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A simple and accurate four-node quadrilateral element using stabilized
nodal integration for laminated plates

H. Nguyen-Van1, N. Mai Duy 2 and T. Tran-Cong 3

Abstract: This paper reports the development
of a simple but efficient and accurate four-node
quadrilateral element for models of laminated,
anisotropic plate behaviour within the frame-
work of the first-order shear deformation theory.
The approach incorporates the strain smoothing
method for mesh-free conforming nodal integra-
tion into the conventional finite element tech-
niques. The membrane-bending part of the el-
ement stiffness matrix is calculated by the line
integral on the boundaries of the smoothing el-
ements while the shear part is performed using
an independent interpolation field in the natural
co-ordinate system. Numerical results show that
the element offered here is locking-free for ex-
tremely thin laminates, reliable and accurate, and
easy to implement. Its convergence properties are
insensitive to mesh distortion, thickness-span ra-
tios, lay-up sequence and degree of anisotropy.

Keyword: laminated composite plates, strain
smoothing method, shear-locking free, first-order
shear deformation theory.

1 Introduction

Fibre-reinforced composite materials are ideal for
many engineering applications that require high
strength-to-weight, stiffness-to-weight ratios, ex-
cellent resistance to corrosive substances and po-
tentially high overall durability. In recent years, a
fast growing interest in the use of fibre-reinforced
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composite structures, especially laminated plates
and shells in various civil and mechanical engi-
neering applications, is evidenced by numerous
efforts to develop the rational analysis of these
structures. For example, the research on simple,
efficient and accurate modeling of thin to thick
composite plates and shells has caught the atten-
tion of many practitioners in the field of analysis
and design of composite material structures.

There are many theories developed for lin-
ear/nonlinear analysis of thin to thick laminated
plates in bending such as the classical plate the-
ory (CPT), the first-order shear deformation the-
ory (FSDT), the higher-order shear deformation
theory (HSDT), the layer-wise theory and vari-
able kinematics models. Among these theories,
the FSDT is often widely used due to its sim-
plicity, low computational cost and the ability of
simulating the shear deformation effects in lam-
inated plates and shell structures through appro-
priate shear correction factors (SCFs). These fac-
tors depend on the constituent ply properties, ply
lay-up, fibre orientation, boundary conditions and
particular applications and can be calculated us-
ing some special procedures [Valchoutsis (1992);
Chatterjee and Kulkarni (1979); Whitney (1973)].
With the proper SCFs, the use of FSDT becomes
more reasonable in practical applications.

To date, FSDT is still the most attractive ap-
proach owing to a good compromise between
numerical accuracy and computational burden.
Many researchers have made significant contri-
butions to the development of simple triangu-
lar and quadrilateral elements based on FSDT
for many years. The major problem is how to
remove shear-locking as the thickness-span ra-
tio of the plate become too small (e.g. h/a <

1/50). Many techniques have been proposed
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to overcome this phenomenon, with varying de-
gree of success. For instance, the reduced or
selective integration methods [Zienkiewicz, Tay-
lor, and Too (1971); Pawsey and Clough (1971);
Hughes, Cohen, and Haroun (1978); Pugh, Hin-
ton, and Zienkiewicz (1978); Pugh, Hinton, and
Zienkiewicz (1978); Malkus and Hughes (1978)];
the hybrid/mixed method [Hughes and Tezd-
uar (1981); Crisfield (1984); Zienkiewicz, Tay-
lor, Papadopoulos, and Onate (1990); Onate,
Zienkiewicz, Surez, and Taylor (1992)]; the as-
sumed or modified shear strain technique [Prathap
(1984); Prathap (1985); Somashekar, Prathap,
and Babu (1987); Bathe and Dvorkin (1985);
Kim, Kim, and Lee (2004)]; and the field-
consistency approach [Prathap (1984); Prathap
(1985); Somashekar, Prathap, and Babu (1987)].
In these studies, where the reduced/selective in-
tegration is used, it is found that in certain cases,
extra zero energy modes may exist and these tech-
niques are not effective for thin-plate situation.
The hybrid/mixed method can be considered an
efficient method for avoiding shear-locking but
its complex formulation and high computational
cost render its usage less attractive in practical ap-
plications. The studies of the assumed/modified
shear strain and the field consistency can be con-
sidered significant contributions in the develop-
ment of simple bending elements in which shear
locking and spurious kinematic modes have been
successfully eliminated.

