
Locating and quantifying damage in beam-like structures using modal 1 

flexibility-based deflection changes 2 

N.T. Lea, c, A. Nguyena,b,*, D.P. Thambiratnama, T.H.T Chana, T. Khucc 3 
 4 

a Queensland University of Technology, Australia; b University of Southern Queensland, Australia; c National 5 

University of Civil Engineering, Vietnam; * Email: andy.nguyen@usq.edu.au; a66.nguyen@qut.edu.au 6 

 7 

Abstract 8 

This paper presents an enhanced method to locate and quantify damage in beam-like structures using changes 9 

in deflections estimated from modal flexibility (MF) matrices. The method is developed from explicit 10 

relationship between a series of MF-based deflection change vectors and the damage characteristics. Based on 11 

this, three damage locating criteria are defined and used to detect and locate damage. Once the damage is 12 

located, its severity is estimated conveniently from a closed-form function. The capability of the proposed 13 

method is examined through numerical and experimental verifications on a steel beam model. The result shows 14 

that the method accurately locates and quantifies damage under various scenarios using a few modes of 15 

vibration, with satisfactory or even better results compared to those obtained from traditional static deflection-16 

based method. The performance of the proposed method is also compared with three well-known vibration-17 

based damage detection methods using changes in modal flexibility and modal strain energy. It is found that 18 

the proposed method outperformed the other three methods, especially for multiple damage cases. As beams 19 

can represent various structural components, the proposed method provides a promising damage identification 20 

tool targeting the application to real-life structures. 21 

Keywords: Damage detection; In-service monitoring; Modal flexibility change; Modal flexibility-based 22 

deflection; Damage quantification; Beam-like structures 23 

 24 

1. Introduction 25 

Structural damage identification has been recognized as an essential aspect in the health monitoring of 26 

important civil-engineering structures to reveal the onset of damage and enable appropriate retrofitting 27 

measures to be taken before the damage escalates to an extent that can make the structures unserviceable [1, 28 
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2]. Over the past few decades, research on damage detection (DD) has received considerable attention as 1 

evidenced from a large number of methods developed and studied utilizing various global structural responses, 2 

which can be classified into dynamic (such as frequencies, mode shapes and their derivatives) and static (such 3 

as static deflections and strains) categories. 4 

Among the DD methods using dynamic responses, modal flexibility (MF) has become one of the most 5 

promising damage descriptors owing to its sensitivity to damage [3-9]. The merit can be explained by the fact 6 

that MF combines natural frequencies and mode shapes, making it more sensitive to damage detection than 7 

the methods using either of the two modal parameters separately [8]. In addition, since the MF computation 8 

converges rapidly with increasing natural frequencies, a reasonable representation of the flexibility can be 9 

obtained from a few lower modes of vibration [3, 9, 10]. This provides a practical advantage for the DD 10 

solutions as obtaining high-order modal data has been challenging in real civil structures. Another advantage 11 

is that since the low-order modal parameters can now be conveniently extracted from vibration measurements 12 

under operational conditions [11], the MF-based DD approach is ideally suited for continuous monitoring. The 13 

method has been explored for damage detection in a wide range of structures including bridges [5, 9, 12-16], 14 

shear buildings [6, 17, 18], and concrete gravity dams [19], to name a few. However, since there is no explicit 15 

mathematical formulation between the MF changes and the damage extent [3], it has not been straightforward 16 

to quantify the damage from MF [17, 18, 20]. 17 

In the DD approach utilizing static responses, static deflection change has been one of the most popular damage 18 

features [21-25]. Since static deflection is directly related to the structural stiffness as evidenced from the 19 

principles of structural mechanics, it is usually suitable for damage quantification providing that stiffness 20 

reduction is the main source of structural damage in civil structures. Recently, the present authors developed 21 

a new deflection-based damage detection (DBDD) method based on explicit relationships between the static 22 

deflection changes and the damage characteristics for Euler-Bernoulli beams [25]. This method is among a 23 

few DBDD methods that can locate and quantify damage directly from the measured deflection change without 24 

relying on an optimization algorithm. However, this method and many other DBDD methods require the 25 

deflections to be measured under specific applied loads so that their relationship with the structural stiffness 26 

can be exploited. This inadvertently limits DBDD methods to controlled load test applications only, meaning 27 
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the methods are not suitable for continuous monitoring of in-service structures. One way to circumvent this 1 

limitation is to use the pseudo deflections that are not measured but estimated indirectly from modal flexibility 2 

[6, 7, 17, 18, 26, 27]. The basic idea behind this approach is that the column flexibility at a measured degree 3 

of freedom (DOF) is physically the static displacement vector obtained from an applied unit load at that DOF. 4 

