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A B S T R A C T   

The internal replacement pipe (IRP) is a developing trenchless system utilised for restoring buried steel and cast- 
iron legacy pipelines. It is crucial to ensure that this advanced system is appropriately designed to reinstate the 
functionality of damaged pipelines effectively and safely. The present paper investigates the structural response 
of IRP systems used in repairing pipelines with circumferential discontinuities subjected to seasonal temperature 
changes. Analytical and numerical approaches verified via experimental data and available closed-form solutions 
were implemented to analyse a total of 180 linear and nonlinear finite element (FE) simulations. A set of 
analytical expressions was developed to describe the loading and induced responses of the system. Based on an 
extensive FE parametric study, five modification factors were derived and applied to developed analytical ex
pressions to characterise the structural response incorporating the effects of soil friction. Results showed that 
there is a major difference between the results of linear and nonlinear analyses highlighting the importance of 
including the material nonlinearities in the FE analysis. A significant difference was observed between the 
discontinuity openings with and without the consideration of soil friction implying that appropriate inclusion of 
soil friction in the FE model is crucial to get realistic system responses subjected to temperature change. Although 
the application of IRP holds immense promise as a trenchless solution for rehabilitating legacy pipelines, the lack 
of established design procedures and standards for these technologies has restricted their application in gas 
pipelines. Results obtained from numerical and analytical models developed in the present research will provide 
valuable insights for the design and development of safe and efficient IRP systems urgently needed in the pipeline 
industry.   

1. Introduction 

Pipeline infrastructure plays a vital role in modern society, serving as 
the lifeline for various sectors and ensuring the smooth functioning of 
essential services. Pipelines are crucial for the transportation of oil, gas, 
and other vital fluids, efficiently and reliably over long distances, 
facilitating energy supply and supporting economic growth. Over time, 
buried pipelines can sustain damage due to a range of factors including 
wear and tear [1], corrosion [2–4], and external forces such as ground 
water pressure [5], earthquakes [6,7], and landslides [8,9]. Pipeline 
operators frequently undertake inspection and rehabilitation efforts 

aimed at identifying and resolving such problems proactively, prevent
ing them from escalating into more significant issues [10]. Hence, 
maintenance and repair are of paramount importance to ensure the 
integrity and reliability of pipeline infrastructure. 

Trenchless methods, which involve the rehabilitation of pipelines 
without extensive excavation, have garnered significant attention [11, 
12]. These methods present numerous advantages compared to tradi
tional excavation-based approaches. They minimize disruption to the 
environment, particularly in urban or densely populated areas [13], and 
offer faster completion times and lower overall costs [14–16]. Moreover, 
they prove valuable in rehabilitating pipelines located in challenging or 
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inaccessible areas [17], making them an invaluable resource for pipeline 
operators and municipalities seeking cost-effective and environmentally 
sustainable infrastructure maintenance [18,19]. 

In recent years, trenchless repair technologies have made significant 
progress, particularly with the development of internal replacement 
pipe (IRP) systems using metals, polymeric materials, and composites 
[20,21]. An IRP system, in the context of trenchless rehabilitation, refers 
to the method of replacing old, worn out or damaged pipes with new 
pipes or liners. This solution addressing issues such as corrosion, leaks, 
or structural deficiencies requires little to no excavation and can be 
usually carried out from the nearest manholes. In this system, a new 
pipe/liner is inserted into an existing one, or a new pipe is formed inside 
the old one thorough spraying materials onto the inner surface of the 
host pipe by a machine which can go into and move along the host pipe. 

The use of IRP holds immense promise as a trenchless solution for 
rehabilitating bare steel and cast-iron legacy gas pipelines. However, the 
lack of established design procedures and standards for these technol
ogies has restricted their application in gas pipelines. Therefore, it is 
crucial to conduct a thorough investigation into the structural behaviour 
of emerging IRP systems under applied loads and to effectively design 
them as internal repair systems for gas pipeline rehabilitation. 

Dixon et al. [22] have identified nine key performance objectives 
crucial for the efficient design of legacy gas pipelines utilizing 
pipe-in-pipe (PIP) rehabilitation technologies: cyclic in-service surface 
loads [23,24], lateral deformation, puncture/impact [25], ovalisation 
[26], axial deformation [27], hoop stress [28], compatibility with cur
rent and future fluid compositions [29], debonding at PIP-host pipe 
interface [30], and service connections [31]. According to this 
state-of-the-art review, one of the potential failure modes observed in 
pipelines and internal replacement pipe (IRP) systems is associated with 
excessive thermal strains and the resulting stresses. For instance, in 
2006, BP had to halt operations on segments of its Prudhoe Bay Pipeline 
in Alaska due to severe damage resulting from excessive thermal strains, 
leading to cracks and leaks [32]. Similarly, in 2021, the Colonial 

Pipeline experienced a mechanical failure caused by thermal expansion 
and contraction after being shut down due to a cyber-attack. This sub
sequent failure resulted in fuel shortages and price spikes in multiple 
states once the pipeline was restarted [33]. Despite the critical impor
tance of safeguarding against thermal load-induced failure through 
sound design practices, research in this field remains scarce, with no 
comprehensive study currently available in the literature addressing the 
structural challenges and design requirements specific to IRP systems 
under thermal actions. 

Jeon et al. [34] and Stewart et al. [35] developed a set of closed-form 
solutions for the calculation of the crack opening in a cast iron pipe 
rehabilitated with an internal pipe repair system subjected to a negative 
temperature change. Although the developed analytical expressions are 
useful for simplified conservative calculations, they have a number of 
limitations if a more realistic representation of the system is of interest. 
These expressions do not include the effects of the internal pipe’s stiff
ness, internal pressure of the pipeline, thermal expansion/contraction of 
the internal repair pipe, and material nonlinearities on the crack open
ing and axial response of the system. 

An analytical approach was implemented by Dixon et al. [36] to 
estimate potential levels of axial deformation. Their assessment focuses 
on movement at a discontinuity, representative of a weak joint or 
circumferential crack in the host pipe, which is spanned by a rehabili
tation internal pipe. Closed-form equations have been derived for 
induced force and crack opening displacement. Developed expressions 
include the effects of the soil friction as well as the internal pipe’s 
stiffness and thermal expansion/contraction, but do not consider the 
role of the internal pressure of the pipeline, material nonlinearities, 
stress concentrations, and differential displacements along the thickness 
of IRP and host pipe. 

A comprehensive mathematical model has been developed by 
Bokaian [37] for the thermal expansion of pipe-in-pipe and bundle 
systems used in offshore oil and gas industry. The aim was to calculate 
the displacement and forces on the bulkheads and axial force in the inner 

Fig. 1. (a) Geometrical notation for a host pipe with a circumferential discontinuity rehabilitated with IRP, (b) Three major types of circumferential discontinuity in 
legacy gas pipelines. 
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pipe. No discontinuity along the pipeline was assumed in this study 
which creates limitations for its application to gas distribution pipelines. 
A set of finite element (FE) stress analyses was carried out by Lu et al. 
[38] on urban gas pipeline repaired by inserted hose lining method. 

However, their study does not cover the effects of temperature changes 
and host pipe discontinuities on the structural response of the system. 
Failure modes of PIP repair systems for water and gas pipelines were 
analysed by Tafsirojjaman et al. [25]. The focus of their research work 

Fig. 2. (a) Schematic representation of an IRP repair system with a host-pipe discontinuity subjected to axial displacement, (b) Compound segment of the mechanical 
model subjected to soil friction, (c) External pressure on the outer surface of the host pip.e. 

Fig. 3. (a) One fourth of the entire pipe required to be modelled, (b) Generated mesh based on the sub-zone scheme.  

Fig. 4. True stress-strain curves used for the FE analysis: (a) API 5L X42 steel, (b) ALTRA10®.  
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was the behaviour of the repair pipe alone; and the effects of host pipe 
properties, possible circumferential discontinuities, and material non
linearities were not considered in the thermal analysis. 

The preceding discussion highlights that the axial structural re
sponses of internal replacement pipe (IRP) systems under temperature 
changes, particularly in scenarios involving pipeline discontinuities 
(Fig. 1a), have not been extensively studied. Three primary types of 
circumferential discontinuity can be observed in host pipes (Fig. 1b): 
Type I, characterized by circumferential fracture resulting from weld 
failure, impact, or fatigue-induced progressive crack propagation; Type 
II, involving circumferential discontinuity at bell and spigot joints; and 
Type III, which entails circumferential discontinuity due to the removal 
of a significant portion of the host pipe due to aging. In all these in
stances, it is crucial to make sure that the IRP is appropriately designed 
to ensure satisfactory performance during service. 

This paper presents an analytical and numerical investigation on the 
structural response of an IRP system utilized in rehabilitating pipelines 
with a circumferential discontinuity under varying seasonal 

temperature conditions. The study consists of four major phases to 
achieve the research objective. In Phase I, a mechanical model was 
developed for the IRP system with a host-pipe circumferential discon
tinuity incorporating the frictional effects of surrounding soil, and 
analytical expressions were derived to describe the loading and induced 
responses to seasonal temperature changes. Phase II involved para
metric stress analyses on 180 finite element (FE) models of IRP repair 
systems subjected to axial displacement. These FE models were vali
dated using experimental data and closed-form solutions. Effects of 
geometrical parameters and material characteristics of the system as 
well as the pipeline’s internal pressure, burial depth of the pipe, and 
properties of the surrounding soil on axial stresses and displacements 
due to seasonal temperature variations were investigated. Phase III 
focused on deriving modification factors based on the FE results, which 
can be applied to the analytical expressions to estimate the IRP’s peak 
axial stress and opening of the host-pipe circumferential discontinuity 
caused by temperature changes. These modification factors consider 
stress concentration at the discontinuity edge, stress distribution along 

Fig. 5. Extraction of parameters ϕU, ϕM, ϕL, η, and SCF from the FE model.  

Fig. 6. Deformed shape of IRP system subjected to axial displacement (contours: axial stress [MPa]).  
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the IRP thickness, and differential displacements along the thickness of 
IRP and host pipe. Lastly, Phase IV involved a study on the effects of 
material and geometric nonlinearities on the axial response under sea
sonal temperature variations considering the effects of soil friction. 
Results obtained from the developed numerical and analytical models 
will provide valuable insights for the design and development of safe 
and efficient IRP repair systems urgently needed in the pipeline 
industry. 

2. Methodology 

2.1. Formulation of the discontinuity opening as a function of temperature 
change 

2.1.1. Analytical expression of applied axial displacement to simulate the 
thermal effects 

A compound section of host pipe and IRP is considered with a 
circumferential host-pipe discontinuity at the midspan of the pipe. The 
entire length of the pipe consists of three segments: a ‘discontinuity’ 
segment (Seg. 2) which only includes the IRP section and two ‘com
pound’ segments (Segs. 1 and 3) at the two sides of the discontinuity 
segment. At the compound segments, both IRP and host pipe sections are 
present (Fig. 2a). In a compound section, even if the axial deformation is 
unconstrained, a uniform temperature change can still induce axial 
stresses in the pipe. The reason is that the values of the coefficient of 
thermal expansion (CTE), as a material property, are different for IRP 
and host pipe. The variable of interest, derived in this section, is the axial 
displacement that should be applied to the free end of the pipe in the 
mechanical model of Fig. 2a to simulate the axial deformation of the 
system subjected to the temperature change considering the friction 
between the host pipe’s outer surface and surrounding soil. 