Several recent formulations have paralleled these
developments using displacement function of the
Timosenko’s beam to develop locking-free plate
elements. Ibrahimbegovic (1992) and Ibrahimbe-
govic (1993) first used Timoshenko’s beam for-
mulas to developed three thin-thick plate elements
PQ1, PQ2, PQ3 based on the mixed interpola-
tion method. Soh, Cen and Long used a new
formula similar to Timoshenko’s beam formu-
las to present a 12-DOF quadrilateral element,
ARS-Q12 [Soh, Cen, Long, and Long (2001)],
and a 9-DOF triangular element, ARS-T9 [Soh,
Long, and Cen (1999)]. Based on the element
ARS-Q12, Cen, Long, and Yao (2002) added a
bilinear in-plane displacement field of the mid-
plane to build a 4-node 20-DOF quadrilateral

element CTMQ20. Some elements later were
developed based on Timoshenko’s beam func-
tion method such as 9-DOF triangular RDKTM
[Chen and Cheung (2001)], 20-DOF quadrilateral
Mindlin plate element RDKQM [Chen and Che-
ung (2000)], a refined 15-DOF triangular Mindlin
plate element RDTMLC [Ge and Chen (2002)],
a 20-DOF and 24-DOF quadrilateral element re-
ferred to as RDKQ-L20 and RDKQ-L24 [Zhang
and Kim (2004)]. Because of the application of
Timoshenko beam, these elements can be justi-
fied theoretically in the case of thin plates. Al-
though these elements are efficient, they are usu-
ally used with uniform mesh. It is rather difficult
to obtain accurate results when element is used in
an extremely distorted geometry with challenging
effects such as non-symmetric laminates which
have coupling present and materials which pos-
sess a high E1 to E2 ratio.

To avoid problems related to element distortion
encountered in finite element method (FEM),
many useful techniques of mesh-free method have
been recently developed [e.g. Atluri and Shen
(2002); Atluri, Han, and Rajendran (2004); Mai-
Duy, Khennane, and Tran-Cong (2007), etc.].
One of the best methods is the stabilized con-
forming nodal integration (SCNI) which is used
as a normalization for nodal integration of mesh-
free Galerkin weak form [Chen, Wu, and You
(2001); Wang and Chen (2004); Wang, Dong,
and Chen (2006)]. Although mesh-free method
has good accuracy and high convergence rate, the
complex approximation space increases the com-
putational cost for numerical integrations. Re-
cently, the application of SCNI in existing FEM
for 2D elasticity problems was presented by Liu
et al. [Liu, Dai, and Nguyen (2007); Liu, Nguyen,
Dai, and Lam (2006)] as a new smoothed finite el-
ement method (SFEM). It is found that the SFEM
achieves more accurate results and higher conver-
gence rate as compared with the corresponding
non-smoothed finite element method without in-
creasing the computational cost.

The present study is a contribution to the devel-
opment of a simple, accurate and locking-free
four-node element, within the framework of the
FSDT, which is able to work well in highly dis-
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torted form for static analysis of laminated com-
posite plates of different shapes. We will ex-
tend and develop the idea of SFEM and propose a
new locking-free quadrilateral laminated plate el-
ement based on the SCNI. The present four-node
20-DOF element is obtained by incorporating the
SCNI into the Bathe-Dvorkin assumed strain plate
element [Bathe and Dvorkin (1985)]. The mem-
brane and bending strain fields are approximated
using strain smoothing technique of mesh-free
method [Chen, Wu, and You (2001); Wang and
Chen (2004)]. The shear strains are approximated
by an independent interpolation field in the nat-
ural co-ordinate system. With this novel combi-
nation, the proposed element is locking free, it
does not have zeros energy modes and is able
to provide accurate result in cases of extremely
distorted elements, for example, even when two
nodes are collapsed so that the quadrilateral be-
comes a triangle.

The paper is outlined as follow. First, a brief re-
view of the FSDT is introduced in section 2. The
description of strain smoothing stabilization for
membrane strain field, curvatures fields and the
assumed natural shear strain of the element are
derived in section 3. Several numerical applica-
tions are investigated in section 4 to assess the
performances of the proposed element. Finally,
some concluding remarks and further works are
discussed in the section 5.

2 First-Order Shear Deformation Theory of
Laminated Composite Plates

The first-order shear deformation theory (FSDT)
is an extension of the Reissner-Mindlin theory for
homogeneous isotropic thick plates. The theory
take into account transverse shear strain in the
formulation and it is briefly reviewed as follows
[Reddy (2004)].

In FSDT, the plate kinematics is governed by the
midplane displacement u0,v0,w0 and the rotation
θx, θy

u(x,y, z) = u0(x,y)+ zθx,

v(x,y, z) = v0(x,y)+ zθy,

w(x,y, z) = w0(x,y).
(1)

A typical 4-node quadrilateral laminated plate el-
ement consisting of n layers with thickness h is
shown in Figure 1.