Therefore, from a measured MF matrix one can estimate the MF-based deflections under arbitrary virtual point 5 

loads acting at the DOFs without the need of applying an actual load on the structure. However, current 6 

methods using MF-based deflections can only detect and locate damage in beam-like structures [7, 26], while 7 

those capable of quantifying damage are only applicable for shear buildings [6, 17, 18]. There is therefore a 8 

real need to explore the ability of MF-based deflections to quantify damage in beam-like structures, as seen in 9 

many real structures such as girder bridges and building frame systems. 10 

This paper presents an enhanced deflection-based damage detection method that can enable the use of MF-11 

based deflections to locate and quantify damage in beam-like structures and thereby extend the application of 12 

deflection-based methods toward in-service monitoring. In addition, by using MF-based deflection instead of 13 

the direct MF data, damage quantification becomes possible. The rest of this paper is organized as follows. 14 

First presented is the theory on the developed method and its enhanced components for locating and 15 

quantifying damage under different scenarios. Next, comprehensive numerical, experimental and comparative 16 

studies on a steel beam structure are carried out to examine the capacities of the method. The paper concludes 17 

with summary and final remarks on the study. 18 

2. Theory 19 

2.1. Estimation of deflections from modal flexibility matrices 20 

The flexibility matrix F, which is the inverse of the system stiffness matrix, can be constructed from the 21 

measured modal parameters as follows [3, 10]: 22 

F = �
1

𝜔𝜔𝑖𝑖
2 φ𝑖𝑖φ𝑖𝑖

T
𝑁𝑁

𝑖𝑖=1

 (1) 

where, φi and ωi are the ith mass-normalised mode shape and modal frequency, respectively; N is the number 23 

of DOFs of the structure. Equation (1) reveals that flexibility is inversely proportional to the square of modal 24 

frequencies, implying that it can be estimated with sufficient accuracy by using a few early modes of vibration. 25 
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The modal flexibility matrix MF using n lower modes can be presented by: 1 

MF = �
1

𝜔𝜔𝑖𝑖
2 φ𝑖𝑖φ𝑖𝑖

T
𝑛𝑛

𝑖𝑖=1

 (2) 

After obtaining the MF matrix from Eq. (2), the static deflection of the structure under an arbitrary virtual 2 

static point load (f) acting at the measurement DOFs can be estimated as follows [28]: 3 

𝑢𝑢 = F f  ≈ MF f (3) 

The damage-induced deflection change can then be estimated from the modal flexibility change (MFC) as: 4 

𝐷𝐷𝐷𝐷 = 𝑢𝑢d − 𝑢𝑢h ≈ �MFd - MFh� f = MFC f (4) 

where, the superscriptions “d” and “h” denote the damaged and undamaged (healthy) states of the structure, 5 

respectively. The damage-induced relative deflection change (RDC) can then be estimated from the relative 6 

flexibility change (RFC) matrix by the following operations: 7 

𝑅𝑅𝑅𝑅𝑅𝑅 = 𝐷𝐷𝐷𝐷./𝑢𝑢h ≈ �MFC ./MFh� f = RFC f (5) 

where the notation “./” denotes the elemental-wise division. If f is a unit point load (UPL) acting at the ith DOF, 8 

the MF-based DC parameter estimated from Eq. (4) is simply the ith column of the MFC matrix (Fig. 1a). 9 

Similarly, the MF-based RDC obtained from Eq. (5) is the ith column of the RFC matrix. Therefore, a series 10 

of MF-based DC and RDC vectors under multiple UPLs can be extracted from the MFC and RFC matrices 11 

without the need to conduct multiple static deflection tests. 12 

2.2. The enhanced deflection-based damage detection method  13 

This section presents main elements of the enhanced DBDD method that is applicable for a series of MF-based 14 

deflections under multiple UPLs. In the original DBDD method developed by the present authors for Euler-15 

Bernoulli beams [25], theoretical mathematical formulas of the static DC with respect to the damage 16 

characteristics was developed for a specific UPL at mid-span of simply supported (SS) beams (or at the free-17 

end of cantilever beams). In this section, the formulas will be redeveloped for an arbitrary UPL following an 18 

analogous procedure but truncated for brevity. As in the original method, the enhanced method developed 19 

herein considers linear damage situations in which the initially linear-elastic structure remains linear-elastic 20 

after damage [29].  21 
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 Damage locating concept from MF-based deflection changes 1 

Consider a simply supported beam with constant flexural stiffness EI in the undamaged state. Under a UPL 2 

acting at location xL, the undamaged deflection of the beam can be formulated by Macaulay method [30], or 3 

by Virtual Work [28] as follows: 4 

𝑢𝑢h(𝑥𝑥, 𝑥𝑥𝐿𝐿) =
1

12𝐸𝐸𝐸𝐸
𝑢𝑢0(𝑥𝑥, 𝑥𝑥𝐿𝐿) (6) 

