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ABSTRACT

We study the amplification of shallow-water waves in the course of their propagation in a duct of a variable cross section with a spatially
inhomogeneous flow. We derive the basic set of equations for the wave propagation and present the asymptotic analysis of solutions in the
neighborhood of critical points where the wave speed coincides with the speed of the current. The considered model represents a kinematic
analog of astrophysical event horizons occurring in the vicinity of the black holes (BH) or white holes (WH). We study then the wave propa-
gation in the flow with two critical points (two horizons) when the flow transits first the BH horizon and then the WH one or vice versa. In
the former case, the region between the critical points mimics a wormhole in general relativity. The theoretical results are illustrated by
numerical calculations of wave propagation through the critical points. It is shown that the wave amplification after passing the active zone
between the horizons takes place in BH-WH arrangements only and can occur for different relationships between the subcritical and super-
critical flow velocities. The frequency dependence of the amplification factor is obtained and quantified in terms of the velocity ratio within
and outside the “wormhole domain.”
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I. INTRODUCTION

Almost all scalar wave phenomena that exist in different media
can be also reproduced or modeled by means of water waves.
Moreover, the majority of wave effects can be observed in water by the
naked eye. Since that time when Unruh' demonstrated the similarity
between the equations of general relativity describing wave phenom-
ena in the proximity of black holes (BH) and acoustic waves in non-
uniform flows, the study of such processes was developed into a whole
scientific direction called analogue gravity (see, e.g., Refs. 2-5 and
references therein). However, the analogy between the set of hydrody-
namic equations and Einstein’s equations for space-time is not too
deep due to the difference between them. Nevertheless, many research-
ers employ the kinematic analogy to demonstrate that long water
waves propagating on a spatially inhomogeneous flow can be treated

flow U = VO(x, t), where @ is the hydrodynamic potential of the
fluid velocity U. Later, it was recognized that instead of sound waves,
surface gravity waves can be used on non-uniform flows in shallow
water."’ Despite the fact that, over the past three decades, the arsenal
of analog gravity has expanded significantly, the study of the effects
associated with the propagation of sound and water waves continues
to receive much attention. This is confirmed, in particular, by the
materials of the recently held discussion on the current state of
research in the field of analog gravity organized under the auspices of
the London Royal Society.'' As was pointed out in the discussion, one
of the topical problems in this field is the necessity of a further study
of the effects related to the transitions between subcritical (|U| < ¢)
and supercritical (JU| > ¢) flows, where ¢ is the wave speed in the
medium (sound speed or speed of long linear waves on shallow water).
The features of the wave dynamics in the regions with a different char-

as the analogue for the propagation of light in the curved space-time
(see, e.g., Refs. 6-9 and references therein).

In the pioneering paper by Unruh' for the modeling of a space—
time structure, sound waves were proposed in the potential barotropic

acter of flows should be also studied in detail. This was one of the
motivations of our work presented here. Another motivation is related
to the problem of water wave amplification per se on the inhomoge-
neous flows in hydrodynamic ducts.
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Recently, we constructed analytical solutions'* for the problem of
surface wave transformation in a one-dimensional duct with a
smoothly varying water velocity along the flow direction, U(x) > 0. All
possible relationships between the water velocity U(x) and wave veloc-
ity ¢ have been studied in that paper for linear waves in the shallow-
water approximation. The transitions of the flow velocity from the
subcritical to the supercritical and vice versa have been studied in
detail on the basis of the solutions derived. The role of positive and
negative energy waves (NEWs) in the supercritical flow has been also
noted. However, the exact analytical solutions in Ref. 14 were based on
two assumptions that impose significant restrictions on the problem
formulation. One of the assumptions is related to the piece-wise linear
velocity profile U(x); this simplifies the derivation of analytical solu-
tions but is hardly achievable in the laboratory setups. Another
assumption presumes that the wave velocity ¢ is x-independent; such
independence is difficult to achieve in the experiment too. In particu-
lar, in the experiments described in Refs. 8, 15, 16, the water depth H
(and the surface wave velocity ¢ = /gH with g being the acceleration
due to gravity) was not maintained constant throughout the flow.
Moreover, in some recent publications,”"g for the simulation of the
curved space-time, the new types of flows were proposed and realized
in the laboratory. In those experiments, the current velocities U
remained constant, whereas the effective sound speed varied in space
due to the special construction of the upper duct boundary.

As follows from the aforementioned, to clarify the basic features
of the wave-current interaction, there is a necessity to study analyti-
cally wave propagation in the case when both velocities, U and ¢, are
x-dependent in a rather arbitrary way. To this end, we can employ the
method originally developed in the quantum theory of scattering (see,
e.g., Refs. 20 and 21) The method, in a certain sense, allows one to sep-
arate in each point of x the contributions to the total disturbance of
waves traveling in the opposite directions relative to the moving
medium. This makes physically clearer both the calculations and
results obtained. As in our previous paper,'* we will consider surface
water waves on the gradually varying flow in a shallow duct assuming
that both the fluid depth H(x) and the duct width W(x) are slow func-
tions of x.

Being equipped with the developed powerful mathematical tool,
we will tackle the problem, which models the wave penetration
through the wormhole in the theory of relativity. The term
“wormhole” was introduced by Wheeler in the 1950s to describe a
connection between the separate parts of the Universe where the black
hole (the term also suggested by Wheeler) is connected by a tunnel
with its counterpart called the white hole (WH) (the term introduce by
Igor Novikov in the 1960s). Despite the originally suggested worm-
holes were found unstable, it was shown later that their modification
containing exotic matter possessing negative energy can stabilize
wormbholes.”” The wormhole analogue in hydrodynamics can stably
exist, however, in the portion of a duct where the fluid flow is super-
critical as in the central part of the duct schematically shown in Fig. 1.
There is no necessity in the existence of “exotic matter” while at all
non-exotic NEWs exist in this region.””

As the consequence of existence of stable analogues of worm-
holes, a sort of a black hole laser with open boundaries can be realized
between the critical points of a current in a supercritical region of a
flow. Note that the black hole laser effect was theoretically predicted
by Corley and Jacobson,”* see also Ref. 25. It was studied numerically
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FIG. 1. Sketch of a duct of variable width W(x) and depth H(x) with a non-uniform
fluid flow U(x): (a)—the top view, (b)—the side view. The duct is sectioned by black
and white hole horizons [where c(x) = U(x)] positioned at x4 and x,, respectively.
In the regions 1 and 3, the flow is subcritical [U(x) < c¢(x)], whereas the region 2
with the supercritical flow [U(x) > ¢(x)] mimics a model of a wormhole connecting
black and white holes. Letters /, R, and T denote incident, reflected, and transmitted
wave, respectively. Letters P and N denote traveling waves of positive and negative
energies, respectively.

in application to optics® and observed experimentally in the
Bose-Einstein condensate.”” In Ref, 9, the authors studied numerically
water wave packets on a spatially varying current in the presence of a
surface tension. Using the ad hoc constructed equation for water
waves, they have demonstrated that traversable and bidirectional ana-
logue of wormholes can exist. However, surface waves in fluid with the
surface tension are subject to dispersion, which is absent in the general
relativity. Therefore, the analogy between water waves and electromag-
netic waves becomes too far, although the physical effect of wave
amplification remains qualitatively similar.

In our paper, we consider the amplification of shallow water
waves without a dispersion within the framework of real hydrody-
namic equations. We assume that the flow velocity U(x) can be con-
trolled by a proper variation of the duct cross section, both by the
variation of width and depth. The water depth variation solves the
problem of a zero-frequency mode (a stationary free surface deforma-
tion) mentioned in Ref. 9. Another problem mentioned in Ref. 9 and
related to the rapid damping of small-scale capillary waves is not topi-
cal for long gravity waves considered in this paper. Therefore, the vis-
cosity effects can be neglected almost everywhere in the flow except
the neighborhood of the critical points (i.e., the black or white hole
horizons) where ¢ = U(x). The effect of viscosity in such points plays
an important role and is studied in detail in the Appendix. We show
that the wave amplification is directly related to the existence of
NEWS between the critical points. In this paper, we develop the gen-
eral approach to the description of linear waves on inhomogeneous
currents and demonstrate the importance of viscous effects near the
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critical points. The developed theoretical concept is illustrated by
numerical calculations with some particular profiles of the mean flow
Ul(x) and the wave speed c(x).