Figure 1: A quadrilateral laminated plate element
consisting of n layers

The in-plane strain vector εεε = [εx εy εxy]T can
be rewritten as

εεε = εεεm + zεεεb, (2)

in which

εεεm = [u0,x v0,y u0,y +v0,x]T ;

εεεb = [θx,x θy,y θx,y +θy,x]T ,
(3)

and the transverse shear strain vector γγγ =
[γxz γyz]T is

γγγ = [θx−w,x θy−w,y]T . (4)

The stress-strain relation with respect to global
x− and y−axis for the kth(k = 1..n) lamina is ex-
pressed as

σσσ k =

⎧⎨
⎩

σx

σy

τxy

⎫⎬
⎭

k

=

⎡
⎣Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

⎤
⎦

k ⎧⎨
⎩

εx

εy

γxy

⎫⎬
⎭

= Q
kεεε ,

(5)
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= C
k
sγγγ,

(6)

where k2
1, k2

2 are SCFs and can be estimated by
using special methods [Valchoutsis (1992); Chat-
terjee and Kulkarni (1979); Whitney (1973)] for
anisotropic plates; Q

k
i j, Q

∗k
i j are the elastic con-

stants of the kth lamina making an angle θ k with
the principal material x−axis, which are given as

Q
k
= Tε QkTT

ε ; Q
∗k

= Tγ Q∗kTT
γ , (7)

in which

Qk =

⎡
⎣

E1
1−ν12ν21

ν12E2
1−ν12ν21

0
ν21E1

1−ν12ν21

E2
1−ν12ν21

0
0 0 G12

⎤
⎦

k

, (8)

Q∗k =
[

G13 0
0 G23

]k

, (9)

and Tε , Tγ are transformation matrices

Tε =

⎡
⎣c2 s2 −2cs

s2 c2 2cs
cs −cs c2 − s2

⎤
⎦ , (10)

Tγ =
[

c −s
s c

]
, (11)

where c = cosθ k, s = sinθ k.

The stress and resultant constitutive relation of the
laminated plate can be expressed as

σσσ p =
{

N
M

}
=

[
A B
B D

]{
εεεm

εεεb

}
= Cpεεε p, (12)
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where

Ai j =
n

∑
k=1

(zk − zk−1)Q
k
i j, i, j = 1,2,6

Bi j =
1
2

n

∑
k=1

(z2
k − z2

k−1)Q
k
i j, i, j = 1,2,6

Di j =
1
3

n

∑
k=1

(z3
k − z3

k−1)Q
k
i j, i, j = 1,2,6

C◦
i j =

n

∑
k=1

(zk − zk−1)Q
∗k
i j , i, j = 4,5

(14)

3 Strain smoothing approach for finite ele-
ment method

Let us consider a bounded domain Ω =
ne

∑
i=1

Ωe of

composite plate which is discretized into ne finite
elements. The finite element solution u of a dis-
placement model is approximated as

u =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u
v
w
θx

θy

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

=
np

∑
i=1

Niqi, (15)

where np is the total number of nodes of the mesh,
Ni is the shape function of the four-node serendip-
ity element, qi = [ui vi wi θxi θyi] is the displace-
ment vector of the element.

The corresponding approximation of membrane,
bending and shear strain of equations (3) and (4)
can be expressed in the following form

εεε p =
{

εεεm

εεεb

}
=

[
Bm

Bb

]
q = Bpq, (16)

γγγ =
{

γxz

γyz

}
= Bsq, (17)

Bm =

⎛
⎝Ni,x 0 0 0 0

0 Ni,y 0 0 0
Ni,y Ni,x 0 0 0

⎞
⎠ , (18)

Bb =

⎛
⎝0 0 0 Ni,x 0

0 0 0 0 Ni,y

0 0 0 Ni,y Ni,x

⎞
⎠ , (19)

Bs =
(

0 0 Ni,x Ni 0
0 0 Ni,y 0 Ni

)
. (20)

Then the element stiffness matrix can be obtained
as

Ke = Ke
mb +Ke

s

=
∫

Ωe

BT
p CpBpdΩ+

∫
Ωe

BT
s CsBsdΩ. (21)

In mesh-free method based on nodal integration,
the convergence of the solution approximated by
linear complete shape functions requires the fol-
lowing integration constraint (IC) to be satisfied
[Chen, Wu, and You (2001); Wang and Chen
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(2004)]∫
Ω

BT
i (x)dΩ =

∫
Γ

nT Ni(x)dΓ, (22)

where Bi is the standard gradient matrix associ-
ated with shape function Ni and n is the matrix of
outward normal to the boundary Γ.