𝑢𝑢0(𝑥𝑥, 𝑥𝑥𝐿𝐿) = 2〈𝑥𝑥 − 𝑥𝑥𝐿𝐿〉3 + 2(1 −
𝑥𝑥𝐿𝐿

𝐿𝐿
)[𝑥𝑥𝐿𝐿(2𝐿𝐿 − 𝑥𝑥𝐿𝐿)𝑥𝑥 − 𝑥𝑥3] (7) 

where, u0(x, xL) is a geometrical deflection function; L is the beam length; the angle bracket  〈 〉 should be 5 

replaced by ordinary parentheses ( ) when x ≥  xL, and by zero when x < xL. It is assumed that the beam is later 6 

subjected to a single damage at segment a ≤ x ≤ a + b (Fig. 1b). Under the same UPL acting at x = xL before 7 

and after damage, the damage-induced DC can be formulated from the principle of Virtual Work by: 8 

𝐷𝐷𝐷𝐷(𝑥𝑥, 𝑥𝑥𝐿𝐿) = β
1

12𝐸𝐸𝐸𝐸
 𝑔𝑔(𝑥𝑥) ℎ(𝑥𝑥𝐿𝐿) (8) 

𝑔𝑔(𝑥𝑥) = 𝐵𝐵1𝑥𝑥 𝐻𝐻(𝑎𝑎 − 𝑥𝑥) + 𝐵𝐵2(𝐿𝐿 − 𝑥𝑥)𝐻𝐻(𝑥𝑥 − 𝑎𝑎 − 𝑏𝑏) (9) 

ℎ(𝑥𝑥𝐿𝐿) =
2
𝐿𝐿

[𝑥𝑥𝐿𝐿 𝐻𝐻(𝑎𝑎 − 𝑥𝑥𝐿𝐿) + (𝐿𝐿 − 𝑥𝑥𝐿𝐿)𝐻𝐻(𝑥𝑥𝐿𝐿 − 𝑎𝑎 − 𝑏𝑏)] (10) 

where, 𝛽𝛽 = 𝛼𝛼 (1 − 𝛼𝛼)⁄  is a damage severity derivative, 0 ≤ α < 1 is the damage severity coefficient; g(x) and 9 

h(xL) are two pulse functions with respect to the beam inspection coordinates x and the UPL position xL, 10 

respectively; H(.) is the Heaviside step function, whose value is zero for negative argument and one for zero 11 

or positive arguments; B1 and B2 are scalar functions containing only the damage location information as 12 

presented in Eq. (11) bellow: 13 

𝑥𝑥𝐿𝐿 ≤ 𝑎𝑎:  𝐵𝐵1 = −
2
𝐿𝐿

[(𝐿𝐿 − 𝑎𝑎 − 𝑏𝑏)3 − (𝐿𝐿 − 𝑎𝑎)3]; 

                𝐵𝐵2 =
𝑏𝑏
𝐿𝐿

[(2𝑎𝑎 + 𝑏𝑏)(3𝐿𝐿 − 2𝑎𝑎 − 2𝑏𝑏) − 2𝑎𝑎2] 
(11a) 

𝑥𝑥𝐿𝐿 ≥ 𝑎𝑎 + 𝑏𝑏:   𝐵𝐵1 =
𝑏𝑏
𝐿𝐿

[(2𝑎𝑎 + 𝑏𝑏)(3𝐿𝐿 − 2𝑎𝑎 − 2𝑏𝑏) − 2𝑎𝑎2];  

                        𝐵𝐵2 =
2
𝐿𝐿

[(𝑎𝑎 + 𝑏𝑏)3 − 𝑎𝑎3] 
(11b) 

Recalling Eq. (4), it can be ascertained that each column of the MFC matrix represents a MF-based DC(x, xL) 14 

vector that follows the mathematical function presented in Eq. (8). There are three important observations that 15 

can be made from Eqs. (8) - (10). First, for a specific UPL (xL = constant), the DC(x) plot comprises two linear 16 
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portions starting from the supports towards the damage segment. Second, for a specific UPL position, the 1 

DC(x) reaches its peak when x approaches the damaged region (a, a + b). The third observation is that for each 2 

measurement DOF (x = constant), the DC(xL) intensities are highest when the UPL is applied at xL = a or a + 3 

b, and get smaller when the load is applied far apart. In other words, DC(x, xL = a) and DC(x, xL = a+b) are the 4 

most outlier plots among the measured DCs (Fig. 1c). 5 

 6 

 7 
Fig. 1. The enhanced damage-locating concept: (a) Schematic of the MF-based DC, (b) The beam configuration, (c) DC 8 

plots under different point loads and the three damage-locating criteria (in ovals) 9 

It should be emphasised that the first two observations were used in [25] as the two damage locating criteria. 10 