The article is organized as follows. The problem formulation is
given in Sec. I, and the basic equations are also derived there. Section
111 is devoted to the asymptotic analysis of solutions in the neighbor-
hood of the critical points, where the flow and wave velocities coincide.
Such a point is called the BH horizon (the black hole horizon) if the flow
transits from the subcritical to the supercritical regime passing through
the point. If the flow transits from the supercritical regime to the sub-
critical regime passing through the point, then it is called the WH hori-
zon (the white hole horizon). In Secs. IV and V, we study the wave
propagation in the flow with two horizons, when the flow transits from
BH to WH (BH-WH duct) or from WH to BH (WH-BH duct).
Section VI contains the results of numerical calculations of wave propa-
gation in both these arrangements illustrating the theoretical analysis
presented in Secs. IV and V. It is shown that the wave amplification can
occur when an incident wave produces a higher amplitude transmitted
wave passing through the wormhole between the BH and WH horizons.
The amplification factor is estimated in terms of the velocity ratio within
and outside the wormhole. Section VII is devoted to the discussion of
the results obtained. In the Appendix, we present calculations demon-
strating the influence of the water viscosity on the wave transformation
in the vicinity of critical points (BH or WH horizons).

Il. GOVERNING EQUATIONS AND THE PROBLEM
STATEMENT

We study the surface waves propagating relative to moving shal-
low water with the speed ¢(x) = \/gH(x) and having no dispersion.
To ensure the independence of c(x) and flow velocity U(x), we assume
that the flow occurs in a duct of the width W, which smoothly varies
with x as required by the law of mass flux conservation,

U(x)H(x)W(x) = const. (1)

In the hydrostatic approximation describing the propagation of
long waves in shallow water,” the pressure can be represented as
P = po + pg(n — z), where pj is the atmospheric pressure, p = const
is the water density, and #(x, t) is the deflection of the water surface
from the equilibrium position. We present the horizontal fluid velocity
as V, = U(x) + u(x, t), where |u(x,t)| < U(x) and substitute this
into the linearized Euler equation:

u  9(Uu) on

_ =— . 2
o ox . fox @
Equation of mass conservation for shallow-water waves is
oS 0
ot T SU+uwl =0, ®3)

where S(x,t) = [H(x) 4+ n(x, t)]W(x) is the part of the duct cross
section occupied by water. Linearization of Eq. (3) with respect to
small perturbations u and 7 leads to the equation:

on o (u n
LT HU ==+ 2 ) =0. 4
oy Uax(U+H) 0 @

Now, let us introduce the potential ¢ for the perturbed fluid
velocity u = d¢/Ox. Then, we find from Eq. (2)
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Combining Egs. (4) and (5) and bearing in mind that ¢?(x) = gH(x),
we arrive to the single equation describing long surface wave propaga-
tion in terms of the velocity potential ¢:

9 5,0 .\ (% 8_“’)723@8_(/’)
(8t+U6x 2UC>(8t+U0x = Ush\tax) ©

where prime stands for the derivative with respect to x.

For an elementary monochromatic wave with frequency ,
@ = ¢(x)e ", Eq. (6) reduces to the ODE (ordinary differential
equation):

¢ { J U’ }dq&
2 _ 2\ = 7 2 (2 2\ : hd
(& -U)=+ 20~ (c+U)U+21wU
+ (0)2 —2iw U%)qb =0. (7)

Following Ref. 21, we seek an exact solution to Eq. (7) in the form
resembling a JWKB solution:

P(x)=A(x) {exp @Jﬁ) +R(x)exp <*iwjﬁ)}
=Ales +Re.), ®

where functions A(x) and R(x) can be interpreted, to the certain extent,
as, respectively, the complex amplitude of a co-current propagating
wave and the relative amplitude of the countercurrent propagating
wave (i.e., “the local reflection coefficient”); e+ denotes the corre-
sponding exponential functions. Note that the second term in the
square brackets is singular at the critical points, where U(x) = ¢(x).
From the physical point of view, the singularities are caused by the
blocking of the wave propagating against the current, so that its phase
velocity and wavelength tend to zero at the critical point. Therefore,
the consideration of the crossing through the critical point requires
special attention.

The method of variation of constants provides the condition,
which relates the functions A(x) and R(x) (see, eg., Ref. 29).
According to this method, only the exponential functions should be
differentiated when we calculate the derivative d¢/dx:

d . e R(x)e_

= i0Aw) [W_(——)U} ©
Then, functions A(x) and R(x) must satisfy the equation:

dA drR

— (e +Re_)+A—e_=0. (10)

dx dx

Calculating d*¢/dx? in Eq. (9) and substituting the result into
Eq. (7), we find:

dA dR
o (c—=U)er —(c+ U)Re_] — Aa(c—i— U)e_

—A(c/—i-c%/)(@—Re,):O. (11)
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Equations (10) and (11) completely describe functions A(x) and R(x).
By resolving these equations with respect to the derivatives, we obtain:

% = a(x)(1 — R(x)e *™)A(x), (12)
% = —a(x) (&) — R (x)e ), (13)
where
a9 =3 (£+2) <1 1 = ),
0 — ng; . Ox) = w[ o(x)dx, (14)
= c(x) +1 UG o) —1 Ulx) ~ cz(x)zc—(xl)f2 (%)

The system of Egs. (12) and (13) has a number of useful properties
that make the analysis of wave propagation simpler and more intuitive.
First, it is clear that if in some flow region function IT(x) = const, then
both A(x) = const and R(x) = const; that is, waves in this region do
not experience reflection despite that c and U depend on x.

Second, the problem is reduced to the nonlinear first-order
ODE—the Riccati equation (13); after finding a solution to this equa-
tion, the amplitude equation for A(x) (12) is immediately integrated:

A(x) = Ag/TI(x) exp {f dea(x) R(x)e ™| (15)

Third, it is easy to see that in the flow regions that do not contain
critical points [where U(x) = ¢(x)], Egs. (12) and (13) have the first
integral:

AP ()

€=

— |R(x)|*] = const. (16)

This equation can be treated as the conservation of wave action, which
is equivalent in our case to the conservation of the pseudo-energy.”*’
According to this law, the amplitude of the incident wave |A(x)| can
be presented through the transformation coefficient |R(x)|* and the
“geometric factor” of the flow IT(x).

For the further consideration, it is convenient to introduce
the normalized amplitude that does not depend on the geometric
factor, D(x) = A(x)/y/II(x), and the normalized coefficient
r(x) = R(x)e ®® [recall that R(x) is a complex-valued function].
These functions satisfy the following equations [see Egs. (12)-(14)]:

dD

Fr —a(x) r(x) D(x), 17)
dr 5 .
F —a(x)[1 - r*(x)] —iwa(x) r(x). (18)
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It should be noted that if at some point of flow |r(x)| < 1, then this
inequality holds throughout the flow due to the conservation law (21)
[the same is true for |r(x)| > 1].

In some cases, it is convenient to present a solutlon for r(x)
through the module and argument r(x) = |r(x)|e’® [note that
|r(x)| = |R(x)|, where R(x) is a complex-valued function]; then, for
these quantities, we have the equations:

dM _ 2
o —a(x) [1 — |r(x)| ] cos 0(x), (22)
%_Lx) ()] sin 0(x) — w o (x

In Sec. 111, we will consider in detail the solution in the vicinity of
a critical point and transition through the critical point.

I1l. SOLUTION IN THE VICINITY OF A CRITICAL POINT
A. The asymptotic expansion

Let x = x, be the critical point such that U(xq) = ¢(xq) = co.
We consider the general case when the curves c(x) and U(x) intersect
without tangency, that is, when the quantity p = U’(xy) — ¢'(xo) is
nonzero and, moreover, not small, ¢ = O(1). Let us introduce a
parameter 0 < ¢ << 1, put x —x) =&, and use the notation
fo = f(x0) for any function f(x). Expanding functions c(x) and U(x) in
the Taylor series in the vicinity of x = x, and replacing x with ¢ in Eq.

(18), we obtain:
dr iwr+8§{cf)+U6(r2_1)_13(i_cg/_2U6/)r]
It c ¢ It

dc
L2354, (24)

<%+w_%ﬂfwyﬁ_n
Co Co

io(g+Uy 2¢ -0 (¢ —Uy)
7 a +§ w N w ik

Let us look for a solution to this equation in the form
r=r® 4 &M 4 ¢27@ 4 ... and introduce a notation f = o/u. In
the zero order on the parameter ¢, we obtain:

where

1
S=-
2

dr (

= 1ﬁr 0 = Boéiﬂ, By = const. (25)

In the first order on this parameter, O(¢), the equation is

Then, Egs. (8), (15), and (16) take the form: édrm iV ¢+ U, (B 521/1 )7E lf’ﬁ -U’y Boct|.
d(x) = A(X)[1 + r(x)] leL (19) d¢ 2¢ 2\ 2
B @ +um) 20
A(x) = Ag/TI(x) exp (f J dx a(x) r(x)) , (20) Solution to this equation can be readily derived:
1) _ ip 22if
|A(x)|? 2 2 2 = ¢(Bio + Buic" + Bio¢™), 27)
&= 1—|r(x)]"] = |D(x)|" |1 = |r(x)|"] = const. (21)
I(x) [ ] [ ] where
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In the second order on the parameter ¢, O(&?), the equation is

dr®@ ¢+ Ul io (1 d-U/
E —ipr D el P00 _E (2 20 0 (1)
Sy ipr 4+ ¢ o r 2 o 2 r
2
N

o+U G+ Up? (r2 1)
2 Co C%

JofotUy 26 - Uy (64— U)o
2 i 3@ 1w '