If IRP and host pipe are fully bonded, total axial deformation of the 
system (δT) due to the temperature change, assuming linear material 
behaviour, can be calculated as follows. 

δT = δt + δf =
∑3

i=1
δit +

∑3

i=1
δif (1)  

where δit and δif are the axial deformations of the ith segment due to the 
temperature change ΔT and soil friction, respectively. 

Following expressions describe the δit for Segs. 1, 2, and 3. 

δ1t = δ3t = αC

(
L − c

2

)

ΔT ; δ2t = αIcΔT (2)  

where L is the total length of the pipe; c is the discontinuity width; αI is 
the CTE of IRP; and αC is the equivalent CTE of the compound section. 

Closed-form solution for δif is as follows (Fig. 2b). 

δ1f = δ3f = δ(x) |x=L− c
2

; δ2f = 0 (3)  

where δ(x) is axial displacement along the pipe which can be obtained 
by Eq. (4). 

δ(x) =
∫ x

0
ε(x)dx =

∫ x

0

F(x)
ECAC

dx (4)  

where ε(x) is the axial strain, F(x) is the axial internal force, AC is the 
area of the compound cross section of host pipe and IRP, and EC is the 
elastic modulus of the compound segment. 

It should be noted that the exact value of δ2f is nonzero. However, 
due to the short length of the discontinuity segment compared to the 
entire pipe length (c≪L) and considering the fact that the full contact 
between the soil and the exposed IRP in the discontinuity segment is 
unlikely, the value of δ2f can be reasonably assumed to be zero. 

Axial internal force along the pipe is calculated as follows (Fig. 2b). 

F(x) =
∫ L− c

2

x
( − fu)dx = − fu

(
L − c

2

)

+ fux (5)  

where fu is the soil friction force per unit length of the pipe, which is 
assumed to be constant over the entire pipe length. 

Substitution of Eq. (5) into Eqs. (3) and (4) results in the following 
expression for δ1f . 

Table 1 
Characteristics of LS03 FE model used for the verification of numerical results.  

Parameter Symbol Unit Value (s) 

Temperature change [35,53] ΔT ◦C 27.8 
MoE of IRP [45] EI MPa 3769.2 
Poisson’s ratio of IRP [45] νI - 0.23 
CTE of IRP [47] αI 1/◦C 45 × 10− 6 

MoE of the host pipe [43] EH MPa 210700 
Poisson’s ratio of the host pipe [43] νH - 0.3 
CTE of the host pipe [44] αH 1/◦C 12 × 10− 6 

Discontinuity width c mm 12.7 
Wall thickness of IRP [54] tI mm 4.115 
Cross sectional area of IRP AI mm2 3969.24 
Outer diameter of the host pipe [54] DoH mm 323.85 
Wall thickness of the host pipe [54] tH mm 6.35 
Cross sectional area of the host pipe AH mm2 6330.4 
Inner diameter of the host pipe DiH mm 311.15 
Friction angle at the soil/host pipe interface ψ ◦ 31 
Coefficient of lateral earth pressure at rest  

[35] 
K0 - 1 

Effective unit weight of the soil [35] γ′ N/ 
mm3 

19.6 × 10− 6 

Burial depth to the pipe’s centreline z mm 1100 
Pipe displacement required to mobilize full 

soil resistance [35] 
δu mm 1 

Internal pressure of the pipeline [54] pi MPa 0.45  

Table 2 
Results of the FE verification process based on analytical predictions.  

Parameter FE result Analytical 
prediction 

Difference 

Nominal axial stress of IRP, (σn)I 42.735 MPa 43.235 MPa 1.2% 
Nominal value of discontinuity 

opening, (δc)n 

0.140 mm 0.146 mm 4.1%  

Table 3 
Results of the FE model verification against closed-form solutions.  

Parameter Closed-form solution FE result Difference 

Hoop stress, σθ 24.5 MPa 24.528 MPa  0.1% 
Longitudinal stress, σl 7.35 MPa 7.083 MPa  3.7% 
Radial stress, σr -1 MPa -0.918 MPa  8.2% 
Total axial deformation, δT 0.103 mm 0.106 mm  2.8%  

Table 4 
Geometrical and material properties of S01 and S02 specimens prepared for the 
experimental tests.  

Parameter Value 

MoE of ALTRA10® IRP 3769.2 MPa 
Poisson’s ratio of ALTRA10® IRP 0.23 
Wall thickness of ALTRA10® IRP 4.115 mm 
Young’s modulus of steel host pipe 210700 MPa 
Poisson’s ratio of steel host pipe 0.3 
Wall thickness of steel host pipe 6.35 mm 
Outer diameter of steel host pipe 323.85 mm 
Discontinuity width 12.7 mm (S01), 152.4 mm (S02) 
Pipe length 3048 mm  
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δ1f =

∫ L− c
2

0

⎡

⎢
⎢
⎣

− fu

(
L− c

2

)

+ fux

ECAC

⎤

⎥
⎥
⎦dx = −

fu(L − c)2

8ECAC
(6) 

Substitution of Eqs. (2), (3), and (6) into Eq. (1) leads to the following 
analytical expression for δT. 

δT = αC(L − c)ΔT + αIcΔT −
fu(L − c)2

4ECAC
(7) 

In Eq. (7), the equivalent CTE of the compound section, αC, can be 
expressed by Eq. (8) (see Appendix 1 for the derivation). 

αC =
EIAIαI + EHAHαH

EIAI + EHAH
(8)  

where αI and αH are the CTE of IRP and host pipe, respectively; EI and EH 
are the modulus of elasticity (MoE) for IRP and host pipe, respectively; 
and AI and AH are cross sectional area of IRP and host pipe, respectively. 

The term ECAC in Eq. (7), can be expressed in terms of material and 

geometrical properties of IRP and host pipe as shown in Eq. (9) (see 
Appendix 1 for the derivation). 

ECAC = EIAI +EHAH (9) 

Based on Eqs. (8) and (9), Eq. (7) can be rewritten as follows. 

δT = ΔT
[

αIc+
EIAIαI + EHAHαH

EIAI + EHAH
(L − c)

]

−
fu(L − c)2

4(EIAI + EHAH)
(10) 

Soil friction force per unit length of the pipe (fu) can be formulated as 
follows. 

fu = 4μkN (11)  

where μk is the coefficient of friction between the soil and the outer 
surface of the host pipe, and N is the normal force per unit length of the 
pipe acting on the outer surface of the host pipe’s quarter section due to 
the application of soil pressure (Fig. 2c) which can be expressed as Eq. 
(12). 

Fig. 7. Experimental tests conducted at the University of Colorado Boulder: (a) Setup for axial pull-push tests, (b) S01 specimen.  

Table 5 
Results of the FE model verification using experimental data.  

Parameter Specimen Debonded length Experimental value FE result Difference 

Discontinuity opening S01 95 mm 0.73 mm 0.77 mm  5.5% 
S02 150 mm 2.95 mm 3.04 mm  3.1%  
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N =

∫ π/2

0
poroHdθ = 0.25poπDoH (12)  

where DoH is the outer diameter of the host pipe, and po is the applied 
soil pressure. 

Applied soil pressure to be used in Eq. (12) can be assumed as the 
average of vertical and horizontal stresses in the soil due to its weight 
(σv = γ′z ; σh = K0γ′z) [39]. Hence, values of the soil pressure on the host 
pipe and the friction coefficient can be obtained as follows. 

po =

(
1 + K0

2

)

γ′z ; μk = tanψ (13)  

where γ′ is the effective unit weight of the soil, z is the burial depth to the 
pipe’s centreline, K0 is the coefficient of lateral earth pressure at rest, 
and ψ is the friction angle at the interface between the soil and the host 
pipe. 

With the substitution of Eq. (13) into Eqs. (11) and (12), soil friction 
force per unit length of the pipe can be formulated as Eq. (14). 

fu =

(
1 + K0

2

)

γ′ztanψπDoH (14) 

Based on Eq. (14), Eq. (10) can be rewritten as follows. 

δT = ΔT
[

αIc+
EIAIαI + EHAHαH

EIAI + EHAH
(L − c)

]

−
(1 + K0)γ′ztanψπDoH

8(EIAI + EHAH)
(L − c)2

(15)  

2.1.2. Nominal value of the discontinuity opening 
Nominal value of the discontinuity opening, (δc)n, can be expressed 

as a function of the applied axial displacement (δT in Eq. (15)) as follows. 

(δc)n = μ(c, L,EI ,AI ,EH ,AH)⋅δT (16)  

where μ is a transfer function which can be expressed in terms of the 
geometrical and material properties of the system as follows (see Ap
pendix 2 for the derivation). 

μ =
c

EIAI

(
c

EI AI
+ L− c

EH AH+EI AI

) (17)  

2.1.3. Actual discontinuity opening 
Actual values of the discontinuity opening, δc, were obtained from a 

set of linear stress analyses conducted on 108 FE models with different 
geometrical and material characteristics. Three FE-driven parameters 
were then defined (ϕU, ϕM, and ϕL) to transform the values of nominal 
discontinuity opening, (δc)n, to the δc values as follows. 

(δc)U = ϕU ⋅(δc)n  

(δc)M = ϕM ⋅(δc)n  

(δc)L = ϕL ⋅(δc)n (18)  

where (δc)U, (δc)M, and (δc)L are values of actual discontinuity opening 
obtained from the FE analysis based on the axial displacements of upper, 
middle, and lower points of the host pipe thickness, respectively. 

2.1.4. General expression to describe the opening of a circumferential 
discontinuity 

The combination of Eqs. (15) and (16)–(18) leads to the following 
expression for the opening of a circumferential host-pipe discontinuity 

Table 6 
Values of input parameters for 132 sets of analytical calculations and 72 linear 
and nonlinear FE analyses to study the effects of pipeline’s internal pressure/ 
burial depth, soil properties, and material/geometric nonlinearities on axial 
responses of IRP system.  

Parameter Symbol Unit Value (s) 

Soil/host pipe interface 
friction angle [56] 

ψ ◦ 21, 26, 31, 36, 41, 46 

Effective unit weight of the 
soil 

γ′ N/ 
mm3 

12 × 10− 6, 14 × 10− 6, 
16 × 10− 6, 18 × 10− 6, 
20 × 10− 6, 22 × 10− 6 

Burial depth of the pipe z mm 1100, 1350, 1600, 1850, 2100, 
2350 

Coefficient of lateral earth 
pressure 

K0 - 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 

Pipe displacement to 
mobilize full soil 
resistance 

δu mm 0.25, 0.5, 1, 2, 4 

Temperature change [35, 
53,55] 

ΔT ◦C 27.8, 55.0 

Pipeline’s internal pressure 

[22,54] 

pi MPa 0, 0.25, 0.5, 0.75, 1 

MoE of the host pipe [43] EH MPa 210700 
Poisson’s ratio of the host 

pipe [43] 
νH - 0.3 

CTE of the host pipe [44] αH 1/◦C 12 × 10− 6 

MoE of IRP [45] EI MPa 3769.2 
Poisson’s ratio of IRP [45] νI - 0.23 
CTE of IRP [47] αI 1/◦C 45 × 10− 6 

Discontinuity width [54] c mm 12.7 
Outer diameter of the host 

pipe [54] 
DoH mm 323.85 

Wall thickness of the host 
pipe [54] 

tH mm 6.35 

Inner diameter of the host 
pipe 

DiH mm 311.15 

Cross sectional area of the 
host pipe 

AH mm2 6330.4 

Wall thickness of IRP [54] tI mm 4.115 
Cross sectional area of IRP AI mm2 3969.24  

Table 7 
Values of input parameters for 108 FE models analysed to characterise param
eters ϕU , ϕM , ϕL, η, and SCF.  