However, as reported by the present authors in the paper, due to unavoidable measurement noise, the linearity 11 

of the DC plots might become less obvious in early damage scenarios causing certain difficulties in identifying 12 

the damage. In this situation, the third observation provides a useful additional damage locating tool. It is 13 

therefore named here as the third criterion in the enhanced damage-locating concept, in addition to the two 14 

criteria developed in the original DBDD method. 15 

 Damage quantification using MF-based relative deflection changes 16 

Recalling Eq. (5), the MF-based RDC parameter can be presented in a mathematical form on the substitution 17 

of Eq. (6) and (8) as follows: 18 

𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑥𝑥𝐿𝐿) = 𝐷𝐷𝐷𝐷(𝑥𝑥, 𝑥𝑥𝐿𝐿)./𝑢𝑢ℎ(𝑥𝑥, 𝑥𝑥𝐿𝐿) = β  𝑅𝑅𝑅𝑅𝑅𝑅50%(𝑥𝑥, 𝑥𝑥𝐿𝐿) (12) 

where, “./” denotes the elemental-wise vector division, RDC50% is a scalar function calculated from Eqs. (7), 19 

(9), and (10) by: 20 

𝑅𝑅𝑅𝑅𝑅𝑅50%(𝑥𝑥, 𝑥𝑥𝐿𝐿) = [𝑔𝑔(𝑥𝑥) ℎ(𝑥𝑥𝐿𝐿)]./𝑢𝑢0(𝑥𝑥, 𝑥𝑥𝐿𝐿) (13) 
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It can be observed from (12) that the measured RDC differs from RDC50% by a scalar multiplier, and that 1 

RDC50% is physically a measured RDC when the scalar β is equal to 1, or α = 50%. RDC50% is therefore 2 

considered as a referenced relative deflection change, which is calculated from Eq. (13) after the damage is 3 

located. It should be noted that the referenced RDC50% does not necessarily represent a real damage state, but 4 

rather an intermediate parameter connecting the measured RDC to the unknown damage severity coefficient. 5 

As evidenced from Eq. (12), the measured RDC is separated into two independent parameters with respect to 6 

the damage characteristics: (i) the damage severity coefficient contained in the scalar β, and (ii) the damage 7 

location information stored in the RDC50% function. Therefore, once RDC50% is determined, the damage 8 

severity information can be conveniently extracted from the measured RDC as follows: 9 

𝛽𝛽(𝑥𝑥𝐿𝐿) = 𝐷𝐷𝐷𝐷𝐷𝐷������(𝑥𝑥, 𝑥𝑥𝐿𝐿),       𝑥𝑥∉(𝑎𝑎, 𝑎𝑎 + 𝑏𝑏) (14) 

where, DSC(x, xL) is the damage severity consistency (DSC) function [25] calculated at the inspection locations 10 

for each of the UPLs: 11 

𝐷𝐷𝐷𝐷𝐷𝐷(𝑥𝑥, 𝑥𝑥𝐿𝐿) = 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑥𝑥𝐿𝐿)./𝑅𝑅𝑅𝑅𝑅𝑅50%(𝑥𝑥, 𝑥𝑥𝐿𝐿) ,       𝑥𝑥∉(𝑎𝑎, 𝑎𝑎 + 𝑏𝑏) (15) 

Subsequently, the damage severity coefficient is calculated for a specific UPL by: 12 

α (𝑥𝑥𝐿𝐿) =
𝛽𝛽(𝑥𝑥𝐿𝐿)

1 + 𝛽𝛽(𝑥𝑥𝐿𝐿)
 (16) 

The damage quantification procedure from Eq. (13) to Eq. (16) can be repeated for each of the MF-based RDC 13 

vectors. After eliminating abnormal α(xL) values at DOFs which are probably subjected to high measurement 14 

noise, the final damage severity is derived by averaging the α(xL) values at DOFs that provide consistent 15 

results.  16 

 Locating and quantifying double damage 17 

Fig. 2a illustrates the damage locating concept of the original DBDD method for a double damage scenario 18 

[25]. It shows that the damage can be identified at the abrupt changes of the DC plot under the UPL acting at 19 

mid-span (xL=L/2), and that the DC is a superposition of the two single deflection change components, viz. 20 

DC1 and DC2, which are induced by each of the damages separately. As reported in [25], the method has some 21 

difficulties in detecting the less severe damage, e.g. at (a1, a1 + b1), which is located far from the static UPL. 22 

This can be explained herein by the third damage-locating criterion (section 2.2.1) that under this UPL, the 23 



8 

 

DC1 intensity is too small compared to DC2. As a result, the peak at the less severe damage on the collective 1 

DC plot becomes less definite and can be easily masked by measurement noise.  2 

In the present enhanced DBDD method, this shortcoming can be overcome by inspecting all available MF-3 

based DC vectors. As illustrated in Fig. 2b, the intensity of the MF-based DC plots at the damage vicinity 4 

becomes higher when the UPL is closer to that damage and hence presents more definite abrupt changes to 5 

facilitate the identification of hidden damage. The enhanced method is therefore robust compared to the 6 

original counterpart in dealing with double damage cases. 7 

After the damage location identifiers (ai, bi) are determined, the scalars B1i, B2i are calculated from Eqs. (11), 8 

and the damage severity consistency functions DSCi(x) are calculated using Eq. (17) for each of the damage 9 

locations as follows: 10 

𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖(𝑥𝑥, 𝑥𝑥𝐿𝐿) =
𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑥𝑥𝐿𝐿)

𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖
50%(𝑥𝑥, 𝑥𝑥𝐿𝐿)

 ,       𝑥𝑥∉(𝑎𝑎𝑖𝑖 , 𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖), 𝑖𝑖 = 1,2 (17) 

where, the baseline 𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖
50% functions are pre-calculated from Eq. (13) for each of the damage locations. 11 

 12 
Fig. 2. (a) Original damage-locating concept, (b) Enhanced damage-locating concept 13 

The damage severity derivatives βi are then estimated by solving the pair linear equations: 14 

�
(1 𝐷𝐷𝐷𝐷𝐷𝐷11⁄ ) β1(𝑥𝑥𝐿𝐿) + (1 𝐷𝐷𝐷𝐷𝐷𝐷12⁄ ) β2(𝑥𝑥𝐿𝐿) = 1  ,                  𝑥𝑥 ≤ 𝑎𝑎1
(1 𝐷𝐷𝐷𝐷𝐷𝐷21⁄ ) β1(𝑥𝑥𝐿𝐿) + (1 𝐷𝐷𝐷𝐷𝐶𝐶22⁄ ) β2(𝑥𝑥𝐿𝐿) = 1 , 𝑥𝑥 ≥ 𝑎𝑎2 + 𝑏𝑏2

 (18) 

where,  15 

�
𝐷𝐷𝐷𝐷𝐷𝐷1𝑖𝑖 = 𝐷𝐷𝐷𝐷𝐷𝐷������1i(𝑥𝑥, 𝑥𝑥𝐿𝐿) = 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑥𝑥𝐿𝐿) 𝑅𝑅𝑅𝑅𝑅𝑅i

50%(𝑥𝑥, 𝑥𝑥𝐿𝐿)⁄�����������������������������������   ,                  0 < 𝑥𝑥 ≤ 𝑎𝑎1, 𝑖𝑖 = 1,2
𝐷𝐷𝐷𝐷𝐷𝐷2𝑖𝑖 = 𝐷𝐷𝐷𝐷𝐷𝐷������2i(𝑥𝑥, 𝑥𝑥𝐿𝐿) = 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥, 𝑥𝑥𝐿𝐿) 𝑅𝑅𝑅𝑅𝑅𝑅i

50%(𝑥𝑥, 𝑥𝑥𝐿𝐿)⁄�����������������������������������  , 𝑎𝑎2 + 𝑏𝑏2 ≤ 𝑥𝑥 < 𝐿𝐿, 𝑖𝑖 = 1,2
 (19) 
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The damage severity coefficients are then calculated from Eq. (16) for each of the two damaged elements. 1 

Finally, by visiting all available MF-based RDCs, the damage severities are drawn by the averaging technique. 2 

3. Numerical simulation through finite element model of a 2.5m steel beam 3 

In order to demonstrate the feasibility of the proposed method, numerical simulation was carried out on a finite 4 

element model (FEM) of a 2.5m SS beam (Fig. 3). The cross-section of the beam is a simplified AS/NZS grade 5 

C450 cold formed Duragal 75×40×4 CC. This FEM was validated based on static and modal tests in the 6 

previous studies of present authors [25]. Details of the modal tests will be presented later in section 4. Five 7 

damage scenarios were simulated by cutting the two flanges by 1.5mm width and varying depths (Table 1). 8 

These sectional cuts will cause stiffness reduction on the surrounding area, which can be assessed for an 9 

equivalent damaged beam segment spreading three times the beam high [31]. The elemental damage severity 10 

coefficients for each damage scenarios estimated numerically and experimentally using the original DBDD 11 

method in [25] will serve as baseline to evaluate the performance of the proposed method in this paper (Table 12 

3 and Table 5).  13 

 14 
Fig. 3. The beam finite element model (E=216 GPa, ν=0.3, ρ=7850 kg/m3, dimensions are in mm) 15 

Table 1. Damage scenario definition 16 
Damage 

case 

Vertical depth of the cuts 

Damage 1 Damage 2 

D1.1 8.5 mm 

 N/A D1.2 12.5 mm 

D1.3 18.0 mm 

D1.4 Same as D1.3 12.0 mm 

D1.5 Same as D1.3 18.0 mm 

Intact mode shapes and changes in natural frequencies due to the damage are shown in Fig. 4 and Table 2. The 17 

frequencies were found to decrease gradually, suggesting the presence of progressive damage. The first three 18 

modes were used to construct the MF matrices and estimate the MF-based deflections. DD results for a typical 19 
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single damage (D1.1) and a double damage (D1.4) cases are presented in Fig. 5. Results for other damage 1 

scenarios were found to be similar and hence are not presented for brevity. In addition, for simplicity, the RDC 2 

and RDC50% plots are omitted and only the ratio between them (the consistency functions DSC) are plotted.  3 