(29)
Solution to this equation, we present in the form:
r®) = &(By + Bu & + By + By &), (30)
where
1 J! U// C/ 2 U/ 2 1 LJ/ _ U/I
By - CO+O—O+0+iw——OZOBlo7
2(2—-ip) o & o M
+U io(d+U, 2/ =U" (d-UN*\|-
B — |9 Yop [T Y % 0 0~ Y B
21 20 10+ 3 < 2 32 + e 0
iw /(1 d)-U"
— (f_%) Bu,
4 \c 1%
1 J! U// LJ 2 U/ 2 - C, U/ ~
By S e t 0 |21 2%  Yop p,,
2(2+ip) Co & I
o1 g-u, ]
2 \co I

__9tUp
2 260 (1+ip)

The solution obtained consists of two parts. One of them is the
sum of slowly varying terms that vanish at the critical point; this part
of the solution is represented by the Taylor series:

~2
ByBu,.

ra(x) = Bio(x — x0) + Bao(x — x0)> + -+ - (31)

Another part of the solution contains the terms with the coefficients
By and B,,,,, (m > 1); these terms are strongly oscillating when x — xg
[see Egs. (25), (27), and (30)]. Note that By, ~ ng and stress that B,,,,,
depends on Bjy, but B;y does not depend on B,,, with m > 1 (this
property holds in the higher orders of expansion too). Therefore, the
slowly varying part of the solution is entirely determined by the local
behavior of functions c(x) and U(x) in the vicinity of the critical point
and does not depend on the fast-oscillating contribution. The latter is
determined by both the boundary conditions and behavior of func-
tions c(x) and U(x) to the right or to the left of the point x,. Note, by
the way, that By and the entire quickly oscillating contribution can be
different at left and right sides of x,; therefore, the found solution is
reasonable to represent in the form:

scitation.org/journal/phf

r(x) = ra(x) + By |x — x| [1 + O(x — x0)], (32)

where the signs plus and minus pertain to the regions where x > x,
and x < x, respectively.

The integrals in Eqs. (19) and (20) converge for x — x7*0, and
the asymptotic expansions for A(x) and ¢)(x) can be written as

d+ U B(* :
1420 - 20 (4 ) p—— — x|
+ % (x xo)( T+ip |x — xo]

A(x) = oAl

+0(|x — xoz)} (33)
o(x) = (:OA(()i> {1 + Béi>|x - x0|iﬁ + O(|]x — xd)}e“ﬁ7
% dy (34)
Y= w[ T

As the next step, we need to investigate how these solutions can be
extended for the transition through the critical point. This will be done
in Sec. 11 B.

B. Transition through the critical point

Equation (34) contains only the principal expansion terms. The
first term in the square brackets refers to the co-current propagating
wave, and the second term (that is rapidly oscillating) refers to the
countercurrent propagating wave. As shown in Ref. 14, for the correct
matching solutions through the critical point, it is necessary to take
into account a small viscosity of the medium. The details of calculation
of the viscous problem are presented in the Appendix, and here, we
summarize the final result (note in brackets that in dispersive media
there are other possibilities to match the solutions through the critical
point. The dispersion invokes causality arguments similar to those that
were considered by Hawking'* and Unruh'’ for astrophysical black
holes. This option requires, however, assuming that the flow was uni-
form in the distant past).

If the current passes from the subcritical regime into supercritical,
then

AV =4y, B =B =0 (35)

In other words, co-current traveling waves “do not feel” that the point
is critical. The absence of countercurrent running waves is due to the
fact that on both sides of the critical point, they propagate out of this
point and, therefore, cannot reach it. Hence, for such a transition we
have [see Egs. (31), (32), (21), and (22)]

r(xo) =0 and &E(xo+0) =E(x9 —0). (36)

Therefore, we conclude that if a(xy) # 0 in Egs. (22) and (23), then
functions r(x) and cos 0 change their signs in the course of transition
through the critical point, that is, (xg + 0) = 0(xo — 0) * 7.

On the contrary, in the course of the transition from the super-
critical to the subcritical regime, the countercurrent propagating waves
run to the critical point and, approaching it with a decreasing wave-
length, are completely absorbed in its viscous neighborhood. Their rel-
ative amplitudes B(()+) and B(()_) depend on their propagation
prehistory in the different flow regions and, therefore, are not related
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to each other, whereas A(()H = A((f). The energy flux in the course of
the transition through the critical point is not generally conserved,

_ ‘A87)|2 (—))2

(= 0) = G (1= BP) # Ex0 +0)
AP e
- H(XO) (1 |BO | )7

and it can either decrease or increase (see Ref. 14).

IV. WAVE PROPAGATION IN THE BH-WH DUCT MODEL
A. The flow model and preliminary analysis

Consider the flow on the left (—oo <x < x;) and right
(ry < x < 400) ends of which the flow is subcritical, 0 < U(x)
< ¢(x), and within the middle part, for x; < x < x,, supercritical,
U(x) > ¢(x), as shown in Fig. 1. Here, x; and x, are the critical
points such that U(x;) =c(x;) =¢ and U(x) = c(x) = .
We assume that in both critical points, the differences of slopes,
U = U'(x12) — d(x12), are not small (see Fig. 2) and use in this
section the dimensionless variables

_oox = Ux) _,_.. dx) . o a
x=—, UK = , ()=—=%, o=—, A=—.

A (%) . ) . " o
(37)

In what follows, tildes will be omitted for brevity.

(@ 2 U

(®) 31

(c) 2

X Xy X

FIG. 2. The flow models with two critical points: (a)—flow (66), M = 1.5; (b)—
flow (69), ¢, =2c1 =2, d=1; and (c)—reflectionless flow with
II(x) = c(x)U(x) = 1.

scitation.org/journal/phf

Let us assume that a plane wave of frequency o arrives from the
left. Its propagation in the inhomogeneous zone will be described in
terms of functions D(x) and r(x). At the critical point, x = x; and
when x — 400, there is no wave traveling upstream, and therefore,
solution to Eq. (18) must satisfy the boundary conditions:

r(xl) = 07

Therefore, we can conclude that, first, in the entire flow |r(x)| < 1 [as
it follows from the conservation law (21)] and, second, Eq. (18) should
be integrated into the upstream direction in the subcritical areas and
downstream—on the supercritical section x; < x < x;.

Further, we suppose that for x — *oo functions, ¢(x) and U(x)
tend to their nonzero limiting values, and let D(—oc) = 1. Then, from
Eq. (20) and the matching conditions (35), A((f) = A(()f), we find the
amplitude of the downstream propagating wave as the function of x:

r(+00) = 0. (38)

D(x) =exp |— [ a(x)r(xX)dx' |, —oo<x< 0. (39)

Then, we can define the transmission ratio K(x) = |D(x)| and present
it as

K(x) =exp |— J a(x')Re (r(x')) dx’

=exp |— J a(x')|r(x)| cos O(x') dx’ | . (40)

—00

As can be seen from Egs. (22) and (40), the reflection coefficient |r(x)|
and transmission ratio K(x) both increase and decrease simultaneously
depending on the sign of the product a(x) cos (x). Finally, in those
regions where a(x) =0, that is, IT(x) = const, they are constant too
and, as already noted, waves running in the opposite directions do not
interact, but the phase difference between them 6(x) changes due to
the difference in the directions of propagation and difference in the
wavelengths [i.e., because o(x) # 0—see Eq. (23)].

In accordance with the flow structure and conservation law (21),
it is convenient to distinguish three stages for the downstream propa-
gating wave. In the interval x < x;, the transmission ratio K(x)

1 — |r(—00)[*. In the supercritical
and  K(x;) = K(x;)/

decreases from unity to K(x;) =

interval, the amplitude increases,

1—|r(x; — O)\z, and in the last interval, x > x,, K(x) decreases

again to K(400) = K(x,)1/1 — |r(xs + 0)|* [recall that in the gen-

eral case [r(x; — 0)| # |r(x2 + 0)], therefore the increase and subse-
quent decrease in K are independent]. Thus, we can conclude that
K(x) can vary non-monotonically in any of these three intervals. As
the result, in each interval of the flow, its integral transmission ratios
are presented by the formulas:

K=y/1-|r(—0)f<1, Ko=[1—|r(a-0)P] "*>1, n

K= [1-|r(+0)F] 7 <1,
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and the total transmission ratio (the transmission coefficient) is
T = K(+00) = Kj - K; - K;. It can be increased by (i) reducing the
transformation of the co-current propagating wave into reflected
waves in the subcritical intervals of the flow and (ii) increasing its
transformation into the NEW in the supercritical interval. Details of
the concept of NEW can be found in Refs. 23 and 31. Here, we only
recall that a wave whose phase velocity is less than the local flow veloc-
ity is attributed as the NEW. Such a wave cannot propagate against
the flow because the flow is so strong that it pulls the wave in the direc-
tion of the flow.