Parameter Symbol Unit Value (s) 

MoE of IRP EI MPa 1000, 3769.2, 10,000, 
15,000, 24,500, 69,000 

Wall thickness of IRP tI mm 2.54, 4.115, 5.715, 7.3025, 
8.89, 10.4775 

Discontinuity width c mm 6.35, 12.7, 152.4 
tI/tH ratio τ - 0.4, 0.65, 0.9, 1.15, 1.4, 

1.65 
c/tH ratio ζ - 1, 2, 24 
MoE of the host pipe [43] EH MPa 210700 
Poisson’s ratio of the host pipe  

[43] 
νH - 0.3 

CTE of the host pipe [44] αH 1/◦C 12 × 10− 6 

Poisson’s ratio of IRP [45] νI - 0.23 
CTE of IRP [47] αI 1/◦C 45 × 10− 6 

Outer diameter of the host pipe  
[54] 

DoH mm 323.85 

Wall thickness of the host pipe  
[54] 

tH mm 6.35 

Friction angle at the soil/host 
pipe interface [35] 

ψ ◦ 32 

Effective unit weight of the soil  
[35] 

γ′ N/ 
mm3 

19.6 × 10− 6 

Burial depth of the pipe [35] z mm 1080 
Coefficient of lateral earth 

pressure [35] 
K0 - 1 

Pipe displacement to mobilise 
full soil resistance [35] 

δu mm 1 

Temperature change [35,53] ΔT ◦C 27.8 
Internal pressure of the pipeline  

[54] 
pi MPa 0.45 

Maximum mobilized soil friction 
force/length (Eq. (14)) 

fu N/ 
mm 

13.46 

Total length of the pipe (Eq. 
(20)–(23)) 

L mm 86,469.06  
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in an IRP system due to the temperature change. 
⎡

⎣
(δc)U
(δc)M
(δc)L

⎤

⎦ =
c

EIAI

(
c

EI AI
+ L− c

EH AH+EI AI

)

⋅
{

ΔT
[

αIc +
EIAIαI + EHAHαH

EIAI + EHAH
(L − c)

]

−
(1 + K0)γ′ztanψπDoH

8(EIAI + EHAH)
(L − c)2

}

⋅

⎡

⎣
ϕU
ϕM
ϕL

⎤

⎦ (19)  

where values of parameters ϕU, ϕM, and ϕL are specified based on the 
results of linearly elastic stress analyses conducted on 108 FE models 

with different geometrical and material properties. 

2.1.5. Length of the pipe in the mechanical model considering the soil 
friction 

The pipe in the mechanical model of Fig. 2a should be long enough to 
generate adequate soil friction to neutralize the force induced by the 
temperature change, so the displacement at the pipe end can reliably be 
assumed to be zero. Such pipe length (L) can be approximated using the 
equations proposed by Stewart et al. [35]. However, the effect of pipe
line’s internal pressure has not been considered in these equations. In 
the present paper, Stewart et al. [35] equations have been revised as 
follows to incorporate the effect of internal pressure in the calculation of 
the parameter L. For the derivation, the reader is referred to Appendix 3. 

Fig. 8. Variations of the adequate pipe length (L) for mechanical model with (a) coefficient of lateral earth pressure at rest and the friction angle between the soil and 
the host pipe, (b) pipe burial depth and effective unit weight of the soil. 

Fig. 9. (a) Effects of the internal pressure and fu on the value of the pipe length in an equivalent mechanical model, (b) The ratio of pipe length in a mechanical 
model with an arbitrary internal pressure to the pipe length in the corresponding model with zero internal pressure. 
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ΔT∗ =
1

2αH

( ̅̅̅̅̅̅̅̅̅̅̅̅
3δufu

EHAH

√

−
νHpiDiH

EHtH

)

(20)  

l′ =
(

αHΔT∗ +
νHpiDiH

EHtH

)
2EHAH

fu
(21)  

l =
αH |ΔT|EHAH

fu
+

νHpiDiHAH

2futH
+

l′

2
(22)  

L = 2l (23) 

In Eq. (20)–(23), pi is the pipeline’s internal pressure, DiH is the 
inner diameter of the host pipe, tH is the wall thickness of the host pipe; 
νH is the Poisson’s ratio of the host pipe; fu is the maximum mobilized 
soil friction force per unit length which can be calculated from Eq. (14); 
ΔT∗ is the amount of the temperature change that is required to mobilize 
the full soil resistance fu; δu is the amount of the pipe displacement 
required to mobilize the full soil resistance; l′ is the amount of the pipe 
length that is required to mobilize the full soil resistance; and L is the 
amount of the pipe length that will generate enough friction to 
neutralize the force induced by the temperature change. For pi = 0, Eq. 
(20)–(23) reduce to the equations previously proposed by Stewart et al. 
[35]. 

It is worth mentioning here that according to Stewart et al. [35], the 
soil friction builds up from zero to fu over the length l′ from each end of 
the pipe and then remains constant over the rest of the pipe length. In 
the present research, such friction build-up has been taken into account 
through specifying an appropriate pipe length based on Eq. (20)–(23). 

2.2. Formulation of IRP’s peak axial stress in the discontinuity segment as 
a function of temperature change 

2.2.1. Axial stress in the compound segments of the mechanical model 
The internal axial force (Fa) generated in the compound segments 

due to the application of δT (Eq. (15)) to the free end of the pipe can be 
calculated as follows. 

Fig. 10. (a) Effects of δu and fu on the pipe length in an equivalent mechanical model, (b) The ratio of pipe length in a mechanical model with an arbitrary value of δu 

to the pipe length in the corresponding model with δu = 1 mm (0.039 in.). 

Fig. 11. Effects of parameters pi, δu, and fu on the required pipe length for a 
mechanical FE model. 

Table 8 
Base values for parameters pi, δu, and fu and the fixed values for all the other 
parameters required for the calculation of L using Eq. (20)–(23).  

Parameter Symbol Unit Value 

Inner diameter of the host pipe [54] DiH mm 311.15 
CTE of the host pipe [44] αH 1/◦C 12 × 10− 6 

MoE of the host pipe [43] EH MPa 210700 
Poisson’s ratio of the host pipe [43] νH - 0.3 
Wall thickness of the host pipe [54] tH mm 6.35 
Cross sectional area of the host pipe AH mm2 6330.4 
Internal pressure of the pipeline [54] pi MPa 0.45 
Pipe displacement required to mobilize full soil 

resistance [35] 
δu mm 1 

Maximum mobilized soil friction force per unit 
length (Eq. (14)) 

fu N/ 
mm 

13.46 

Temperature change [35,53] ΔT ◦C 27.8  
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Fa = δT kT =
δT
1

kT

(a) ;
1
kT

=
∑3

i=1

1
ki
=

(
L− c

2

)

ECAC
+

c
EIAI

+

(
L− c

2

)

ECAC

=
L − c
ECAC

+
c

EIAI
(b) (24) 

With the substitution of ECAC from Eq. (9), Eq. (24b) is rewritten as 
follows. 

1
kT

=
L − c

EIAI + EHAH
+

c
EIAI

(25) 

Substitution of Eqs. (15) and (25) into Eq. (24a) leads to the 
following expression for the internal axial force: 

Fa =

ΔT
[

αIc + EI AI αI+EH AH αH
EI AI+EH AH

(L − c)
]

−
(1+K0)γ′ztanψπDoH

8(EI AI+EH AH )
(L − c)2

L− c
EI AI+EH AH

+ c
EI AI

(26) 

According to Eq. (26), the axial stress of the compound section can be 
calculated as follows. 

(σn)H =
Fa

AC
=

ΔT
[

αIc + EI AI αI+EH AH αH
EI AI+EH AH

(L − c)
]

−
(1+K0)γ′ztanψπDoH

8(EI AI+EH AH )
(L − c)2

[
L− c

EI AI+EH AH
+ c

EI AI

]

(AI + AH)

(27)  

2.2.2. Nominal axial stress of IRP 
Nominal axial stress of IRP in the discontinuity segment, (σn)I, can be 

expressed as a function of the axial stress of the compound section, wall 
thicknesses of IRP (tI) and host pipe (tH), and outer diameter of the host 
pipe (DoH) as depicted in Eq. (28). 

(σn)I =
AC

AI
(σn)H =

D2
oH − (DoH − 2tH − 2tI)

2

(DoH − 2tH)
2
− (DoH − 2tH − 2tI)

2 ⋅(σn)H (28) 

Fig. 12. Effects of parameters K0, γ′, z, ψ, pi, and δu on the pipe length in a mechanical FE model.  

Table 9 
Base values for parameters K0, γ′, z, and ψ and the fixed value for the remaining 
parameter (DoH) required for the calculation of fu using Eq. (14).  

Parameter Symbol Unit Value 

Coefficient of lateral earth pressure at rest  
[35] 

K0 - 1 

Effective unit weight of the soil [35] γ′ N/ 
mm3 

19.6 × 10− 6 

Burial depth to the pipe’s centreline [35] z mm 1080 
Friction angle at the soil/host pipe interface  

[35] 
ψ ◦ 32 

Outer diameter of the host pipe [55] DoH mm 323.85  

Fig. 13. Variations of the total axial deformation of the system (δT) with (a) coefficient of lateral earth pressure at rest and the friction angle between the soil and the 
host pipe, (b) pipe burial depth and the effective unit weight of the soil. 
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2.2.3. Average axial stress along the IRP thickness 
Average axial stresses along the IRP thickness, (σa)I, were obtained 

from a set of linear stress analyses conducted on 108 FE models with 
different geometrical and material characteristics. Axial stresses were 
extracted from the middle section of the discontinuity segment. An FE- 
driven parameter was then defined (η) to transform the values of (σn)I 
to the (σa)I values as follows. 

(σa)I = η(σn)I (29)  

2.2.4. Hot-spot stress of IRP 
After the extraction of average axial stress along the IRP thickness, 

the hot-spot stress (HSS) of IRP in the discontinuity segment can be 
obtained as follows. 

(σhs)I = SCF ⋅(σa)I (30) 

The SCF in Eq. (30) is the stress concentration factor that should be 
obtained from linear elastic FE analyses. The methodology for the 
extraction of SCFs from the FE models is discussed in Sect. 2.3.3.c. The 
HSS is considered as the representative value for the peak axial stress in 
the discontinuity segment which can be used for the fatigue analysis of 
IRP. The HSS-based approach is also implemented by API RP 2A-WSD 
[40] and DNV RP C203 [41], among others, in evaluating the fatigue 
performance of tubular joints. 

2.2.5. General expression for the peak stress 
The combination of Eq. (27)–(30) leads to the following expression 

for the hot-spot stress of IRP in the discontinuity segment. 

Fig. 14. Variations of the 
⃒
⃒δf

⃒
⃒/δt ratio with the (a) K0 and ψ, (b) z and γ′..  