Regarding the single damage case (Fig. 5a), the MF-based DCs under various UPLs (1kN in magnitude) acting 4 

at different nodes clearly reveal a peak between the linear portions. The figure also depicts that the intensity 5 

of the DC plots gradually increases when the UPL is closer to node No.10 and 11. Therefore, the most outlier 6 

DCs were found to be under the UPLs acting at nodes 10 and 11. From the proposed damage-locating criteria, 7 

the damage was correctly located at the beam element No.10. The 2nd and 3rd rows of Fig. 5a then illustrate 8 

nearly constant DSC plots and very close estimations of the damage extents under three selected UPLs.  9 

For the double damage case D1.4, the first damage can be identified from all MF-based DC plots, while only 10 

those produced by the UPLs acting at nodes 15 and 17 can reveal the second damage with definite results (Fig. 11 

5b). This demonstrates the advantage of the enhanced DD method over the original one [25] since in the 12 

original approach, using only one DC can miss one of the damages. The average of the estimations under all 13 

UPLs are summarised in Table 3. 14 

 15 
Fig. 4. The first three bending mode shapes in the undamaged state 16 

Table 2. Natural frequencies of the beam FEM (Hz) 17 
Mode No. Intact D1.1 D1.2 D1.3 D1.4 D1.5 

1 16.58 16.48 16.37 16.06 15.95 15.73 

2 65.13 65.12 65.12 65.10 64.40 63.27 

3 142.86 142.14 141.15 138.84 138.57 138.22 
 18 
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 1 
Fig. 5. Numerical DD results using MF-based DC: (a) D1.1, (b) D1.4 (1st row: DC plots under UPLs at different nodes; 2 

2nd and 3rd rows: DSC and damage severity under some selected UPLs) 3 

For comparison, numerical damage quantification results from previous study using static deflection changes 4 

[25] are included in Table 3 and served as baseline for the present MF-based results. It shows that the 5 

dynamically estimated MF-based deflections can substitute the static deflections to locate and quantify the 6 

damage with minimal percentage errors of less than 5.5%. 7 

Table 3. Damage quantification results from numerical MF-based RDC (damage extent: %) 8 

Damage cases D1.1 D1.2 D1.3 
D1.4 D1.5 

Damage 1 Damage 2 Damage 1 Damage 2 

MF-based RDC  10.59 20.84 39.84 38.44 20.97 37.29 42.41 

Static RDC a 10.41 20.71 39.96 39.31 20.56 39.40 41.70 

Percentage error (%) 1.7% 0.6% 0.3% 2.2% 2.0% 5.4% 1.7% 

a referenced numerical results from [25] 9 

4. Experimental verification on the 2.5m steel beam 10 

4.1. Test descriptions 11 

Experimental verification of the proposed method is carried out on a 2.5m AS/NZS grade C450 cold formed 12 
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Duragal 75×40×4 CC beam as shown in Fig. 6. The dimensions and material properties of the beam are 1 

essentially the same as those used for the analytical simulation (section 3). The beam was tested in order to 2 

capture its vibration characteristics in the intact and the five damaged states as defined in Table 1. The data 3 

acquisition system includes 21 lightweight 8630B5 Kistler piezoelectric accelerometers having 1V/g 4 

sensitivity, ±5g input range and a broad frequency response range of 0.5-2000 Hz. It also includes a NI cDAQ-5 

9172 chassis, six NI-9234 bridge modules to form 21 single-axis accelerometer measurement channels. An in-6 

house LabVIEW professional app was used to read and log the data in a fully synchronized and automated 7 

acquisition manner [32]. The transducers were attached to the upper surface of the beam to measure its vertical 8 

acceleration under the sampling rate of 2048 Hz. Only 12 accelerometers as arranged in Fig. 7 are used in this 9 

study for damage detection. Positions of the cuts and the actual dimensions of the beam cross section are also 10 

illustrated in Fig. 7. Ambient vibration condition was created by randomly tapping the beam using a 11 

lightweight rubber hammer. It should be noted that static deflection tests had been carried out on the same 12 

model to validate the static DBDD method in the authors’ previous study [25]. 13 

  14 
Fig. 6. The laboratory simply supported beam model 15 

Modal parameters were estimated using the Enhanced Frequency Domain Decomposition (EFDD) method 16 

from the OMA software ARTeMIS [33]. In all cases, the first four flexural modes can be clearly identified as 17 

can be seen from Fig. 8. The un-scaled mode shapes in the undamaged state and the changes in natural 18 
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frequencies due to the progressive damage are presented in Fig. 9 and Table 4. It shows a good agreement with 1 

those obtained numerically in Fig. 4 and Table 2.  2 

 3 
Fig. 7. Schematic diagram of the test model and the accelerometers used in this study (length in mm) 4 

Table 4. Natural frequencies of the beam model (Hz) 5 
Mode No. Intact D1.1 D1.2 D1.3 D1.4 D1.5 