The first condition can be fulfilled at once for all frequencies if
in the subcritical regions the reflectionless wave propagation occurs
with a(x) = 0 [ie., ¢(x)U(x) = const], then K; = K3 = 1. Note that
this condition does not prevent the change of the Mach number
M(x) = U(x)/c(x) along the flow [see, e.g, Fig. 2(c)]. Another way
to do it is based on the effect similar to that of anti-reflective coating in
the optics. Its principle is that waves reflected from the different flow
intervals add up in anti-phase and extinguish each other. As can be
seen from Eq. (22), the quenching is complete if:

r(—o0) = J a(x)[1 = [r(x)]*] cos O(x) dx = 0, (42)

—00

r(x2+0) = J a(x)[1 = |r(x)|*] cos O(x) dx = 0. (43)

Since in those intervals where a(x) =0, function 0(x) continues to
vary, the fulfillment of Egs. (42) and (43) can be ensured by variation
of O(x) due to “inserts” with a(x) =0 of the required length in the
proper intervals of the flow. However, since for a=0 d0/dx ~  [see
Eq. (23)], the choice of the positions of such inserts and especially their
lengths significantly depends on the wave frequency.

As will be shown below, both the selection of inserts and the dif-
ference in the speeds of wave propagation at the ends of the supercriti-
cal interval (both with ¢; < ¢, and ¢; > ¢,) contribute to this, but the
increase in wave frequency prevents to this.

To simplify further analysis, let us strengthen the previously
formulated condition of fast convergence of ¢(x) and U(x) to their
limiting values when x — o0, assuming that ¢ and U are con-
stants and, respectively, a(x) =0 for x < x_ < x; and x > x4 > x,.
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Next, we look for a solution in the form: r(x) = ro(x) + wr(x)
+@?ry(x) + - - -. In the lowest order on the frequency, O(w), we have
dry  IT(x)
dx  T(x)

ro(x)r1(x) — io(x)ro(x).

Integrating this equation with the initial condition r(x;) =0 and
using Eq. (44), we get

2iM() Jro(é) [Ro + (O
[Ro + TI(x))* ) U(E) (&) — U(9)

i

nx) =— . (46)

In the next order on the frequency, O(®?), we have the following
equation:

dr, T (x)

T = 2T 2o + @]~ iatn )

Its solution subject to the initial condition 7, (x;) = 0 is

ra(x) = 4T1(x) J 1 REZHEX) + HZ(f) at

R+ )P UE) (&) — U(E)

i

Tro(n) [Ro + T
. J Ul 2(m) — ()

Xi

(47)

The integral in the right-hand side of Eq. (46) can be evaluated in
the vicinity of the point x,; when x — x,, we have

¢ y
lvgem-vE

2 4
Ry —¢g

21563

=1 — In |x — x| + O(]x — x2]),
where I}; = const, u, = U, — ¢,. The integral converges if ry(x;) = 0
(ie,if Ry = c%), and otherwise, it logarithmically diverges.

Similarly, one can evaluate the integral in the right-hand side of
Eq. (47):

I 1 RTI(x) + TE(S) jro(’?) [Ro + TT(n)]?
U

Below, we perform the analysis for two limiting cases, when o < 1 dn | d¢
and o > 1. U(E) (9 - U9 U(n) ¢(n) — U(n)
. 2 2 4
B. The low-frequency limit, » < 1 — I — R02+ ) [Iu In|x — x| — RX 52 In?[x — Xz}
Setting & = 0 in Eq. (18), we get: Ha M6
dry,  M'(x) ) R, — M(x) +0(jx — xl),
— = (1—-15) = ro(x) =——7—=,
dx 2M(x) Ry + () (44) where I,; = const. Therefore, when x — x,, the solution is
1 .
Ry = U +r0,7 Ry—¢c3 iw o,
1 — 1o r(x)=R+C2 1+—ln|xfxz|fﬁln|xfx2|+--v
where ¢;, U, and ry; are the values of c(x), U(x), and ry(x) in some 052 Ha 2
starting point x = x;. If x; coincides with the first critical point x;, then 2iwly; iw )
ro; = 0, Rg = 1and |1t Il —xn| 4+
(Ro+¢3) My
1-T11 1—c(x)U 2¢(x)U 40’ Sy
ro(x) = (x) _ c(N)U(x) . 7M_ (45) _ —222‘3+ O(lx — x). (48)
1+TI(x) 1+ c(x)U(x) 1+ ¢(x)U(x) (Ro +&3)
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On the other hand, setting in Eq. (32) xy = x, and pu = u,, we
obtain for |x — x;| < 1and w|In |x — x,|| < 1:

r(x) = ra(x) + BT |x — x| /" [1 + O(|x — x2])]
: 2

1+ In|x — x| —w—z In*[x — x| 4 - --
H 215

=rq(x) + B(():)

X [1 4 O(J]x — x2|)].

Matching of this solution with solution (48) shows that when
x — X, =0, the solution should be as this:

R -2 2iwadl”
R +2 (Ry+3)
x 14+ O(Jx — x2])], (49)

r(x) = ra(x) +

O(wz):| |x — xz\iw/”l

where ry(x) is determined by the series (31) with x, = x,. It was
taken into account that Ry and I;; can be different on the left and
right of point x,, because according to the boundary conditions
(38), they are calculated through the integration of Eq. ( 18; in the
different flow regions. Therefore, if ry(x,*0) # 0 (i.e., R((): # c%),
then the reflection coefficient and transmission ratios are as
follows:

() 21/2
r(x)| — e = 0(1),
() , 2
Ry’ +¢
~1/2 1/2
R -gp] o -gr)
K~ |1-— P m—— , K= |1—- B
Ry’ +¢ Ry" 46
(50)

Otherwise, |r(x)| is of the order of O(w?).
It should be emphasized that for x — x, 0, the quantity

R -2

ro(x220) = — ,
Rf{> +a

determined by Eq. (44) does not describe the limiting value of r(x)
(or its main part), but, as seen from Eq. (49), the amplitude of
the rapidly oscillating part of the solution. Note that oscillations
are concentrate in the exponentially narrow neighborhood of
the point x,,

lx — x| = O(e™ /). (51)

This allows us, first, to consider ry(x, +0) as the main part of the inter-
mediate asymptotic of the solution, and, second, greatly complicates
detection of oscillations in the numerical solution even in the case of
not very small o (see Sec. VI and Fig. 4).

Based on these results, we will consider wave propagation within
each section of the flow. Let us start from the left interval,
—00 < x < x1, where U(x) < ¢(x). Given that a(x) # 0 only in the
interval 0 = (x_, x7), we consider two options. The first option is that
x; —x_ = O(1) and a(x) = O(1) in the entire interval . Then, tak-
ing into account the boundary condition (38), we obtain [see Egs.
(45), (22), and (41)]:

scitation.org/journal/phf

r_

I
=
=
B
L
|

(52)

K= [1— (11J:rr11>2+0(“’)’ M= Ti(x).

The subcritical flow simulates the “ordinary” space-time, with
the quite natural constancy of the wave velocity, ¢ = 1. Then,

I1_ = U(—00) < 1, and there is necessarily a reflected wave; the
transmission rate is K; < 1. The reflectionless propagation with
IT_ =1 is possible only in a more complex model, where c(x) > 1 for

x — —oo and decreases to 1 as we approach the critical point x; (BH
horizon)—see, for example, Fig. 2(c).

In the second option, we compose the interval ¢ from two inter-
vals of the length O(1) each, 0, = (x_,x,) and 05 = (xp,x;). In these
intervals, function a(x) = O(1); the intervals are separated by the
insert gy = (x,,x,) where a(x) =0. Then, Eq. (45) gives ro(xp)
=(1-1)/(1+ ), where IIp=TI(x,) =I(x;). As a=0
within the insert, therefore, |r(x)| = const, and only the phase differ-
ence of waves 0(x) varies with x; however, this variation affects the
transmission rate. Indeed, in the case of the “phase inverting insert,”
when

0(x,) — 0(xp) = @ J o(x)dx = (2n+ 1), (53)

Xa

where 7 is natural, 7(x,) = —ro(xp), so that in accordance with Eq.

(44), Ry = TT% and
- 2
1— Lg - . (59)
2+ 11

As a result, the waves reflected in the intervals ¢, and o, cancel out
each other upon the condition IT2 = IT_, which can be easily imple-
mented even in traditional flow models with ¢ = 1 [see Fig. 2(a)], if in
the insert section, U(x) = U, = U, = \/U(—00) [in this case,
U(—o00) < U, < 1]. This equality sets the position of the anti-
reflective insert; its length is determined by Eq. (53) and is very long,
since it is proportional to ™.