Fig. 15. Effects of K0 and ψ on (a) nominal discontinuity opening, and (b) nominal discontinuity opening to total displacement ratio.  
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(σhs)I = SCF ⋅η ⋅
D2

oH − (DoH − 2tH − 2tI)
2

(DoH − 2tH)
2
− (DoH − 2tH − 2tI)

2  

⋅

[

αIc + EI AI αI+EH AH αH
EI AI+EH AH

(L − c)
]

ΔT −
(1+K0)γ′ztanψπDoH

8(EI AI+EH AH )
(L − c)2

[
L− c

EI AI+EH AH
+ c

EI AI

]

(AI + AH)

(31)  

where values of the parameters SCF and η are specified based on the 
results of stress analyses conducted on 108 FE models with different 

geometrical and material properties. 

2.3. FE modelling and analysis 

2.3.1. Boundary conditions, mesh, and IRP/host pipe interface 
FE-based software package ANSYS [42] was used for the numerical 

modelling and analysis. One end of the pipe was set as fully fixed and the 
other end was left free to simulate the end conditions of the analytical 
model described in Sect. 2.1.1 and Fig. 2a. Due to the symmetry in ge
ometry and loading of the pipe, in order to reduce the computational 

Fig. 16. Variations of nominal and actual discontinuity openings with IRP’s wall thickness (tI) and MoE (EI) [c = 12.7 mm (0.5 in.)].  
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time, only 1/4 of the entire tubular section was modelled where 
appropriate symmetric boundary conditions were defined on the sym
metry planes (Fig. 3a). 

SOLID185 elements were used to model the host pipe and the IRP. 
This element type has compatible displacements and is well-suited to 
model curved boundaries. It is defined by eight nodes having three de
grees of freedom per node and may have any spatial orientation. A sub- 
zone mesh generation scheme was used during the FE modelling. The 
entire pipe was divided to several zones according to computational 
requirements. The mesh of each zone was generated separately and then 
the mesh of the entire system was produced by merging the meshes of all 
the sub-zones. This scheme can feasibly control the mesh quantity and 
quality and avoid badly distorted elements (Fig. 3b). Before carrying out 
the 180 FE analyses for the parametric study, a mesh convergence check 
was conducted using different mesh densities in order to make sure that 
the results are not affected by an inadequate mesh size. 

When there is no debonding at the IRP-host pipe interface, IRP and 
host pipe are adhered to each other along the entire interface. Hence, 
they cannot slide on each other, they do not separate from each other, 
and there is no gap between them. “Glue” condition was administered 
between IRP and host pipe to simulate fully bonded parts of the model. 

2.3.2. Loading and analysis 
According to the discussion in Sect. 2.1.5, in a mechanical FE model 

incorporating the soil friction, the length of the pipe cannot be specified 
arbitrarily. Instead, the value of fu should be calculated first using Eq. 
(14), and then the obtained value must be used in Eq. (20)–(23) to 
calculate the required pipe length (L). Afterwards, calculated value for L, 
should be used in Eq. (15) to obtain the axial displacement (δT) that must 
be applied on cross sections of IRP and host pipe at free end of the pipe in 

the mechanical FE model in order to simulate the axial response of the 
system subjected to the temperature change. 

The host pipe was assumed to be API 5L X42 steel with the MoE, 
Poisson’s ratio, and CTE of 210700 MPa (30.56 ×103 ksi) [43], 0.3 [43], 
and 12 × 10− 6 1/◦C (6.7 ×10− 6 1/◦F) [44], respectively. A fixed value 
of 0.23 [45] was assigned to the Poisson’s ratio of IRP. Different values 
assigned to the MoE of IRP for the linear analyses are discussed in Sect. 
2.4.2. For the nonlinear analyses, ALTRA10® was selected as the IRP 
material; since it has been suggested as a solution for the rehabilitation 
of water pipelines [46] and its nonlinear stress-strain curve is available. 
The MoE and CTE for ALTRA10® were set to be 3769.2 MPa (546.8 ksi) 
[45] and 45 × 10− 6 1/◦C (25 ×10− 6 1/◦F) [47], respectively. 

Axial stress-strain curves of the host pipe and IRP are shown in Fig. 4. 
Depicted curves are based on the true stress and true strain values. 
Following equations were used to transform engineering stress-strain 
data to the corresponding true values. 

σtrue = σeng
(
1+ εeng

)
(32)  

εtrue = ln
(
1+ εeng

)
(33) 

Engineering stress-strain curves for steel host pipes and ALTRA10® 
IRP were referred from Lee et al. [43] and CDCQ [45], respectively. Both 
small-displacement and large-displacement formulations were consid
ered for the nonlinear analyses and the results were compared. In a 
large-displacement analysis, stiffness of the system is recalculated as the 
structure experiences the deformation. However, in a 
small-displacement model, no matter how much the structure deforms, 
the original stiffness is still used. 

2.3.3. Calculation of target dimensionless parameters 

2.3.3.1. Calculation of parameters ϕU, ϕM, and ϕL. Axial displacements 
at the upper, middle, and lower points of the host pipe thickness were 
extracted from the FE model (Fig. 5) to calculate the values of actual 
discontinuity opening at these positions using Eq. (34). Afterwards, 
calculated values were divided by the nominal discontinuity opening, 
given by Eq. (16), to obtain the values of ϕU, ϕM, and ϕL (Eq. (35)). 

(δc)U = δ1U − δ2U ; (δc)M = δ1M − δ2M ; (δc)L = δ1L − δ2L (34)  

ϕU =
δ1U − δ2U

μδT
; ϕM =

δ1M − δ2M

μδT
; ϕL =

δ1L − δ2L

μδT
(35)  

Fig. 17. Comparison of nominal and actual values of discontinuity opening for small and large values of IRP’s MoE [c = 12.7 mm (0.5 in.)].  

Table 10 
The minimum and maximum values of the parameters ϕU, ϕM, and ϕL.  

Discontinuity class Parameter Minimum value Maximum value 

Type I 
(c = 6.35 mm) 

ϕU  1.651  7.677 
ϕM  1.610  5.865 
ϕL  1.559  3.199 

Type II 
(c = 12.7 mm) 

ϕU  1.303  4.638 
ϕM  1.282  3.679 
ϕL  1.255  2.293 

Type III 
(c = 152.4 mm) 

ϕU  1.008  1.227 
ϕM  1.007  1.164 
ϕL  1.005  1.071  
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where δ1U, δ2U, δ1M, δ2M, δ1L, and δ2L are axial displacements at the two 
sides of the discontinuity segment, as depicted in Fig. 5. 

2.3.3.2. Calculation of the parameter η. Axial stresses along the IRP 
thickness at the middle section of the discontinuity segment were 
extracted first from the FE model (Fig. 5) to calculate the average axial 
stress along the IRP thickness using Eq. (36a). Afterwards, calculated 
value was divided by the nominal axial stress of IRP, given by Eq. (28), 
to obtain the value of the parameter η (Eq. (36b)). 

(σa)I =
1
k

∑k

i=1
σmi (a) → η =

AI

kAC(σn)H

∑k

i=1
σmi (b) (36)  

where k is the number of nodes along the IRP thickness, and σmi is the 
axial stress in the ith node along the IRP thickness at the middle section 
of the discontinuity segment as depicted in Fig. 5. 

2.3.3.3. Calculation of the stress concentration factor (SCF). According to 
Eq. (30), the SCF is defined as: 

Fig. 18. Effects of the wall thickness and MoE of IRP on: (a) ϕU , (b) ϕM, (c) ϕL [c = 12.7 mm (0.5 in.)].  
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SCF =
(σhs)I

(σa)I
(37)  

where (σhs)I and (σa)I are the hot-spot stress (HSS) and average axial 
stress of IRP along the thickness, respectively. 

The HSS at discontinuity’s lower edge was of interest. The reason is 
that, as shown in Fig. 6, peak axial stress in IRP system always occurs at 
this position. To determine the HSS, the stress at the discontinuity edge 
should be extracted from the stress field outside the region influenced by 
the local edge geometry [48,49]. The HSS obtained in this way is a 
function of the global geometry of the system rather than the very local 
geometry of the notch. The location from which the stresses must be 
extrapolated, called the extrapolation region, depends on the di
mensions of the system [50]. According to the recommendations of HSE 
OTH 354 [51] for acrylic tubular joints without the weld and proposed 
extrapolation method by the IIW-2259–15 [52], the first extrapolation 
point was selected to be at a distance of 0.4tI from the edge, and the 
second point was selected to be 0.6tI further from the first point, where tI 

is the thickness of IRP. The HSS was obtained by the linear extrapolation 
of the geometric stresses at these two points to the edge position; as 
follows (Fig. 5). 

σhs =
1

0.6
σa1 −

0.4
0.6

σa2 (38)  

where σa1 and σa2 are axial stresses at the first and second extrapolation 
points, respectively. 

Substitution of (σa)I from Eq. (36a) and σhs from Eq. (38) into Eq. 
(37) results in the following expression for the calculation of SCF in IRP 
systems. 

SCF =
k(σa1 − 0.4σa2)

0.6
∑k

i=1
σmi

(39) 

In order to retain the consistency of the mesh densities in models 
with different geometrical properties, the value of the k in Eq. (39) 

Fig. 19. Effects of the wall thickness and MoE of IRP on variations of the actual to nominal discontinuity opening ratio (ϕ) along the thickness of the host pipe [c =
12.7 mm (0.5 in.)]. 
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should be a function of IRP thickness and was equal to 4, 7, 10, 13, 16, 
and 21 for τ values of 0.4, 0.65, 0.9, 1.15, 1.4, and 1.65, respectively. 
The parameter τ is defined as the IRP to host pipe thickness ratio (tI/tH). 

2.3.4. Verification of the developed FE model 

2.3.4.1. Examination of nominal axial stress and discontinuity opening due 
to the temperature change. Nominal axial stress of IRP and nominal value 
of the discontinuity opening were extracted from a sample FE model, 
called LS03, subjected to the axial displacement (Eq. (15)) equivalent of 
a ΔT = 27.8 ◦C (50 ◦F) temperature change. Geometrical and material 
properties of the LS03 model are listed in Table 1. Axial stress at the 
central node along the IRP thickness at the middle section of the 
discontinuity segment was extracted from the FE model as the repre
sentative nominal value for the axial stress of IRP. Nominal discontinuity 
opening was extracted from the FE model by calculating the differences 

between the nodal displacements of IRP at the two ends of the discon
tinuity segment and then averaging them along the IRP thickness. 
Analytical solutions for nominal discontinuity opening and nominal 
axial stress of IRP were obtained from Eqs. (16) and (28), respectively. 
Verification results summarized in Table 2 indicate that there is a very 
good agreement between the FE results and analytically predicted 
values for both axial stress and discontinuity opening. 

2.3.4.2. Examination of stresses and deformations due to the internal 
pressure. The validity of FE model developed to study the effect of in
ternal pressure on the axial response of the system was verified by 
comparing the analytical results obtained from closed-form solutions 
and the FE results extracted from a host-pipe-only case with ΔT = 0 ◦C 
and an internal pressure of 1 MPa (0.145 ksi). Geometrical and material 
properties of the host pipe are as listed in Table 1. Circumferential/hoop 
stress (σθ), axial/longitudinal stress (σl), and radial stress (σr) in the host 

Fig. 20. Variations of ϕU, ϕM , and ϕL with the IRP thickness for different values of the discontinuity width [EI = 3769.2 MPa (546.7 ksi)].  
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pipe due to the internal pressure of the pipeline are calculated by Eq. 
(40)–(42), respectively. 