1 16.56 16.51 16.38 15.99 15.88 15.70 

2 62.54 62.55 62.57 62.55 61.98 60.87 

3 146.31 146.08 145.57 145.31 142.30 141.99 

 6 

 7 
Fig. 8. A typical EFDD singular values for OMA of the 2.5m steel beam 8 

 9 

Fig. 9. Plot of the first three mode shapes of the intact experimental beam 10 

4.2. Damage detection results using MF-based DC and RDC 11 

The identified mode shapes were interpolated into 21 nodes at the same spacing as the numerical model (Fig. 12 

3) using shape preserving piecewise cubic interpolation method. The mode shapes of the first three modes 13 

were then mass-normalised using the mass matrix extracted from the validated FEM, before using to construct 14 

the MF matrices and the subsequent MF-based deflections under 1kN virtual point loads. The MF-based DCs 15 

and RDCs were then calculated and used to detect, locate and quantify the damages as presented in Fig. 10 to 16 

Mode 1 Mode 2 Mode 3 Mode 4 
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Fig. 12. 1 

Table 5 summarises the estimated damage extents, which are very close to the static deflection test results 2 

carried out on the same model in previous study [25]. The table shows that the discrepancy between the two 3 

methods is acceptable as the percentage errors are less than 11%.  4 

Fig. 10 and Fig. 11 illustrate the damage detection results for the three single damage scenarios (D1.1 – D1.3). 5 

Overall, the results agree well with those observed from numerical investigations (section 3). The main 6 

difference should be noted is that the linearity of the MF-based DC plots for D1.1 and D1.2 was somewhat 7 

affected by unavoidable measurement noise (Fig. 10, 1st row), and this subsequently resulted in noticeable 8 

variations on the damage severity consistency plots (Fig. 10, 2nd row). However, when the damage was 9 

significant enough in D1.3, it caused large DCs (about six times larger than those in D1.1) that outweighed the 10 

noise, leading to a satisfactory linearity of the MF-based DC plot and consistent values on the DSC plot (Fig. 11 

11). Even though the experimental DCs do not exactly follow the theoretical linear pattern in all cases, the 12 

enhanced approach in this paper provides two other indicators that can help to reveal the damage. As can be 13 

seen, all the DC plots depict clear peaks at the beam element No.10, and the intensity of the plots gradually 14 

increases when the UPL is closer to nodes No.10 and 11. These two indications are sufficient to confirm the 15 

presence of damage at the beam segment No.10. 16 
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 1 
Fig. 10. Experimental DD results: (a) D1.1, (b) D1.2 2 

When the damage escalates to the two double damage scenarios, as can be observed from Fig. 12, measurement 3 

noise caused negligible nonlinearity of the DC plots, and insignificant variations on the consistency DSC plots. 4 

For the damage case D1.4 (Fig. 12a), the enhanced method successfully detects the second damage at beam 5 

element 14 by observing the DC plots under the UPLs at nodes 15 and 17. This is an important improvement 6 

since the original static DBDD method failed to detect this damage (Table 5). The enhanced method therefore 7 

can help to reduce the false negative detection rate. When the two damages are equally significant in the 8 

damage case D1.5, the enhanced DBDD method accurately locates and quantifies the damages regardless of 9 

the UPL used (Fig. 12b). 10 
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 1 
Fig. 11. Experimental DD results- D1.3 2 

 3 
Fig. 12. Experimental DD results: (a) D1.4, (b) D1.5 4 

Table 5. Damage quantification results from experimental MF-based RDC (damage extent: %) 5 
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Damage cases D1.1 D1.2 D1.3 
D1.4 D1.5 

Damage 1 Damage 2 Damage 1 Damage 2 

MF-based RDC 8.92 19.91 44.49 41.32 23.49 37.97 44.51 

Static RDC a 9.19 22.33 41.51 43.90 Not detected 41.01 42.14 

Percentage error (%) 2.9% 10.8% 7.2% 5.9% N/A 7.4% 5.6% 

a referenced experimental results from [25] 1 

4.3. Dealing with false positive detection 2 

From the damage detection results in the previous section, one might say that measurement noise may cause 3 

abrupt changes at some undamaged elements on the MF-based DC plots in early damage scenarios, and that 4 

this may lead to a false positive detection classifying those undamaged elements as being damaged. To assess 5 

whether this can occur with the developed method, reconsider the damage case D1.1 where there is a noticeable 6 

abrupt change at the beam element No.6 (Fig. 10a). This element is now suspected as being damaged (in 7 

addition to the true damaged element 10) to provide a suspected double damage case (Fig. 13). Applying the 8 

proposed damage quantification procedure, the damage severity coefficients of the two elements are calculated 9 

and shown in the bottom graph of Fig. 13. It was found that the severity in the true damaged element 10 slightly 10 

increased compared to the result in Fig. 10a, while in the suspected damaged element 6 the predicted value is 11 

-4.0% in average. This negative value would allow the rejection of the hypothesis and once the suspected 12 

damage is adjusted, the damage quantification process will be reinitiated in the form of a single damage case 13 

and will therefore provide the same accurate results as presented in Fig. 10a. This shows that the proposed 14 

method has an ability to eliminate false positive detection that may happen under the influence of noise. 15 
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 1 
Fig. 13. DD results including an undamaged element – D1.1 2 