In conclusion, we note that wave propagation in the interval
Xy < x < oo does not differ qualitatively from that just described.
Indeed, since a(x) =0 for x > x;, then I = I1(x;) = I1(400) and
integration of Eq. (18) starts at x = x; with r(x; ) = r(+o00) = 0. If
X+ —x = O(1) and a(x) = O(1), then

I, — I\ ?
Ky=4/1— ==
3 <H++H2> + O(w),

I -T

=0 - K=
m+m’

1o (X,)

I, — 11
1’0(X2+0) :ﬁ,

(55)

and the condition of suppression of the reflected wave, T, = II,, is
satisfied if ¢(+00) > ¢,, that is, requires an increase in the wave speed
downstream from the critical point x; [see Fig. 2(c)]. Yet, it is possible
to suppress the reflected wave using the above-described “anti-reflec-
tive optics effect,” that is, with the help of inverting insert with
a(x) =0 in such point x = x, where I*(x,) = I1,I1,.

Let us now turn to the region x; < x < x, where the flow is
supercritical. If x, — x; = O(1) and a(x) = O(1), then Eq. (45) gives:
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1-¢
—0)=—2
To(xz ) 1+c%’
N\ 2 -1/2 5 (56)
1—c¢ 14+c¢
K=11- 2 O(w) = —=2+ 0(w).
2 <1+c§> + O(w) 2% + O(w)

In the case when the wave speeds at the ends of the region are the
same (c; = ¢; = 1), rg(x; —0) = 0, and K; = 1 + O(w?) is almost
not differs from one. Again, one can significantly increase the trans-
mission ratio using an inverting insert. Indeed, since IT; =11, = 1,
there is a point x = x,,, at which I1(x) reaches extreme (maximum or
minimum) value of IT,,. Here, a(x) changes sign, and the growth of
|r(x)|* is replaced by a decrease, which leads to a decrease in the
amplitudes of waves of both positive and negative energy. Changing at
this point (more precisely, on the inverting insert with a =0) the sign
of cos 0 (and with it the  sign), we will continue to grow |r(x)|%,

1-11,
ro(xm — 0) = Th — 19(x +0) = —19(x,, — 0)
I, —1
— 1o(x2 —0) = H;" 1 (57)

and amplitudes of both waves. As the result, K, ~ (I3 + 1)/
(2I1,,) > 1, and to the greater extent, the more strongly IT,, differs
from 1 [to either way, since K, (I1,,) ~ Ky (IT,)})].

If ¢; # 1, then K, > 1 and without an inverting insert, and, in
addition, K;(c;) = K(c; ') up to O(w). In other words, amplification
of a wave of positive energy due to its transformation into a NEW is
promoted by both a decrease and an increase in speed of waves in the
supercritical section of the flow.

C. The high-frequency limit, » > 1

Let us turn now to waves with @ >> 1. This limiting case can be
still consistent with the shallow-water approximation because, in the
dimensional variables, the inequalities w/p; = O(kA) > 1 and
kH <1 are consistent when A > H. As follows from the analysis
carried out in Sec. III, in the vicinity of the critical point x;, function
r(x) is defined by the series (31) of the coefficients of which have the
order of O(w™"). Therefore, it is natural to assume that solution to Eq.
(18) has the same order. Setting r(x) = iP(x)/® where |P| = O(1),
but |dP/dx| = O(w), we get the equation:

LA P tial )(1+P—2)
(de— 100X 1alx (02 .

Neglecting the term O(w™2) in this equation, we arrive at the linear
non-homogeneous equation whose solution subject to the boundary
conditions (38) is

P(x) =iwe @YW Ja(f) VO d¢ . where W(x) = Joc(x) dx,

(58)

and xo = x; when x < x; and xp = x, when x > x,.
In Eq. (58), when calculating the integral of a rapidly oscillating
function, we take into account that d¥/dx = «(x) has no zeros on

scitation.org/journal/phf

the real axis, and therefore, there are no stationary phase points, but
o(x) has poles at x = x; ,. Hence, the main contribution to the inte-
gral comes from a neighborhood of the upper limit of integration (see,
e.g., Ref. 32) and then, we have

—ia(x)

ioW(x) _ -1
o) e =0(w™). (59)

We see that indeed P(x) = O(1) in general. However, P(x) = o(1)
when x — x, =0 because of the presence of o(x) in the denominator.
Thus, in the high-frequency limit K, differs from unity by O(w2),
whereas K, and K; differ from unity even less, only by o(w™?).
Therefore, both the wave reflections in the subcritical regions of the
flow and wave amplification in the supercritical region diminish.

V. WAVE PROPACATION IN THE WH-BH DUCT MODEL

Let us consider now a duct with a supercritical flow
[U(x) > ¢(x)] in the outer domains (left: —oo < x < x; and right:
X, < x < +00) and subcritical in the inner domain (x; < x < x). In
this section, we make scaling in the same way as in Eq. (37), namely,
with the use of flow parameters on the BH horizon (x = x;), so that, in
dimensionless variables,

bh=c=1, w=U,—d¢=1 (60)

In this case, the physical statement of the problem is not so evi-
dent as for the BH-WH duct considered in Sec. [V; we will present the
detail discussion of this delicate issue in Sec. VI Here, we study a
restricted problem of wave propagation only in the rightmost domain
where x > x;. Let us start again with the BH horizon (at the point x
= x, rather than at x = x;) because at this point both the reflected
wave and NEW vanish. Assume that the co-current propagating wave
arriving from the domain where x < x; has the amplitude D(x,) = 1.
Then, in the domain x; < x < 0o [cf. Egs. (39) and (40)], we have

X

D(x) =exp | — J a(x)r(x)dx'|, (61)

K(x) = exp |— Ja(x')Re (r(x")) dx’

= exp |- [a(x’)|r<x’)|cos9(x'>dx' .

X2

and the integral transmission ratios of sub- and supercritical domains
are [cf. Eq. (41)] as follows:

K= 1=l <1 K==l ] 21, (o

K(+OO) = Kz 'K3.

It should be borne in mind that the oscillating component of (x)
develops with the distance from x, rather than from x;.

Scaling as per Eq. (60) yields IT, = ¢,U, = 1, and therefore, the
scattering of low-frequency waves in the subcritical domain is
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approximately described by Eq. (45). Then, the transmission ratio in
this domain is

2C1
144

+0(w).  (64)

From this formula, it follows [bearing in mind a small contribution of
the last term O(w)] that K, is only slightly less than unity if the wave
velocities in the ending points of the domain are the same,
¢ = ¢ = 1, but K, decreases when ¢, deviates from ¢, in the either
side. It should be also noted that K, (¢;) = Ky(1/¢c;).

In the high-frequency limit, one can demonstrate by analogy
with Sec. IV C that K, — 1 — 0 for any ¢;. As a consequence of this,
when ¢; =1, K;(w) goes to unity in the both limiting cases, when
@ — 0 or ® — 00, and inside this frequency range, it has at least one
minimum. If ¢; # 1, then K;(w) grows from K,(0) < 1 up to 1, but
not necessarily monotonically (this will be confirmed below through
the numerical calculations shown in Fig. 15).

In the right outer domain x > x,, the transformation of a
positive-energy low-frequency wave into a NEW is described by the
same Eq. (45), and the transmission ratio is

N(400) - 1y?]
+00) —
K=1-(mF—"F— (0]
’ (H(+oo)+1) +0@)
II 1
= ﬂ + O(U))_ (65)
24/T(+00)
Asymptotically, K; ~ /II(+00)/2 increases with TI(400)

= ¢(+00)U(+0o0). However, when the frequency increases, Kj
approaches unity from the top.

In the conclusion of this section, we note that in Ref. 7 it was
demonstrated experimentally that analogue traversable and bidirec-
tional wormholes can exist in dispersive hydrodynamics when the sur-
face tension effect is taken into consideration. Then, the capillary
wavelength plays the role of a Planckian scale below which long gravity
waves are transformed into short capillary waves that are able to move
with the “superluminal” speeds. Whereas the results obtained are not
applicable to putative astrophysical wormbholes per se, they are of inter-
est from the hydrodynamic point of view.

VI. RESULTS OF NUMERICAL CALCULATIONS
A. BH-WH duct

The analysis presented above shows that the most interesting sce-
narios of wave propagation occur in the middle, supercritical, flow
region where a positive energy wave is amplified due to the coupling
with the NEW; then, the transmission coefficient can be noticeably
greater than one. Numerical calculations were performed mainly for
this region. Recall that at the far end of the region where
x; — x ~ exp (—w 1), the function 7(x) rapidly oscillates; therefore,
the spatial resolution of the oscillating solution in the numerical calcu-
lations can be performed without extra complications only for rela-
tively high . Below we consider separately two particular cases when
the wave speed is (i) the same at the ending points of the supercritical
interval and (ii) when it is different.
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TABLE |. Data for the optimal phase shift vs frequency used in the numerical
calculations.

w 0.2 0.3 0.5 1 3 5 8

A0  2.688 2443 1990 0977 —1.187 —2.234 —3.002

1. Currents with the equal velocities at the ending
points

Bearing in mind the conditions (37), we take for calculations a
simple flow model with ¢; = ¢; = 1 [see Fig. 2(a)]:

c(x)=1, Ulx)=14+x2d—x)/(2d), x3 =0, x, =2d.