σθ =
piDiH

2tH
(40)  

σl = νσθ (41)  

σr = − pi (42)  

where pi is the internal pressure of the pipeline; DiH is the inner diameter 
of the host pipe; tH is the wall thickness of the host pipe; and ν is the 
Poisson’s ratio of the host pipe’s material which was assumed to be API 
5L X42 steel. 

Assuming a linear material behaviour, total axial deformation of the 
system can be calculated as follows. 

δT = δ(x) |x=L =

∫ L

0
εl(x)dx =

∫ L

0

σl

EH
dx =

∫ L

0

νσθ

EH
dx =

νpiDiHx
2EHtH

]x=L

x=0

=
νpiDiHL
2EHtH

(43) 

Verification results presented in Table 3 show that the developed FE 
model is accurate enough to provide valid results. 

2.3.4.3. Comparison of discontinuity opening obtained from the FE analysis 
with the experimental data. An experimental study was conducted at the 
University of Colorado Boulder. Two specimens consisting of steel host 
pipe and ALTRA10® IRP were tested (S01 and S02). Geometrical and 
material properties of the specimens are listed in Table 4. Specimens 
were axially tested in a horizontal position (Fig. 7). Actuators with the 
capacity of 500 kN (112.4 kips) and 1000 kN (224.8 kips) were used to 
test S01 and S02 specimens, respectively. In loading, specimens were 
supported by one or two supports with low friction pads to avoid po
tential side-loading because of the specimen weight. Tensile loading was 
performed wherein the load was transferred to the specimens through 
the flanges with rods. Traffic and parallel excavation loadings were also 
simulated in the lab and specimens were subjected to 600,000 fatigue 
cycles before conducting the pull-push tests. The prior bending tests 
might have led to some degree of debonding. Compared to the FE model 
of the S01 specimen, a larger unbonded length was required for the FE 
model of the S02 specimen to simulate the experimental tests. This 
finding is in agreement with the condition of the specimens used for the 
tests. The reason is that the parallel excavation was reflective of a 
considerably larger soil displacement for the S02 specimen compared to 
the S01. Hence, despite smoother geometry of the specimen with the 
wider discontinuity, larger debonding before the first axial test was 

Fig. 21. An example of the conducted regression analyses: Formulation of ϕU as a function of τ (Eq. (49)) for different values of IRP’s MoE – Type II discontinuity (c 
= 12.7 mm [0.5 in.]). 

Fig. 22. An example of the conducted regression analyses: Formulation of a1, a2, and a3 as a function of e (Eq. (52)) – Type II discontinuity (c = 12.7 mm [0.5 in.]).  
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possible or even likely in S02 specimen. Comparing the values of the 
discontinuity opening obtained from the FE analysis with the experi
mental data (Table 5) lends some support to the validity of the devel
oped FE model. 

2.4. Details of parametric study 

2.4.1. Parametric study on effects of internal pressure, burial depth, soil 
properties, and material/geometric nonlinearities 

Two levels of seasonal temperature changes were considered in the 
present research. The first value was ΔT = 27.8 ◦C (50 ◦F) as the 
representative of the maximum seasonal temperature changes of the 
pipelines in New York State and other parts of the Northeast US which is 
in the range of ΔT = 22–27.8 ◦C (40–50 ◦F) [35,53]. The second value 
was ΔT = 55.0 ◦C (99 ◦F) which is the representative of the maximum 
temperature changes of the pipelines in the entire United States. This 
amount of temperature variation can occur, for example, in Arizona 
desert [55]. 

Collectively, 132 sets of analytical calculations plus 72 linear and 
nonlinear FE analyses were carried out to investigate the effects of the 
pipeline’s internal pressure/burial depth, soil properties, and material/ 
geometric nonlinearities on the axial stresses and displacements of the 
IRP system with a host-pipe circumferential discontinuity due to sea
sonal temperature variations. Different values assigned to various 
characteristics of the model are listed in Table 6. These values cover the 
practical ranges expected to be typically found in IRP systems used for 
the rehabilitation of buried pipelines. 

2.4.2. Parametric study to characterize the dimensionless modification 
factors 

A total of 108 FE models were generated and analysed to investigate 
the effects of geometrical and material characteristics on the values of 
parameters ϕU, ϕM, ϕL, η, and SCF in order to formulate the axial stresses 
and deformations of IRP due to seasonal temperature changes. Three 
variables were considered: wall thickness of IRP, MoE of IRP, and 
discontinuity width. Different values assigned to geometrical and ma

terial characteristics of the system are listed in Table 7 covering the 
practical ranges expected for IRP systems. 

To represent a circumferential fracture due to the buckling, impact or 
fatigue-induced progressive crack propagation, a discontinuity width 
equal to 6.35 mm (1/4 in.) was selected (Type I). To represent a 
circumferential discontinuity at bell and spigot joints, the discontinuity 
width was selected to be equal to 12.7 mm (1/2 in.) (Type II); and in 
order to represent a circumferential discontinuity due to the elimination 
of a major part of host pipe as a result of aging, the discontinuity width 
was selected to be equal to 152.4 mm (6 in.) (Type III). 

A set of dimensionless geometrical parameters was also defined, as 
follows, to easily relate the behaviour of the system to its geometrical 
characteristics. 

τ =
tI

tH
; ζ =

c
tH

(44) 

Selected wall thicknesses are corresponding to the τ ratios of 0.4, 
0.65, 0.9, 1.15, 1.4, and 1.65; and values assigned to the discontinuity 
width lead to the ζ ratios of 1, 2, and 24. 

3. Results and discussion 

3.1. Adequate pipe length (L) for mechanical model 

As discussed in Sect. 2.1.5, pipe length for mechanical model of 
Fig. 2a to simulate the thermal effects cannot be assigned arbitrarily. 
Instead, the pipe should be long enough to generate adequate soil fric
tion to neutralize the force induced by the temperature change, so the 
displacement at the pipe end can reliably be assumed to be zero. Such 
pipe length (L) can be calculated using Eq. (20)–(23). Fig. 8 shows that 
the increases of the coefficient of lateral earth pressure at rest (K0), 
friction angle between the soil and host pipe (ψ), effective unit weight of 
the soil (γ′), and burial depth of the pipe (z) all result in the decrease of 
the L. The reason is that according to Eq. (14), the increase of these 
parameters leads to the increase of mobilized soil friction per unit length 
of the pipe which consequently results in the decrease of the pipe length 
required to neutralize the force induced by the temperature change. 

Fig. 9 depicts the effects of the pipeline’s internal pressure and the 
maximum mobilized soil friction force per unit length on the pipe length 
in an equivalent mechanical model. Fig. 9a indicates that as the amount 
of the internal pressure increases, a longer pipe should be considered in 
the mechanical model. Fig. 9b shows that with the increase of the fu, the 
internal pressure becomes less effective on the value of L. According to 
Fig. 9b, the maximum difference between the pipe length values with 
and without the consideration of internal pressure is less than 10%. For 
pi = 0, Eq. (20)–(23) proposed in the present research for the calcu
lation of pipe length (L) reduce to the equations previously developed by 
Stewart et al. [35]. Fig. 9b indicates that if the pipeline’s internal 
pressure is between 0.25 MPa (36.3 psi) and 1 MPa (145 psi) which 
covers a wide range of practical applications, the average and maximum 
differences between the outcomes of the present formulation (Eq. (20)– 
(23)) and equations proposed by Stewart et al. [35] are 4% and 9%, 
respectively. 

Fig. 10 demonstrates the effects of the pipe displacement required to 
mobilize the full soil resistance (δu) and the maximum mobilized soil 
friction force per unit length (fu) on the value of the pipe length in an 
equivalent mechanical model. According to Fig. 10a, the increase of δu 
leads to the increase of the pipe length in an equivalent mechanical 
model. Fig. 10b shows that with the increase of fu, the amount of δu 
becomes more effective on the value of L. According to Fig. 10b, if δu 
ranges between 0.25 and 4 mm, the maximum difference between the 
pipe lengths in mechanical models is around 25%. 

A tornado diagram is provided in Fig. 11 comparing the effects of 
parameters pi, δu, and fu on the required pipe length for a mechanical FE 
model. The range of parameters pi, δu, and fu used for the generation of 
the tornado diagram shown in Fig. 11 are as follows. 

Table 11 
Values of coefficients ϑi, ξi, and ωi to be used in Eq. (52)–(54).  

Coefficient Discontinuity class 

Type I: Fracture 
(c = 6.35 mm) 

Type II: Joint 
(c = 12.7 mm) 

Type III: Aging 
(c = 152.4 mm) 

ϑU1 0.1009 0.0492 0 
ϑU2 -0.3219 -0.169 -0.0041 
ϑU3 0.059 0.0324 -0.0005 
ξU1 -1.0154 -0.5359 0 
ξU2 2.8245 1.5699 0.0288 
ξU3 0.0175 -0.0485 0.0245 
ωU1 -0.0413 -0.0024 0 
ωU2 1.8329 0.9609 0.0572 
ωU3 0.8507 0.8852 0.9845 
ϑM1 0.0567 0.0282 0 
ϑM2 -0.1931 -0.1018 -0.0027 
ϑM3 0.0376 0.0183 -0.0002 
ξM1 -0.6074 -0.3234 0 
ξM2 1.7545 0.9716 0.0198 
ξM3 -0.0329 -0.0314 0.0132 
ωM1 -0.0465 -0.025 0 
ωM2 1.6363 0.9158 0.0506 
ωM3 0.9272 0.9002 0.9857 
ϑL1 0.0164 0.0176 0 
ϑL2 -0.0582 -0.0448 -0.0002 
ϑL3 0.017 0.0111 0.0004 
ξL1 -0.2084 -0.1409 0 
ξL2 0.5436 0.3628 0.0013 
ξL3 -0.1071 -0.0682 -0.0015 
ωL1 -0.0624 -0.026 0 
ωL2 1.4825 0.8375 0.0069 
ωL3 0.9758 0.9274 0.9876  

H. Ahmadi et al.                                                                                                                                                                                                                                



Structures 62 (2024) 106247

19

0 ≤ pi ≤ 1 MPa (145 psi)
0.25 mm (0.0098 in.) ≤ δu ≤ 4 mm (0.1575 in.)

8.24 N/mm (47.05 lb/in.) ≤ fu ≤ 29.29 N/mm (167.25 lb/in.) (45) 

Base values for the above parameters as well as the fixed values for 
all the other parameters required for the calculation of L using Eq. (20)– 
(23) are listed in Table 8. Base value of the pipe length calculated using 
the parameter values listed in Table 8 is 86,469 mm. Fig. 11 clearly 
indicates that among parameters pi, δu, and fu, the most influential 
parameter on the length of the pipe in a mechanical FE model is fu, and 
the least effective parameter is pi. Practical range for the parameter pi 

was selected based on the recommendations of CIEST [54] and Dixon 
et al. [22]. 