5. Comparative studies 3 

In addition to the above comparison with the original DBDD method, the performance of the proposed method 4 

was also compared with three well-known vibration-based damage detection methods: (1) the modal flexibility 5 

change, or MFC, method [3], (2) the relative modal flexibility change (RFC) method [9], and (3) the modal 6 

strain energy (MSE) damage index method [34]. The first three modes from the above experimental study were 7 

used for all the four damage descriptors. For the MFC, RFC and the enhanced DBDD methods, the mode 8 

shapes were normalised with respect to the mass matrix extracted from the validated FEM (section 3). By 9 

contrast, the MSE damage index methods does not require this operation. To be comparable, the MFC index 10 

(column-wise maximum of the MFC matrix), the RFC index (diagonal entries of the RFC matrix) and the MF-11 

based DC index (the proposed method) are normalised to be unity at their highest point. Damage is detected 12 

and located at the peaks of these normalised MF-based damage indices (MFDIs). For the MSE damage index 13 

method, the damage is located at elements whose damage index (Z) values greater than 2. In case Z is positive 14 

but lower than the threshold, the damage can be identified with low confidence level [34]. 15 

The damage identification results of the four methods are presented in Fig. 14a-e and summarised in Fig. 14f. 16 
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As can be observed from the figures, all the methods successfully identify the single damage cases D1.1 - D1.3 1 

(Fig. 14a − c). The four methods can also identify the double damage case D1.5 when the severities of the two 2 

damages are of the same level (Fig. 14e). However, when one of the damages is less severe than the other 3 

(D1.4), only the proposed method can successfully identify both damages, while the other three methods can 4 

only detect the larger one (Fig. 14d). In addition, it is noted that the damage detection results using MSE 5 

damage index for D1.2 and D1.5 are somewhat less definite as the corresponding Z values are lower than the 6 

confidence threshold, i.e. Z < 2 (Fig. 14b, e). 7 

 8 
Fig. 14. Damage identification results from: the proposed IDBDD method, MFC, RFC, and damage index method 9 

(a) D1.1, (b) D1.2, (c) D1.3, (d) D1.4, (e) D1.5, (f) Damage identification result comparison 10 

A comparison between the proposed method and the MFC method is worth investigating as they both exploit 11 

the changes in modal flexibility. The damage detection results of the two methods are almost identical for the 12 

single damage cases (Fig. 14a − c). However, the difference lies in the double damage cases (Fig. 14d, e). By 13 

scanning each column of the MFC matrix, the proposed method can select the most definite DC plots that 14 
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clearly reveal all possible damages. The traditional MFC method, on the other hand, only compares the 1 

maximum flexibility changes at all DOFs and hence the peak at the less severe damage can be easily masked 2 

by the peak at the more severe damage (Fig. 14d). The proposed method therefore provides a more robust tool 3 

to deal with multiple damages compared to the traditional MFC method. 4 

It also should be emphasised that only the proposed method can accurately estimate the damage extents owing 5 

to the developed formulations of MF-based DC and RDC parameters with regard to the damage characteristics. 6 

The MSE damage index is also able to quantify the damage, but its accuracy is highly affected by measurement 7 

noise, and it normally requires rigorous optimization algorithms to improve the results [35]. 8 

From the comparisons, it is apparent that the proposed method performed better compared to the other three 9 

vibration-based methods in detecting and quantifying the damage, especially for the multiple damage cases. 10 

6.  Conclusions 11 

This paper has presented an improved method to locate and quantify damage in beam-like structures and 12 

demonstrates its capability through comprehensive numerical and experimental investigations. The proposed 13 

method utilizes changes in indirect deflections estimated from modal flexibility (MF) matrices under multiple 14 

virtual unit point loads thereby providing several advantages compared to the existing methods. Since the 15 

deflections are estimated from modal parameters, the proposed approach can be used for monitoring in-service 16 

structures which provide obvious economic benefits for the asset owner. Next and most importantly, by using 17 

MF-based deflections instead of direct MF data, quantifying damage has now been available. From the result 18 

of numerical and experimental verifications, it was found that the damage detection results provided by the 19 

developed method agreed well with those obtained from the static deflection counterpart. In addition, the 20 

method developed in this paper has advantages compared to its predecessor since it provides an additional 21 

damage locating criterion that helped to identify early and multiple damages with higher confidence. Not only 22 

was the enhanced method robust against false negative detection, it was also capable of eliminating false 23 

positive detection. Finally, by comparing against three popular vibration-based damage detection methods i.e. 24 

MFC, RFC, and MSE damage index method, it was found that the proposed method had a superior performance 25 

in locating and quantifying the damage, especially for the multiple damage cases. Application of the method 26 

considering other practical circumstances is currently underway and will be reported in future work of the 27 
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authors. 1 
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