(66)

For such a flow, the Mach number attains its maximum,
M =1+ d/2, at the midpoint of the supercritical interval, x,, = d,
and function a(x) changes its sign. As was discussed in Sec. IV, the
wave amplification can be increased with the use of a properly chosen
phase-shifting insert. In our calculations, such an insert begins in the
point x,, and is simulated by changing of the phase 0 = arg(r) by the
required value Af. As a result, function 0(x) becomes discontinuous
in the point x,,. Note that in the limit @ — 0, the most effective insert
is inverting one, with A0 = *=x; we have considered this above.
However, when the frequency increases, the phase 0 changes more
and more significantly in that region where a(x) # 0, and therefore,
the optimal phase shift that maximizes the transmission ratio K,
depends on the frequency. Specific values of AO(®) used in our calcu-
lations for the flow with M =4 (d=6) are given in Table I and
shown in Fig. 3.

Figure 4 shows the reflection coefficient |r(x)| that describes the
transformation of the co-current propagating wave into the NEW, as
well as 0(x) = arg(r) for the frequencies » < 1, both with the optimal
phase-shifting insert (OI) and without it (NI). The upper part of Fig. 4
shows that even when the frequency is not very small, the “zero”
approximation |ro (x| as defined by the Eq. (44) (and with phase inver-
sion, if any) describes pretty well the behavior of function |r(x)|,

FIG. 3. The optimal phase shift as a function of frequency. Dots show the values
used in the numerical calculations and presented in Table .
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FIG. 4. The reflection coefficient (left pan-
els) and function 0(x) (right panels) as
functions of x for three values of frequency
o<1 in the flow model (66) with
M = 4: line 1—NI; line 2—OI. Dashed
lines correspond to the reference case
with o = 0 and A0 = = line 3—NI; line
4—0lI. Function 0(x) has a jump at the
point x,, within the Ol model due to the
phase shifting insert.
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except for the neighborhood of the point x = x, = 2d in the NI ver-
sion when there is no insert. The difference between the curves is
caused by missing in 7y (x), but accumulated in r(x) (due to @ # 0) a
rapidly oscillating component, although its amplitude is significantly
less than in the OI version. For @ = 1, the downstream change in 0
manifests faster, and therefore, |r(x)| and |ro(x)| differ notably
throughout the supercritical region, in both versions of the flow, with
the insert (OlI-version) and without the insert (NI-version). Note that
when x — x, = 2d, the reflection coefficients [which are equal here to
the amplitudes of fast oscillations of the functions r(x)] corresponding
to the different flow versions, approach each other (cf. lines 1 and 2 in
Fig. 4) and slightly decrease compared with what was for & = 0.3 in
the OI version. Moreover, we draw attention to the fluctuation of
|r(x)| near the point x,, which became noticeable in the result of
expansion of the region of oscillations.

Figure 5 shows the reflection coefficient |r(x)| and function 0(x)
for @ > 1 for the both flow models, OI (with insert) and NI (no
insert). Here, the region of oscillations is even wider, and oscillations
of |r(x)| are seen in a notably greater range of x. When x — x;, these
oscillations, as expected, decay, and |r(x)| approaches a finite limit,
which is equal to the amplitude of oscillations of the function r(x).
Comparison of graphs for & = 1, 3, 8 confirms the conclusion made
at the end of Sec. IV that |r(x)| decreases as @™, and even faster in
the vicinity of x,.

In the course of propagation from x; to x,, waves of positive and
negative energies interact such that the total energy flux (21) con-
serves. As the result, their amplitudes synchronously increase or
decrease in accordance with the change in their phase difference.
Quantitative measure of wave interaction is the gain of the positive
energy wave:
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0 L ' L ' X —TT : : X FIG. 5. The reflection coefficient (left pan-
d 2d 0 d 2d els) and function 0(x) (right panels) as
functions of x for two values of the fre-
quency o > 1 in the flow model (66) with
o=28 M = 4: line 1—NI; line 2—OI. Function
- 0(x) has a jump at the point x, within the
Ol model due to the phase shifting insert.
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Qlx) = 1 . (67) phase-shifting insert (OI) and without it (NI), provide approxi-
1—|r(x)* mately the same transmission ratio for w > 1, whereas they differ

this quantity is shown in Fig. 6. According to Eq. (22), the growth is
replaced by the decrease when the sign of either a(x) or cos 0 changes.
At low frequencies (w < 1) in the OI model of the flow, the
change of the function a(x) sign is compensated to a large extent by
the phase jump, and therefore, Q(x) grows monotonically and begins
slightly oscillate only near the point x, (see curves 3). As the frequency
increases, 6(x) varies more and more rapidly, and Q(x) acquires more
and more distinct oscillatory character, whereas its value becomes
closer and closer to unity. Figure 7 shows the dependences of the
transmission ratio K, of the supercritical domain as the functions of
frequency  for the NI (line 1) and OI (line 2) models. As one can see
from the comparison of lines 1 and 2, both models, with the optimal

in the low-frequency domain. Whereas the OI model provides
monotonic increase in K, when @ — 0, in the NI model, K, has a
maximum at @ = 1 and then goes to zero when @ — 0. Even in the
NI model without any insert, the transmission ratio is notably
greater than one, what can provide the laser effect of wave amplifi-
cation in the active zone. The amplitude gain in the supercritical
domain may be drastically reduced by wave reflection in the left
and right subcritical domains. To gain a better insight into the
effect of domain competition, we have calculated the wave trans-
mission through all three domains in the bell-shaped velocity pro-
file [see Fig. 2(a)] with following dependences:

c(x)=1, and U(x) = Uy + (M — Up)sechx. (68)
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FIG. 6. The gain coefficient as the func-
tion of x for the several particular frequen-
cies: 1—w =0.2, 2—w =05, 3—ow
=1,4—w =3, 5—w =5, 6—w = 8.
Solid lines pertain to the NI model, dashed
lines—to the Ol model.
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Calculations were performed for the fixed Mach number M = 4 and
with various velocities at the infinity Uy € (0, 1). The results obtained
are presented in Fig. 8. As one can see, the supercritical flow with any
Up acts as a broadband amplifier (see the top right panel in Fig. 8).
This can be explained as follows: the wave reflection plays a noticeable
role only at low frequencies, whereas the transmission ratio K, respon-
sible for the wave amplification decreases with  rather slowly. It
should be noted in passing that due to the flow symmetry, the trans-
mission ratios in the subcritical domains of the flow are equal, K;
= Kj, so that the total transmission ratio is K = KIZKZ. Finally, when
comparing K;(w) shown in Fig. 8 with that presented in Fig. 7 by
curve 1, it should be born in mind that in calculations presented in

1.8 -

14

FIG. 7. The transmission ratio K, as functions of frequency « for the NI (line 1)
and Ol (line 2) models.

Fig. 8 the scaling (37) was not fulfilled. Due to this, the dimensionless
frequencies of the maximal amplification are different.

2. Currents with the different velocities at the ending
points

In this section, we consider currents in which wave velocity ¢(x)
monotonically increases or decreases downstream from ¢; =1 to .
For calculations, we take a modification of the flow model (66) without
a phase-shifting insert [see Fig. 2(b)],

x(2d — x)
2d 7 (69)

Cz—l

c(x) =1+ ¥

x, Ulx) =c(x)+
X = 07 Xy = 2d.

In such a flow, the maximum Mach number is attained at

x=2d/(1+/c):

2d
M=1+—"—0, (70)
(1+ /@)
so that for the given Mach number, we have
M—-1
d="——(1+a)" (71)
Let us assume that in the entire region, function

II(x) = ¢(x)U(x) varies monotonically, and a(x) does not change its
sign. This limits the range of the flow parameters, so that

4

- 5 if C2>1,
1+ /c
d<|o-1, 1<M< ? 72)
-1, if o<l
1+\/C2 2

The parameters ¢, and M used for calculations are shown in Table L.
For a given ¢,, the Mach number M was chosen close to the maxi-
mum value, and then, the parameter d was calculated using Eq. (71).
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FIG. 8. Top panels: left—velocity profiles
(68) for Up =0.1 and Uy = 0.8, and
right—the total transmission ratio K
= KiKyK3 as function of frequency w.
Bottom panels: left—transmission ratios of
the left (K1) domain and right—for the mid-
dle (K3) domain as functions of frequency
o, 1—Uy =01, 2—Uy=04, 3—
Up=028.