In order to directly compare the effects of parameters K0, γ′, z, and ψ 
on the required pipe length for a mechanical FE model, fu can be 
rewritten in terms of these four parameters using Eq. (14) and then 
substituted in Eq. (20)–(23) for the calculation of L. A tornado diagram 
is provided in Fig. 12 comparing the effects of parameters K0, γ′, z, ψ, pi, 
and δu on the value of the required pipe length (L). The range of 

parameters K0, γ′, z, ψ, pi, and δu used for the generation of the tornado 
diagram shown in Fig. 12 are as defined in Eqs. (45) and (46). Base 
values for variable parameters as well as the fixed values for all the other 
parameters required for the calculation of L using Eq. (20)–(23) are 
listed in Tables 8 and 9. Base value of the pipe length calculated using 
the parameter values listed in Tables 8 and 9 is 86,469 mm 
(3404.29 in.). 

0.4 ≤ K0 ≤ 1 
12× 10− 6 N/mm3 (0.0442 lb/in3) ≤ γ′ ≤ 22× 10− 6 N/mm3 (0.081 

1 lb/in3)

1080 mm (42.52 in.) ≤ z ≤ 2350 mm (92.52 in.)

21◦ ≤ ψ ≤ 46◦ (46) 

According to Fig. 12, the most and the least effective parameters on 
the required pipe length for a mechanical FE model are the friction angle 
at the interface between the soil and the host pipe (ψ) and the internal 
pressure of the pipeline (pi), respectively. Practical range for the 
parameter ψ was selected based on the recommendations of Meidani 
et al. [56]. Effectiveness (Eff) of the six considered parameters on the 

Fig. 23. Effects of K0, ψ, z, and γ′ on axial stress of the compound section ((a) and (b)) and nominal axial stress of IRP in the discontinuity segment ((c) and (d)).  
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Fig. 24. Variations of the parameter η with (a) IRP’s MoE (EI), (b) IRP’s wall thickness (tI).  

Fig. 25. (a) Variations of SCFs due to the change of τ and its interaction with ζ, (b)–(d) Curves fitted to the SCF data of Types I, II, and III discontinuity.  
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length of the pipe in a mechanical FE model is ranked as follows. 

{Eff}ψ > {Eff}γ′ > {Eff}z > {Eff}K0
> {Eff}δu

> {Eff}pi
(47)  

3.2. Discontinuity opening 

3.2.1. Variations of axial deformations, the μ ratio, and nominal 
discontinuity opening with soil-related parameters 

Fig. 13 indicates that the increases of the coefficient of lateral earth 
pressure at rest, friction angle between the soil and host pipe, effective 
unit weight of the soil, and burial depth of the pipe all result in the 
decrease of the total axial deformation of the system (δT) subjected to 
simultaneous effects of temperature change and soil friction. It can been 

seen that among parameters K0, γ′, z, and ψ , the most effective term in 
reducing the total axial deformation is ψ implying that the most influ
ential soil-related parameter on the axial response of the pipe subjected 
to the temperature change is the friction angle between the soil and host 
pipe. This result is in agreement with the findings of Sect. 3.1. 

Fig. 14 shows the change of the 
⃒
⃒δf

⃒
⃒/δt ratio, calculated based on Eq. 

(1)–(6), with parameters K0, ψ , z, and γ′. It can be seen that this ratio 
increases with the increase of all the considered parameters. The reason 
is that the increase of these parameters leads to the increase of mobilized 
soil friction which consequently increases the amount of displacement 
reduction due to the presence of soil (

⃒
⃒δf

⃒
⃒). It can also be seen that 

depending on soil properties, the approximate range for the 
⃒
⃒δf

⃒
⃒/δt ratio 

is 0.58–0.68 implying that the soil friction can play a major role in 
reducing the axial deformation due to the temperature change and thus 
cannot be omitted from the analysis for the sake of simplification. 

Fig. 15a clearly shows that the increase of the K0 and/or ψ leads to 
the decrease of the nominal discontinuity opening, and the difference 
between the minimum and maximum values of the discontinuity 
opening is around 19%. According to Fig. 15b, with the increase of the 
K0 and/or ψ , nominal discontinuity opening to total displacement ratio 
increases. 

3.2.2. Effects of geometrical and material properties on actual discontinuity 
opening 

Fig. 16 shows that, as expected, the increase of the thickness and/or 
MoE of IRP results in the decrease of both nominal and actual values of 
the discontinuity opening. Fig. 16 also indicates that the nominal (Eq. 
(16)) and actual (Eq. (34)) values of the discontinuity opening along the 
thickness of host pipe can be ranked as follows. 

(δc)n < (δc)L < (δc)M < (δc)U (48) 

According to Fig. 17, for high values of the IRP’s MoE, the change of 
IRP thickness does not have a significant effect on the values of actual 
discontinuity opening obtained from the FE analysis. Such behaviour is 
not reflected in the nominal discontinuity opening values, predicted by 
Eqs. (16) and (17), which consequently results in the increase of ϕU, ϕM, 
and ϕL values as the IRP thickness increases. On the contrary, for low 
values of the IRP’s MoE, as shown in Fig. 17a, the decreases in nominal 
and actual discontinuity values due to the increase of IRP thickness 

Table 12 
Values of input parameters for studying the effects of material and geometric 
nonlinearities.  

Parameter Symbol Unit Value (s) 

Friction angle at the soil/host pipe 
interface 

ψ ◦ 21, 26, 31, 36, 
41, 46 

Temperature change [35,53,55] ΔT ◦C 27.8, 55.0 
MoE of IRP [45] EI MPa 3769.2 
Poisson’s ratio of IRP [45] νI - 0.23 
CTE of IRP [47] αI 1/◦C 45 × 10− 6 

MoE of the host pipe [43] EH MPa 210700 
Poisson’s ratio of the host pipe [43] νH - 0.3 
CTE of the host pipe [44] αH 1/◦C 12 × 10− 6 

Discontinuity width c mm 12.7 
Wall thickness of IRP [54] tI mm 4.115 
Cross sectional area of IRP AI mm2 3969.24 
Outer diameter of the host pipe [54] DoH mm 323.85 
Wall thickness of the host pipe [54] tH mm 6.35 
Cross sectional area of the host pipe AH mm2 6330.4 
Inner diameter of the host pipe DiH mm 311.15 
Coefficient of lateral earth pressure at rest 

[35] 

K0 - 1 

Effective unit weight of the soil [35] γ′ N/ 
mm3 

19.6 × 10− 6 

Burial depth to the pipe’s centreline z mm 1100 
Pipe displacement required to mobilize 

full soil resistance [35] 
δu mm 1 

Internal pressure of the pipeline [54] pi MPa 0.45  

Fig. 26. Variations of actual discontinuity opening with the soil friction angle obtained from linear and nonlinear analyses for (a) ΔT = 27.8 ◦C (50 ◦F), (b) ΔT =
55.0 ◦C (99 ◦F). 
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follow the same trend. Comparison of Fig. 17a and b also shows that for a 
low value of the IRP’s MoE, values of actual discontinuity opening 
calculated based on the upper, middle, and lower points along the host 
pipe thickness are close. However, as the IRP’s MoE increases, the dif
ference between these values grows larger. This implies that the values 
of ϕU, ϕM, and ϕL are close if the MoE of the IRP is small, and the dif
ference between them grows larger as the MoE increases. 

3.2.3. Parameters ϕU, ϕM, and ϕL: Role of geometry, material effects, and 
design formulation 

3.2.3.1. Extreme values of ϕU, ϕM, and ϕL. The minimum and maximum 
values of ϕU, ϕM, and ϕL listed in Table 10 indicate that depending on the 
values of c, EI, and tI, large values may be obtained for these dimen
sionless parameters implying that there can be a quite big difference 
between the nominal discontinuity opening value obtained from Eqs. 
(16) and (17) and the actual discontinuity opening values along the 
thickness of the host pipe extracted from the FE analysis. The minimum 
values in Table 10 are corresponding to small values of the MoE and wall 
thickness of IRP. It can be seen that for a fixed value of the discontinuity 
width, minimum values of the parameters ϕU, ϕM, and ϕL are much 
closer to each other compared to the maximum values. This implies that 
for thin and low-modulus IRP materials, the change of the discontinuity 
opening along the thickness of the host pipe is far less significant 
compared to thick and high-modulus IRP materials. The maximum 
values in Table 10 were obtained from the models with large IRP’s MoE 
and wall thickness. This means that as the thickness and/or MoE of IRP 

increases, the deviation of the actual discontinuity openings from the 
corresponding nominal values predicted by Eqs. (16) and (17) becomes 
larger. 

3.2.3.2. Effects of IRP’s wall thickness and MoE on values of ϕU, ϕM, and 
ϕL. Fig. 18 depicts the effects of the wall thickness and MoE of IRP on 
values of parameters ϕU, ϕM, and ϕL for Type II discontinuity (c =

12.7 mm [1/2 in.]). Corresponding charts for Type I (c = 6.35 mm [1/ 
4 in.]) and Type III (c = 152.4 mm [6 in.]) are not presented here for the 
sake of brevity. It can be clearly seen that the increase of both MoE and 
wall thickness of IRP results in the increase of ϕU, ϕM, and ϕL values. It 
can also be observed that for fixed values of EI and tI, the value of ϕU is 
always higher than ϕM, and the value of ϕM is always higher than ϕL. 

Results also showed that in Types I and II discontinuities, for low 
values of the IRP’s MoE, the change of parameters ϕU, ϕM, and ϕL with 
the IRP thickness follows a linear trend. However, as the MoE of IRP 
increases, this trend gradually tends to become nonlinear. Nonlinear 
change of the actual to nominal discontinuity opening ratio as a function 
of the IRP thickness is more highlighted in the parameter ϕU compared 
to parameters ϕM and ϕL. Such nonlinear trend was not observed for a 
large discontinuity width (Type III). 

3.2.3.3. Effect of the IRP’s thickness and MoE on variations of the ϕ along 
the host pipe thickness. Fig. 19 depicts the effects of the wall thickness 
and MoE of the IRP on variations of the actual to nominal discontinuity 
opening ratio (ϕ) along the thickness of the host pipe for Type II 
discontinuity (c = 12.7 mm [1/2 in.]). Corresponding charts for Types I 

Fig. 27. Comparison of the obtained discontinuity opening values with and without the consideration of soil friction: (a) Linear FE analysis, ΔT = 27.8 ◦C (50 ◦F), (b) 
Nonlinear FE analysis, ΔT = 27.8 ◦C (50 ◦F), (c) Linear FE analysis, ΔT = 55.0 ◦C (99 ◦F). 

H. Ahmadi et al.                                                                                                                                                                                                                                



Structures 62 (2024) 106247

23

and III are not given for the sake of brevity. It can be seen that with the 
increase of the MoE of IRP, more significant changes are observed for the 
parameter ϕ along the thickness of the host pipe. 

3.2.3.4. Effect of the discontinuity width on values of ϕU, ϕM, and ϕL. 
Fig. 20 depicts the change of ϕU, ϕM, and ϕL with the IRP thickness for 
different values of the discontinuity width. It can be clearly seen that the 
increase of the discontinuity width leads to the decrease of ϕU, ϕM, and 
ϕL which means that as the discontinuity width decreases, the deviation 
of the actual discontinuity openings from the corresponding nominal 
values predicted by Eqs. (16) and (17) becomes larger. 

3.2.3.5. Proposed equations for the calculation of ϕU, ϕM, and ϕL. Based 
on 81 nonlinear regression analyses conducted on the FE results 
(Fig. 21), following equations are proposed for the calculation of 
dimensionless parameters ϕU, ϕM, and ϕL. 

