 20.8 | 24.0
8 | 88 | 104 | 16.6 || 10.6 | 11.8 | 17.0 || 16.9 | 17.3 | 19.8
10 | 84 | 95 | 150 || 9.6 | 10.6 | 152 | 151 | 154 | 17.6
4 | 5 | 84 [ 95 [ 136 9.7 [ 105 | 140 | 141 | 144 | 16.3
6 | 7.3 | 82 | 111 || 83 | 9.0 | 120 || 121 | 123 | 140
8 | 61 | 68 | 98 || 69 | 75 | 10.0 || 10.0 | 10.2 | 11.4
10 | 54 | 61 | 88 | 62 | 67 | 89 | 89 | 90 | 10.1
6 | 5 | 72| 79 [ 106 80 | 86 | 109 | 109 | 11.1 | 124
6 | 62 | 68 | 91 || 69 | 73 | 93 | 93 | 95 | 10.6
8 | 51 | 56 | 75 || 5.7 | 60 | 7.7 | 7.6 | 78 | 87
10 | 46 | 50 | 67 || 51 | 54 | 68 | 68 | 69 | 7.7
8 | 5166 [ 71 ]90] 72[ 76| 93] 93][095]105
6 | 56 | 61 | 7.7 || 62 | 65 | 80 || 8.0 | 81 | 89
8 | 47 | 50 | 64 || 51 | 53 | 65 | 65 | 66 | 7.3
10 | 41 | 45 | 57 | 45 | 47 | 58 | 58 | 59 | 64
105 62|67 | 81 | 67 | 70| 83| 84 | 85 | 93
6 | 53 | 57 | 69 | 5.7 | 60 | 7.1 || 71 | 73 | 7.9
8 | 44 | 46 | 5.7 || 47 | 49 | 58 | 58 | 59 | 64
1039 | 41 | 51 || 41 | 43 | 52 | 51 | 52 | 57
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Table 2: Percentage points for the doubly correlated BNCF distribution for p = 0.5 and

Communications in Statistics - Simulation and Computation

a=0.01
0

m | n 2 4 10

0, 0, 0,
2 4 | 10 2 [ 4 ] 10 2 4 | 10
2 | 5 260|307 | 49.1 || 314 | 350 | 50.3 || 50.5 | 51.6 | 59.3
6 | 209 | 247 | 39.0 || 25.1 | 27.7 | 39.8 || 39.8 | 40.6 | 46.5
8 | 15.9 | 18.8 | 29.3 || 19.0 | 20.9 | 29.8 || 29.7 | 30.2 | 34.3
10 | 13.6 | 16.0 | 24.7 || 16.1 | 17.6 | 25.1 | 24.9 | 253 | 28.6
4 | 5 | 180 [ 203 [ 290 || 20.6 | 22.3 | 20.7 || 29.8 | 30.4 | 344
6 | 143 | 16.1 | 22.9 || 16.3 | 17.6 | 23.4 || 23.4 | 239 | 26.8
8 | 10.7 | 120 | 17.0 || 12.2 | 13.1 | 174 || 17.3 | 17.6 | 19.7
10 | 9.0 | 101 | 143 || 102 | 11.0 | 145 | 144 | 146 | 16.3
6 | 5 [ 153 | 168 | 224 || 17.0 | 181 | 23.0 | 23.0 | 23.5 | 26.1
6 | 12.0 | 132 | 17.6 || 13.3 | 142 | 18.0 || 17.9 | 183 | 20.3
8 | 89 | 97 | 13.0 || 99 | 105 | 13.2 || 13.2 | 135 | 149
10 | 75 | 82 | 108 | 82 | 87 | 110 | 10.9 | 11.1 | 12.3
8 | 5 [ 140 [ 150 | 19.1 || 152 | 16.0 | 19.6 || 19.6 | 20.0 | 21.9
6 | 109 | 117 | 149 || 11.8 | 125 | 15.2 || 15.2 | 155 | 17.1
8 | 81 | 87 | 110 || 87 | 92 | 11.2 || 11.1 | 11.3 | 124
10| 67 | 72 | 91 | 72 | 76 | 93 | 92 | 94 | 10.2
10 | 5 | 131 | 140 | 171 | 141 | 148 | 175 | 175 | 17.8 | 195
6 | 102 | 10.9 | 13.3 || 11.0 | 115 | 13.6 || 13.6 | 13.8 | 15.1
8 | 75 | 80 | 98 || 80 | 84 | 10.0 | 9.9 | 10.1 | 11.0
10 62 | 66 | 81 | 66 | 69 | 82 | 82 | 83 | 9.0
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(i) The pdf for v4=10, v,=20, p =0.5, A =1 (i) The pdf for v4=10, v,=20, p =0.9, A =1

©CoO~NOUTA,WNPE

23 (iii) The pdf for v,=5, v;=20, p =0.5, % =1 (iv) The pdf for v,=10, v,=20, p =0.5, A =3

41 The pdf of the singly bivariate noncentral F distribution.
42 206x209mm (300 x 300 DPI)
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(i) The pdf for 8,=1, 8,=2, p =0.5, m =10, n =20 (i) The pdf for 8;=1, 8,=2, p =0.9, m =10, n =20

(iii) The pdf for 8,=1, 8,=2, p =0.5, m =5, n =20 (iv) The pdf for 6,=1, 6,=2, p =0.5, m =5, n =25

The pdf of the doubly bivariate noncentral F distribution.
206x209mm (300 x 300 DPI)
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(i) The cdf for p=0.5, v,=5, A=1 (ii) The cdf for p=0.5, v,=10, A=1
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40 The cdf of the singly BNCF distribution with some arbitrary values of p, A, vl and v2.
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