For the flows with the increasing velocity c(x), Fig. 9 shows the
dependence |r(x)| for different ¢, and . It is clearly seen that the trans-
formation into the NEW increases with increasing of ¢,, but falls abruptly
when the frequency grows. This is also exhibited by the graphs of the
gain coefficient Q for the same set of parameters, see Fig. 10.

Similar dependences for the flows with the decreasing function
c(x) are shown in Figs. 11 and 12. They demonstrate the strengthening
of the wave transformation with the decrease in the ending value c,
and its sharp weakening with the increase in w. The oscillatory nature
of the transformation near x, is seen even more clearly than for
> 1.

TABLE II. The Mach numbers used in the numerical calculations with the different
values of ¢,.

[ 2 3 5 9 2/3 0.5 1/3 1/6 0.1

M 1.3 1.5 1.6 2 1.2 1.3 1.5 1.8 2

Figure 13 shows the transmission ratio K; of the inner domain as
function of frequency o for the different values of ¢, > 1 (left panel)
and ¢, < 1 (right panel). As one can see from the figure, the transmis-
sion ratio in the both panel monotonically decreases from some maxi-
mal value K, (@ = 0), which depends on ¢, to unity.

B. WH-BH duct

For this type of ducts, the inner domain, x; < x < x3, is subcriti-
cal; the corresponding transmission ratio is less than one, K»(w) < 1.
The frequency dependence of K;(w) is determined by the particular
profiles c¢(x) and U(x). For the numerical calculations, we chose a
family of flows with the linear c(x) and quadratic U(x) profiles [cf.
Egs. (66) and (69)],

B (c1 —1)(2d — x) B x(2d — x)
cx)=1+ 2 , Ulx) =c(x) YR (73)
Here, ¢; = ¢(0), and d is chosen such that U(x) > 0 in the entire inter-
valx; =0 < x < x, = 2d.
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0 | S |
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X FIG. 9. Dependence of |r(x)| in the flows

with increasing wave velocity c(x) for dif-
ferent values of ¢, and frequencies shown
by the numbers next to the curves. Dotted
line pertains to « = 0.

If ¢, =, =1, then ¢(x) =1, and II(x) = c(x)U(x) = U(x).
In this case, the transmission ratio K;(®) — 1 when the frequency
goes either to zero or to infinity, and its minimum decreases with the
decreasing of Upiy = (1 — d/2) (see Fig. 14). If, however, ¢ # 1,
then K,(0) < 1 [see Eq. (64)] and K, () increases to 1 (not necessar-
ily monotonically) when frequency grows (see right panel in Fig. 15).

The positive energy wave is amplified after passing into the super-
critical domain x > x, due to the interaction with the NEW,” and
therefore, the transmission ratio K3 > 1. For the calculations, we choose
c(x) and U(x) in such that the scaling (60) is satisfied and the finite limits
exist when x — +o0. In particular, if ¢(x) = 1, then we take

U(x) =1+ Dtanh(x/D), x, =0. (74)

The results of calculations for D=1 (U,,,;, = 2) and D=3 (U, = 4)
are shown in Fig. 16.

In the more interesting case when c(x) and U(x) grow simulta-
neously with x [and U(x) > c(x) everywhere], the calculations were
carried out for current and wave speed in the following forms,
respectively:

X

U(x) =1+ Aytanh (D—U)7 ¢(x) =1+ A tanh (Dic) (75)

with the various combinations of parameters satisfying the condition:

AU Ac

DU Dc ’

which follows from the scaling (60). Figure 17 presents the results of
calculations for the three cases:
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FIG. 10. The gain coefficient in the flows
with increasing wave velocity c(x) for the
different frequencies and ending values of
¢, shown by numbers next to the curves).

5 4
Casel : Aufg, DUfg, A.=05 D.=2,
1 4
Case2: Ay =2, Dy=16 A = 3 D, 3 (76)
Case3: Ay=1, Dy=08, A =1, D, =4.

As one can see from Fig. 17, the dependence K3 (w) in the case 3
notably deviates from the dependences K;(w) in the cases 1 and 2.
There are two distinction peculiarities in the case 3. First, the charac-
teristic width of variation of the wave speed, D,, significantly exceeds
(five times) that of current variation Dy. Second, U(+00) = ¢(+00);
that is, there is a third critical point at the infinity. The former distinc-
tion feature seems, however, not very important since even if
¢(x) = 1, K5 depends on o in the nearly the same way as in the cases
1 and 2 (cf. line 2 and dashed line in the right panel of Fig. 16). On the

contrary, the presence of an additional (albeit infinitely remote) critical
point has a profound impact on the behavior of function (x), which
determines the progress of the wave transformation.

Figure 18 demonstrates the absolute value and argument of (x)
for the cases 2 and 3; it allows us to compare the wave propagation in
these two cases with the greater detail. It is clearly seen that in the case
3, the oscillations of r(x) begin to develop noticeably at a much smaller
distance from the critical point x, = 0, and this results in lesser values
and more pronounced oscillatory character of |r(x)|. Moreover, when
x increases, the oscillation period in the case 3 decreases, whereas in
the case 2 it approaches a constant value.

VII. DISCUSSION AND CONCLUSION

We have carried out the analysis of a simple harmonic wave
propagation in two types of ducts, BH-WH and WH-BH, and have
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FIG. 11. Dependence of |r(x)| in the
flows with the decreasing wave velocity
c(x) for the different values of ¢, and fre-
quencies: 1—w = 0.2, 2—w = 0.5, 3—
w=14—w=25—w=>.

illustrated the theoretical results by numerical calculations. Note that
in contrast to Ref. 9 where the transformation of dispersive gravity—ca-
pillary waves were studied, in our paper devoted to dispersionless
purely gravity long waves, each of the ducts is traversable only in the
co-current direction, from left to right in the considered geometry.
However, the problem statements for the aforementioned types of
ducts are different and should be specified.

At the ends of a BH-WH duct far from the middle supercritical
domain, the flow is subcritical (see Fig. 1), and the problem state-
ment is rather traditional. A wave running from the left in the course
of propagation to the critical point x; is partially reflected due to scat-
tering on the flow inhomogeneity. A reflected wave runs to the left
and therefore does not have any influence on the wavefield down-
stream of the flow. Upon attaining the point x;, the positive energy
incident wave passes through this critical point keeping its

d 2d
X

amplitude. In the supercritical domain at x > x;, the wave propa-
gates to the second critical point x, being amplified along the path
due to the interaction with the NEW, which is generated due to scat-
tering of the positive energy wave on the flow inhomogeneity. In the
result of such coupling, amplitudes of both waves of positive and
negative energies grow simultaneously.”” The NEW completely
absorbs in the vicinity of the critical point x,, whereas the wave of a
positive energy passes through this point keeping its amplitude and
penetrating into the right subcritical domain. In this domain, the
penetrated wave propagates toward the infinity losing its energy for
the generation of reflected wave of positive energy due to flow inho-
mogeneity. Calculation of both the transmission ratio K, for the
“active” duct domain with the supercritical flow and the transmission
coefficient (ratio of the amplitudes of the transmitted and incident
waves) does not cause any principal problem in this case. Note that
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the supercritical domain plays a role of an active zone of the open-
boundary laser.

At the ends of a WH-BH duct far from the middle subcritical
domain, the flow in contrast to the previous case is supercritical.
Therefore, waves, both with positive and negative energies, entering
the duct from the left end, propagate to the critical point x; interacting
with each other in such a way that the total energy flux £ determined
by Eq. (21) is conserved, whereas the amplitudes of both waves
increase. In any case, only the finite domain to the left of the point x;
is accessible for an observer, and in any point of it, one can see a super-
position of both waves having no possibility to separate which of these
two waves arrives from the left infinity. In such a situation, the only
doubtless statement is, if only a positive energy wave is incoming from
the left, then £ > 0, whereas the converse is not true, in general.

However, as has been shown in the paper, in the neighborhood of the
critical point x;, any NEW is completely absorbed. Therefore, it seems
that the only reasonable statement of the problem in this case is to set
the amplitude of the co-current propagating wave at either end of the
subcritical domain and ignore the prehistory of wave propagation in
the supercritical domain at x < x;. Technically, it is more convenient
to set the amplitude of the co-current propagating wave of positive
energy at x = x,, because both the reflected wave and NEW vanish at
this point. When this is done, the picture of the wave propagation
becomes quite clear. Integrating Eq. (18) back from x, to x; and using
Eq. (21), one can find the amplitudes of co-current propagating and
reflected (countercurrent propagating) waves at x = x; + 0 and deter-
mine what part of the wave energy penetrated from the left domain
x < x1 is lost in the middle domain between x; and x, due to the
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FIG. 13. The dependences of the trans-
mission ratio K, of the inner domain as
functions of frequency w for the different
values of ¢, > 1 (left panel) and ¢, < 1
(right panel). Numbers next to curves
show the values of c,.