ϕU = a1τ2 + a2τ+a3 (49)  

ϕM = b1τ2 + b2τ+b3 (50)  

ϕL = c1τ2 + c2τ+c3 (51)  

where the coefficients a1 to c3 can be calculated using the following 
equations (Fig. 22). 

ai = ϑUie2 + ξUie + ωUi ; i = 1, 2, 3 (52)  

bi = ϑMie2 + ξMie + ωMi ; i = 1, 2, 3 (53)  

ci = ϑLie2 + ξLie + ωLi ; i = 1, 2, 3 (54) 

In Eq. (49)–(54), parameters τ and e are defined as follows. 

τ =
tI

tH
; e =

EI

EI [ref]
; EI [ref] = 10000 MPa (55) 

Values of the coefficients ϑi, ξi, and ωi to be used in Eq. (52)–(54) are 
summarized in Table 11 for Types I, II, and III discontinuities. Very high 
values obtained for the coefficients of determination (R2 > 0.98) guar
anty the accuracy of the fit (Figs. 21 and 22). The validity ranges for the 
applicability of Eq. (49)–(55) are 0.4 ≤ τ ≤ 1.65 and 
1000 MPa (145.04 ksi) ≤ EI ≤ 69000 MPa (10007.6 ksi) covering a 
wide range of practical applications. 

3.3. IRP’s peak axial stress 

3.3.1. Variations of nominal axial stresses with the soil properties and 
pipe’s burial depth 

Fig. 23 depicts the effects of the coefficient of lateral earth pressure at 
rest (K0), friction angle between the soil and the host pipe (ψ), burial 
depth of the pipe (z), and effective unit weight of the soil (γ′) on axial 
stress of the compound section and nominal axial stress of IRP in the 
discontinuity segment. It can be seen that the increase of all the four 
considered parameters results in the decrease of the compound section’s 
axial stress as well as IRP’s nominal axial stress. The reason is that the 
increase of these parameters leads to the increase of mobilized soil 
friction that results in the decrease of the pipe’s total displacement (δT) 
and discontinuity opening due to the temperature change which 
consequently reduces the generated axial loads and stresses in the 
system. 

3.3.2. The parameter η: Geometrical effects and design values 
Fig. 24 demonstrates the change of the parameter η, defined in Eq. 

(29), with IRP’s MoE and wall thickness. It can be clearly seen that the 
increase of the IRP’s MoE generally leads to the increase of the η values 
(Fig. 24a). On the contrary, the increase of the IRP’s wall thickness re
sults in the decrease of η (Fig. 24b). As the discontinuity width decreases, 

the η values go through larger variations due to the change of IRP’s 
material and geometrical characteristics. For a large discontinuity 
width, η values tend to become more uniform getting closer to unity. 
This implies that for a large discontinuity width, average axial stress 
along the IRP thickness equals IRP’s nominal axial stress predicted by 
the analytical solution (Eq. (28)). Based on FE results, the range of the 
parameter η was determined for the discontinuity types I, II, and III as 
given in Eq. (56). 

0.82 ≤ η〈Type I〉 ≤ 1.07 
0.93 ≤ η〈Type II〉 ≤ 1.00 

0.99 ≤ η〈Type III〉 ≤ 1.00 (56)  

3.3.3. Effects of geometrical parameters on SCFs and design formulation 
Under any specific type of loading, the value of SCF, defined in Eq. 

(30), is independent from the magnitude of the applied load. The SCF 
value is mainly determined by the geometrical properties of the system 
and it is not a function of material properties [40]. Fig. 25a depicts the 
change of SCF values due to the change of the parameter τ and its 
interaction with the parameter ζ. These parameters are defined in Eq. 
(44). If the wall thickness of the host pipe is constant, the increase of τ 
results in the increase of the IRP thickness, and the increase of ζ leads to 
the increase of the discontinuity width. 

It can be clearly observed in Fig. 25a that the increase of τ leads to the 
increase of the SCF value at the edge of a circumferential discontinuity in 
IRP systems. However, it should be noted that the amount of such in
crease is heavily influenced by the parameter ζ. As the value of ζ in
creases, from a Type I to a Type III discontinuity, the parameter τ 
becomes less effective on the SCF values. For ζ = 24 (Type III disconti
nuity), the SCF is almost constant as the IRP thickness increases, while 
for ζ = 1 (Type I discontinuity), the SCF value for τ = 1.65 is over twice 
the corresponding value for τ = 0.4. Fig. 25a also shows that for small 
values of τ, the increase of ζ leads to the increase of SCFs, while for large 
values of τ, the increase of ζ results in the decrease of the SCF values. 

Based on nonlinear regression analyses conducted on the FE results 
(Fig. 25b–d), Eq. (57)–(59) are proposed for the calculation of SCFs in 
discontinuity types I, II, and III, respectively. 

SCF〈Type I〉 = − 1.774τ3 + 5.4674τ2 − 3.7008τ + 2.0304 (57)  

SCF〈Type II〉 = 0.0177τ3 − 0.1303τ2 + 0.6417τ + 1.3114 (58)  

SCF〈Type III〉 = 0.0556τ3 − 0.2070τ2 + 0.2886τ + 1.7281 (59) 

Very high values obtained for the coefficients of determination (R2 >

0.98) for Eq. (57)–(59) guaranty the accuracy of the fit (Fig. 25b–d). 
The validity range for the applicability of Eq. (57)–(59) is 0.4 ≤ τ ≤

1.65 which covers a wide range of practical applications. 

3.4. Effects of material and geometric nonlinearities on the axial response 

Values of input parameters for studying the effects of material and 
geometric nonlinearities on the discontinuity opening are listed in 
Table 12. Since according to Sects. 3.1 and 3.2.1, the most influential 
soil-related parameter on the axial response of the pipe subjected to the 
temperature change is the friction angle at the interface between the soil 
and the host pipe (ψ), this parameter has been selected as the main 
variable (ψ = 21, 26, 31, 36, 41, and 46◦) in the present section to study 
its effect on the discontinuity opening. Two levels of seasonal temper
ature changes were considered in the present research: ΔT = 27.8 ◦C 
(50 ◦F) and 55.0 ◦C (99 ◦F). The reasons behind selecting these specific 
values have been discussed in Sect. 2.4.1. For the nonlinear analyses, 
ALTRA10® was selected as the IRP material; since it has been suggested 
as a solution for the rehabilitation of water pipelines [46] and its 
nonlinear stress-strain curve is available. A total of 72 linear and 
nonlinear FE analyses were conducted on generated models, and a 
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summary of results are shown in Fig. 26. Conducted FE analyses include 
24 linear, 24 small-displacement nonlinear (material nonlinearity only), 
and 24 large-displacement nonlinear (both material and geometric 
nonlinearity) analyses. 

Fig. 26 depict the change of actual discontinuity opening (δc) with 
the soil friction angle (ψ) for ΔT = 27.8 ◦C (50 ◦F) and 55.0 ◦C (99 ◦F). It 
can be clearly seen that the increase of the soil friction angle results in 
the decrease of the discontinuity opening. It can also be seen that, 
depending on IRP’s material behaviour, there might be a major differ
ence between the results of linear and nonlinear analyses. According to 
Fig. 26a, for ΔT = 27.8 ◦C (50 ◦F), the maximum discontinuity opening 
value obtained from the linear analysis is 0.280 mm, while the 
maximum values extracted from small-displacement and large- 
displacement nonlinear analyses are 0.585 mm (0.0230 in.) and 
0.598 mm (0.0235 in.), respectively; which are over twice the corre
sponding outcome of the linear analysis. This finding highlights the 
importance of including the material nonlinearities in the FE analysis if 
the IRP material’s behaviour may enter the nonlinear region subjected 
to seasonal temperature changes. 

Fig. 26a indicates that for ΔT = 27.8 ◦C (50 ◦F), results of small- 
displacement and large-displacement nonlinear analyses are almost 
the same. Hence, it can be concluded that if the maximum seasonal 
temperature changes of the pipelines in New York State and other parts 
of the Northeast US are of interest (ΔT = 27.8 ◦C [50 ◦F]), geometric 
nonlinearity which makes the analysis computationally expensive do 
not need to be incorporated in the FE models. Fig. 26b shows that, for ΔT 
= 55.0 ◦C (99 ◦F), the maximum discontinuity opening value obtained 
from the linear analysis is 0.640 mm (0.0252 in.), while the maximum 
values extracted from small-displacement nonlinear analysis is 
3.271 mm (0.1288 in.), which is over five times the corresponding 
output of the linear analysis. It can also be seen that for ΔT = 55.0 ◦C 
(99 ◦F), results of small-displacement and large-displacement nonlinear 
analyses can be different. For example, for ψ = 46◦, actual discontinuity 
opening value obtained from the large-displacement nonlinear analysis 
is 17% larger than the corresponding value obtained from the small- 
displacement nonlinear analysis. 

According to the true stress-strain curve of ALTRA10® extracted 
based on the information provided by CDCQ [45], fracture strain of 
ALTRA10® is 0.173 (Fig. 6b). Hence, if the discontinuity width is 
12.7 mm (0.5 in.), the maximum discontinuity opening which can be 
sustained by ALTRA10® IRP before the failure is around 0.173× 12.7  =
2.2 mm (0.0866 in.). This means that for ΔT = 55.0 ◦C (99 ◦F) and c =
12.7 mm (0.5 in.), according to the results of nonlinear FE analysis, 
ALTRA10® IRP fails subjected to thermal stresses, while according to 
the results of linear FE analysis, ALTRA10® IRP is able to withstand such 
level of temperature change. This finding highlights the fact that where 
the material nonlinearities are significant, the results of linear analysis 
can be misleading. These results also indicate that a certain degree of 
unbonding can be beneficial for IRP systems as it helps the IRP material 
to better accommodate the thermal strains and associated stresses. 
Controlled unbonding is probably feasible in circumferential disconti
nuities at bell and spigot joints. 

Fig. 26 also shows that the results of nonlinear analysis are much 
more affected by the soil friction angle compared to the outcomes of 
linear analysis. For ΔT = 27.8 ◦C (50 ◦F), the maximum to minimum 
discontinuity opening ratio obtained from linear and nonlinear FE an
alyses are 1.21 and 1.60, respectively. For ΔT = 55.0 ◦C (99 ◦F), this 
ratio is 1.09 and 1.28 for linear and nonlinear FE analyses, respectively. 
This means that the exclusion of material nonlinearities from the FE 
analysis might lead to an incorrect interpretation of the relative 
importance of various parameters affecting the system response. 

Fig. 27 compares the discontinuity opening values obtained from 
linear and nonlinear FE analyses with and without the consideration of 
soil friction. No chart is provided for the results of nonlinear FE analysis 
at ΔT = 55.0 ◦C (99 ◦F). The reason is that the discontinuity opening 
values in this case all lead to an axial strain which is beyond the fracture 

strain of ALTRA10® and hence result in the failure of IRP. Fig. 27 shows 
that in both linear and nonlinear FE analyses, there is a significant dif
ference between the discontinuity openings with and without the 
consideration of soil friction, which means that the inclusion of soil 
friction in the FE model is absolutely necessary in order to get realistic 
results for the response of the system subjected to temperature changes. 

In order to assess the difference between the frictional and friction
less cases, the average value of discontinuity openings under different 
soil friction angles can be compared with the corresponding disconti
nuity opening value without the consideration of soil friction. According 
to Fig. 27a and b, at ΔT = 27.8 ◦C (50 ◦F), the frictionless to frictional 
discontinuity opening ratio is 2.73 and 7.25 for linear and nonlinear FE 
analyses, respectively. This implies that the nonlinear response of the 
system is more affected by the inclusion of the soil friction compared to 
the corresponding linear response. Comparison of Fig. 27a and c in
dicates that as the value of ΔT increases from 27.8 ◦C (50 ◦F) to 55.0 ◦C 
(99 ◦F), the frictionless to frictional discontinuity opening ratio de
creases from 2.73 to 2.27 implying that as the level of temperature 
change increases, soil friction becomes less effective in reducing the 
amount of discontinuity opening. 

4. Conclusions 

Structural responses of IRP systems subjected to seasonal tempera
ture changes incorporating the effects of soil friction were investigated 
based on analytical and numerical approaches verified via experimental 
data and closed-form solutions. A total of 180 linear and nonlinear FE 
analyses were carried out to characterize the axial behaviour of IRP 
systems and investigate the effects of geometrical parameters and ma
terial properties as well as the internal pressure of the pipeline, burial 
depth of the pipe, and properties of the surrounding soil on the axial 
stresses and deformations of IRP systems with circumferential host-pipe 
discontinuities. A set of analytical expressions were developed to 
describe the loading and induced responses of a mechanical model for 
the IRP repair systems subjected to seasonal temperature changes. Af
terwards, based on the FE results, five modification factors were derived 
and applied to the developed analytical expressions in order to obtain 
the peak axial stress of IRP and the opening of host-pipe circumferential 
discontinuity due to the temperature change incorporating the effects of 
soil friction. Key findings can be summarized as follows.  

• The increases of the coefficient of lateral earth pressure at rest, 
friction angle between the soil and host pipe, effective unit weight of 
the soil, and burial depth of the pipe all result in the decrease of the 
required length for the mechanical model as well as the discontinuity 
opening and IRP’s axial stress in the discontinuity segment. The 
reason is that the increase of these parameters leads to the increase of 
mobilized soil friction per unit length of the pipe which consequently 
results in the decrease of the pipe length required to neutralize the 
force induced by the temperature change and the decrease of the 
pipe’s total displacement due to the temperature variation which 
eventually reduces the generated axial loads and stresses in the 
system.  

• As the pipeline’s internal pressure increases, a longer pipe should be 
considered in the mechanical model. With the increase of the 
maximum mobilized soil friction force per unit length (fu), the in
ternal pressure becomes less effective on mechanical model’s pipe 
length. The increase of the pipe displacement required to mobilize 
the full soil resistance (δu) leads to the increase of the pipe length in 
an equivalent mechanical model. With the increase of fu, the amount 
of δu becomes more effective on mechanical model’s pipe length. The 
most effective soil-related parameter on the axial response of the 
system is the friction angle at the interface between the soil and the 
host pipe.  

• There can be a quite big difference between the nominal and actual 
discontinuity opening values along the thickness of the host pipe. For 
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thin and low-modulus IRP materials, the variation of the disconti
nuity opening along the thickness of the host pipe is far less signifi
cant compared to thick and high-modulus IRP materials. With the 
increase of the IRP’s thickness/MoE and decrease of the disconti
nuity width, the deviation of the actual discontinuity openings from 
the corresponding nominal values becomes larger.  

• For large values of the IRP’s MoE, the change of IRP thickness does 
not have a significant effect on the values of actual discontinuity 
opening obtained from the FE analysis. Such behaviour is not re
flected in the nominal discontinuity opening values which conse
quently results in the increase of ϕU, ϕM, and ϕL values as the IRP 
thickness increases. On the contrary, for small values of the IRP’s 
MoE, the decreases in nominal and actual discontinuity values due to 
the increase of IRP thickness follow the same trend.  

• The increase of the IRP’s MoE generally leads to the increase of the η 
values. On the contrary, the increase of the IRP’s wall thickness re
sults in the decrease of η. As the discontinuity width decreases, the η 
values go through larger variations due to the change of IRP’s ma
terial and geometrical characteristics. For a large discontinuity 
width, η values tend to become more uniform getting closer to unity.  

• The increase of τ leads to the increase of the SCF value at the edge of a 
circumferential discontinuity in IRP systems. The amount of such 
increase is heavily influenced by the parameter ζ. As the value of ζ 
increases, from a Type I to a Type III discontinuity, the parameter τ 
becomes less effective on the SCF values. For small values of τ, the 
increase of ζ leads to the increase of SCFs, while for large values of τ, 
the increase of ζ results in the decrease of the SCF values.  

• Depending on IRP’s material behaviour, there might be a major 
difference between the results of linear and nonlinear analyses. This 
finding highlights the importance of including the material non
linearities in the FE analysis if the IRP material’s behaviour may 
enter the nonlinear region subjected to seasonal temperature 
changes. Results of nonlinear analysis are much more affected by the 
soil friction angle compared to the outcomes of linear analysis, and 
the exclusion of material nonlinearities from the FE analysis might 
lead to over-/under-estimation of the relative importance of various 
parameters affecting the system’s response. 

• In both linear and nonlinear FE analyses, there is a significant dif
ference between the discontinuity openings with and without the 

consideration of soil friction which means that the inclusion of soil 
friction in the FE model is absolutely necessary in order to get real
istic results for the response of the system subjected to temperature 
changes. The nonlinear response of the system is more affected by the 
inclusion of the soil friction compared to the corresponding linear 
response, and as the level of temperature change increases, soil 
friction becomes less effective in reducing the amount of disconti
nuity opening. 

The developed numerical and analytical models presented in this 
paper can reliably describe the linear and nonlinear axial behaviour of 
internal replacement pipe systems for host pipes with circumferential 
cracks. Depending on the pipe material, surrounding soil conditions, and 
stresses to which the pipeline is subjected, both circumferential and 
longitudinal cracks might happen. The study of longitudinal cracks 
retrofitted with IRP systems subjected to temperature change is pro
posed as a topic for future research works. Similarly, studying the radial 
stresses/deformations due to the temperature change is suggested as a 
potential subject for future research. When the temperature drops below 
the freezing point, the soil with moisture will freeze and expand, 
creating frost load. The frost load may apply considerable bending forces 
to the pipe. Investigating the behaviour of IRP systems subjected to frost 
loads fell outside the present research’s scope and is proposed as another 
potential topic for future research works. 
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Appendix A. Derivation of the equivalent axial stiffness and CTE for the IRP-host pipe compound section 

Consider the equivalent mechanical model of Fig. 2a with Segs. 2 and 3 removed. If the IRP and the host pipe are fully bonded, the total axial 
deformation (δT) of the pipe with a compound section, assuming the linear material behaviour, can be calculated as follows. 

δT =
Fa

kT
=

Fa

kI + kH
(A1.1)  

where Fa is the tensile force that should be applied to the free end of the pipe with a compound section in order to obtain the same amount of axial 
deformation as if the system was directly subjected to temperature change; kT is the total axial stiffness of the system; and kI and kH are the axial 
stiffnesses of the IRP and the host pipe, respectively. 

kI =
EIAI

l
; kH =

EHAH

l
→ kI + kH =

EIAI + EHAH

l
→ δT =

Fal
EIAI + EHAH

(A1.2)  

where l is the length of the pipe. 
Comparison of Eq. (A1.2) with the general formula for the axial deformation (Fl/EA) leads to the following expression for the EA of the compound 

section. 

ECAC = EIAI +EHAH (A1.3) 

The tensile force Fa can be obtained as follows. 

Fa = FI + FH = σIAI + σHAH = EIεIAI + EHεHAH = EIαIΔTAI + EHαHΔTAH → (A1.4)  

Fa = (EIαIAI +EHαHAH)ΔT (A1.5) 
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Substitution of Eq. (A1.5) in Eq. (A1.2) leads to the following expression for the total axial deformation. 

δT =
(EIαIAI + EHαHAH)lΔT

EIAI + EHAH
(A1.6) 

Comparison of Eq. (A1.6) with the general formula for the axial deformation due to the temperature change (αlΔT) leads to the following 
expression for the CTE of the compound section. 

αC =
EIAIαI + EHAHαH

EIAI + EHAH
(A1.7)  

Appendix B. Derivation of the analytical expression for the transfer function μ 

According to Eq. (16), the parameter μ is defined as follows. 

μ =
(δc)n

δT
(A2.1) 

The (δc)n/δT ratio can be determined as follows (Fig. 2a). 

δT = δ[Seg.1] + δ[Seg.2] + δ[Seg.3] =

FT

(
L− c

2

)

EHAH + EIAI
+

FT c
EIAI

+

FT

(
L− c

2

)

EHAH + EIAI
→ (A2.2)  

(δc)n

δT
=

δ[Seg.2]

δ[Seg.1] + δ[Seg.2] + δ[Seg.3]
=

FT c
EI AI

FT (L− c)
EH AH+EI AI

+ FT c
EI AI

=

c
EI AI

L− c
EH AH+EI AI

+ c
EI AI

→ (A2.3)  

(δc)n

δT
=

c

EIAI

(
L− c

EH AH+EI AI
+ c

EI AI

) (A2.4)  

Appendix C. Derivation of the equations proposed for the calculation of pipe length (L) 

Stewart et al. [35] equations have been revised in the present paper, as follows, to incorporate the effect of internal pressure in the calculation of 
pipe length (L). Parameter ΔT∗ is the amount of the temperature change that is required to mobilize the full soil resistance; l′ is the amount of the pipe 
length that is required to mobilize the full soil resistance; and l is the amount of the pipe length that will generate enough friction force (Ff ) to 
neutralize the forces induced by the temperature change (FT) and the internal pressure (FP). 

When |ΔT| is higher than ΔT∗, the value of l should be larger than l′; and Eq. (22) can be derived as follows. 

Ff = fu(l − l′) +
ful′

2
; FT = αH |ΔT|EHAH ; FP = σlAH = νσθAH =

νpiDiHAH

2tH
(A3.1)  

Ff = FT + FP → fu(l − l′) +
ful′

2
= αH |ΔT|EHAH +

νpiDiHAH

2tH
(A3.2)  

→ ful − ful′ +
ful′

2
= αH |ΔT|EHAH +

νpiDiHAH

2tH
→ ful = αH |ΔT|EHAH +

νpiDiHAH

2tH
+

ful′

2
(A3.3)  

→ l =
αH |ΔT|EHAH

fu
+

νpiDiHAH

2futH
+

l′

2
(A3.4) 

When |ΔT| is lower than ΔT∗, the value of l should be smaller than l′; and can be derived as follows. 

Ff =
1
2

(
fu

l′

)

l2 ; FT = αH |ΔT|EHAH ; FP =
νpiDiHAH

2tH
(A3.5)  

Ff = FT + FP →
ful2

2l′
= αH |ΔT|EHAH +

νpiDiHAH

2tH
(A3.6)  

→ l2 =
2l′αH |ΔT|EHAH

fu
+

2l′νpiDiHAH

2futH
→ l2 =

2l′αH |ΔT|EHAH

fu
+

l′νpiDiHAH

futH
(A3.7)  

→l =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2l′αH |ΔT|EHAH

fu
+

l′νpiDiHAH

futH

√

(A3.8)  
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