FIG. 14. Graphics of the flow as per Eq.
(73) with ¢y = 1. Left panel: the flow
velocity U(x) = T1(x) as the function of
x. Right panel: the frequency dependence
of the transmission ratio Ky (). Line 1 is
plotted for d=1 with Uy, = 0.5; lines 2
is plotted for d = 1.5 with U,;, = 0.25.

FIG. 15. Graphics of the flow as per Eq.
(73) with ¢ # 1. Left panel: the flow
velocity U(x) (solid lines) and TI(x)
(dashed lines) as functions of x. Right
panel: the frequency dependence of the
transmission ratio Kz(w). Line 1 is plotted
for ¢y = 0.5, d=1; lines 2 is plotted for
¢y =2, d=1; line 3 is plotted for ¢y = 2,
d=15.
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reflection on the flow inhomogeneity. Further, when the positive
energy wave enters the supercritical right domain x > x,, we can cal-
culate its amplification due to the transformation into a NEW. This is
precisely the statement of the problem that is adopted in the paper.

The performed analysis has highlighted a very significant influ-
ence of the “geometric factor” II(x) on the wave propagation. First, its
constancy provides reflectionless wave propagation regardless of the
frequency. Second, in the BH-WH ducts, the reflection coefficient in
the subcritical flow regions depends mainly on the behavior of func-
tion TI(x) rather than on the Mach number at the infinity,
Moo = U/c. In addition to that, amplification of positive energy
waves in the supercritical region is also determined mainly by the dif-
ference in the values of II(x) at the ending points of the “active”
(supercritical) region. With regard to this, we recall that at low fre-
quencies, the gain does not depend which of the speeds is greater, ¢; or
¢, but is determined entirely by their ratio.

C, UH K3

scitation.org/journal/phf

FIG. 16. The flow (74), c(x) = 1. Left
panel: flow velocity U= TII vs x. Right
panel: frequency dependence of the trans-
mission ratio K3. 1—D=1 (Upax = 2),
2—D=3 (Unax = 4). For comparison,
the dashed line presents the curve 2 plot-
ted in the right panel of Fig. 17.

In a WH-BH duct, the TT(x) behavior has a profound impact on
the wave propagation as well. However, the frequency dependence of
the transmission ratio K; of its final (supercritical) part is highly sensi-
tive to that does the Mach number tend to unity at the infinity or not
(see Fig. 17).

In this paper, we have considered quite general models of station-
ary flows variable in space. Such flows can be realized in laboratory
water tanks with the varying tank width and depth. In the linear
approximation, we have derived a second-order ODE describing the
wave amplitude in the non-uniform flow with two critical points that
mimic the BH and WH horizons in the general relativity. The derived
ODE can be reduced to the set of two first-order ODEs containing
critical points. Solutions to this set of equations have been investigated
analytically in the vicinity of each critical point. This allowed us to
determine the conditions of the optimal wave amplification for low-
and high-frequency waves. The analytical results have been illustrated

FIG. 17. Left panel: U(x) (solid lines),
I1(x) (dashes), and c(x) (dash-dotted
lines) graphs. Right panel: frequency
dependence of the transmission ratio K.
The numbers next to curves indicate the
number of a case in Eq. (76).
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FIG. 18. The absolute value and argu-
ment of the function r(x) for the case 2
(top) and case 3 (bottom). Different num-
bered curves pertain to different frequen-
cies: 1—w = 0, 2—w = 0.5, 3—w = 1,
4—w =2,5—w=>5.

by the direct numerical solutions of the derived set of equation.
Ultimately, this should shed light on the intriguing problem of wave
propagation through the wormholes if they exist in nature, indeed.
However, at least, the results obtained can be of interest to the inter-
pretation of wave amplification in the natural estuaries (rivers and
canals) or laboratory tanks. The validation of the theoretical results in
the laboratory sets up is a challenge for the experimenters.
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APPENDIX: INFLUENCE OF THE VISCOSITY IN THE
VICINITY OF CRITICAL POINTS

To investigate the details of a solution in the vicinity of a criti-
cal point where ¢(x) = U(x), let us take into account a small viscos-
ity in the medium. Supplementing Eq. (2) with a viscous term and
introducing the velocity potential u = O¢/0x, we derive:

Ou O0(Uu)  On Pu 130 Jdo (92_(/)__
o ox $ox TV ox o ox Vo &0
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where v < 1 is the kinematic viscosity. Substitution of this into Eq.
(4) yields:

2 2
(8+U672U‘J)8 Le—ry Lo,y Ze
9o

ot 0. 0x? ox? otox
/ 2
26 ey Y00 _ e ¢ 9
+[2U C (¢ +U)U:|(9 6t2+2Ucat 0.
For a single harmonic, ¢(x, t) = ¢(x)e !, we have
3 / 2
¢ c ¢
Uﬁ-i- - U? ZUU?—ICUI/ w2
2¢ 2 2 U }%
+{2U c (c +U)U+21wU I
2o ¢
+ |l —=2ioU—|¢p =0. (A1)
c

In the neighborhood of the BH horizon (say, x = x;), we put
x —x; = &&, where & =v/(2i;), p; = U} — ¢} > 0, and expand
¢(x) and U(x) in the Taylor series. Then, Eq. (A1) yields in the lead-

ing order:
d3d) & d¢ [0)
d€3 dé ( ﬁl) dg ﬂl 1
After integration of this equation over &, we obtain:
d’¢ d¢
dcle 1 +iB1¢1 =0, ¢ = — o1, $o1 = const. (A3)

Then, by means of the ansatz ¢, () = e/*G(¢), we obtain the
equation of the parabolic cylinder for the function G(&):

&G ( 1 52)
dig,2+ 1ﬁ1+5*2 G=0. (A4)

Solution to this equation can be presented in terms of the functions
Dip, (&) and D_jp 1 (*i) >3 50 that, we obtain:

¢ = o+ [CiDy, (&) + CDyy, (—0)].- (A5)

This solution should be matched with the asymptotic expan-
sions (34) of the outer solution calculated for x = x,. To this end,
we use the asymptotics of the function Dj(s) for |s| > 1 [see, Ref.
33, Eq. (9.246)]:

Dy~ e R (£ 2) gt <3, (a0

27 2 2
_2 pl—-p 2
Dp(s) ~ sPe™” /42Fo(—5 T 7—3—2)
V2m e . 1 2
_YTE_ orte /*,Fo b 7_+p i3 (A7)
I'(—p) 27 2 s
—s? P 17‘0 . 2
Dy(s) ~ s’e /,Fy (_E Ty 7—5—2)
_7WS—P—1eSZ/4 F P 1+P 2 (AS)
1—‘(7 240 ; 5 2
p) 27 2 s

where Eq. (A7) is valid for /4 < arg(s) < 57/4, Eq. (A8) is valid
for —5m/4 < arg(s) < —n/4, I'(x) is the gamma-function, and

scitation.org/journal/phf

X I'(a+n)T(b+n)z"
2Fo(a, b;z)NZ ( F(a;réb)n!)

n=0

It can be easily seen that both terms in square brackets in Eq.
(A5) grow infinitely (the former grows when & — —oo, and the
later when ¢ — +00), and therefore, the matching with the
bounded outer solutions [see Eq. (34)] requires:

C=C=0= BV =By =0 A=A = ¢pe ),
(A9)

because in the matching point ¢; = 1 [cf. Eq. (35)].
In the neighborhood of the WH horizon (say, x = x,), we put

x—x, =&, where & = —v/(2u,) because w, = U, — ¢, <O0.
Then, we obtain the equation similar to Eq. (A3):
Fo; 20
24¢ 2 —ify =0, &= — Py, Po, = const,

¢

where f, = w/,uz. The ansatz ¢,(&) = e </4G(¢) leads to the
equation [cf. Eq. (A4)]:

a*G 1 &
(iéz(iﬁ2+2+i)G:

Then, function ¢ can be written as

¢ = o +e A CD_ip 1 (E) + CD_ip 1 (=)

This solution remains bounded for any finite constants C, and C,.
Indeed, assuming that —=n <arg(¢) <0 (and, consequently,
—& = &el™), using then Eqs. (A6)-(A8), and keeping only the lead-
ing terms in each sum, we obtain:

: 2 \/27’CC2 :
C — Gl 22 b
(G 2 IS T +ip,) S
¢ — 400,
~ oy +
¢~ du V21 G

Cy — Cre™h)|g|hle-C/2 4 Y22 iﬂz»

& — —o0.
Match of this solution with the outer solution (34) yields:

Poz i)

0
Aé):A‘g):Q

and the relations between C; and B ) on the one hand and C, and
Béﬂ on the other demonstrating the fact that B( ) are mutually
independent.
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