The IC condition is met by using strain smooth-
ing techniques for each representative nodal cell
[Chen, Wu, and You (2001)]. By incorporat-
ing the idea of strain smoothing method used in
mesh-free nodal integration method [Chen, Wu,
and Belytschko (2000)], Liu et al. [Liu, Dai,
and Nguyen (2007); Liu, Nguyen, Dai, and Lam
(2006)] formulated the SFEM for 2D static elastic
problems. The idea of formulation of SFEM is as
follow: (1) elements are used as in FEM; (2) the
Galerkin weak form is obtained by a mixed vari-
ational principle based on an assumed strain field
and integration is carried out on the basis of ele-
ment; (3) a smoothing operation is performed on
each smoothing cell to normalize local strain for
calculating the element stiffness matrix.

3.1 Smoothing membrane strains of the ele-
ment

The membrane strains at an arbitrary point xC are
obtained by using following strain smoothing op-
eration

ε̃εεm(xC) =
∫

ΩC

εεεm(x)Φ(x−xC)dΩ, (23)

where εεεm is the membrane strain obtained from
displacement compatibility condition as given in
Equation (16). ΩC is the smoothing cell do-
main on which the smoothing operation is per-
formed. Depending on the stability analysis [Liu,
Dai, and Nguyen (2007); Liu, Nguyen, Dai, and
Lam (2006)], ΩC may be an entire element or
part of an element as shown in Figure 2. Φ is
a given smoothing function that satisfies at least
unity property

∫
ΩC

ΦdΩ = 1 and is defined as

Φ(x−xC) =

{
1/AC x ∈ ΩC,

0 x /∈ ΩC.
(24)

where AC =
∫

ΩC
dΩ is the area of the smoothing

cell (subcell).

Substituting Φ into Equation (23) and applying
the divergence theorem, one can get the smoothed
membrane strain

ε̃εεm(xC) =
1

2AC

∫
ΩC

(
∂ui

∂x j
+

∂u j

∂xi

)
dΩ

=
1

2AC

∫
ΓC

(uin j +u jni)dΓ,

(25)

where ΓC is the boundary segment of the smooth-
ing cell, Introducing the finite element approxi-

Figure 2: Subdivision of smoothing cells (nc) and
the values of shape functions at nodes.

mation of u into Equation (25) gives

ε̃εεm(xC) =
nc

∑
i=1

B̃mi(xC)qi, (26)

where nc is the number of smoothing cells and

B̃mi(xC) =

1
AC

∫
ΓC

⎛
⎝Ninx 0 0 0 0

0 Niny 0 0 0
Niny Ninx 0 0 0

⎞
⎠dΓ. (27)

If one Gaussian point is used to evaluate Equation
(27) along each line segment of the edge ΓC

i of
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ΩC, Equation (27) can be transformed as follows

B̃mi(xC) =

1
AC

nb

∑
b=1

⎛
⎝Ni(xG

b )nx 0 0 0 0
0 Ni(xG

b )ny 0 0 0
Ni(xG

b )ny Ni(xG
b )nx 0 0 0

⎞
⎠ lCb ,

(28)

where xG
b and lCb are the midpoint (Gauss point)

and the length of ΓC
b , respectively; nb is the total

number of edges of each smoothing cell.

3.2 Smoothing bending strains of the element

Similarly, by using the same constant smooth-
ing fuction Φ for membrane strain, the smoothed
bending strain can be obtained as follows

ε̃εεb(xC) =
∫

ΩC

εεεb(x)Φ(x−xC)dΩ

=
1

2AC

∫
ΓC

(θin j +θ jni)dΓ.
(29)

Then the relationship between the smoothed
bending strain field and the nodal displacement is
written by

ε̃εεb(xC) =
nc

∑
i=1

B̃bi(xC)qi, (30)

with

B̃bi(xC) =
1

AC

∫
ΓC

⎛
⎝0 0 0 Ninx 0

0 0 0 0 Niny

0 0 0 Niny Ninx

⎞
⎠dΓ.

(31)

Using integration with one-point Gauss quadra-
ture to evaluate the above equation over each line
segment we get

B̃bi(xC) =

1
AC

nb

∑
b=1

⎛
⎝0 0 0 Ni(xG

b )nx 0
0 0 0 0 Ni(xG

b )ny

0 0 0 Ni(xG
b )ny Ni(xG

b )nx

⎞
⎠ lCb .

(32)

By introducing B̃p = [ B̃m B̃b ]T the smoothed
membrane-bending stiffness matrix of the ele-
ment can be obtained by assembling the individ-
ual stiffness matrices of the smoothing cells of the

element

K̃e
mb =

nc

∑
C=1

B̃T
pCCpB̃pCAC, (33)

where nc is the total number of smoothing cells of
the element, see Figure 2.

3.3 Transverse shear strains of the element

The shear strains are approximated with indepen-
dent interpolation fields in the natural coordinate
system [Bathe and Dvorkin (1985)]

[
γx

γy

]
= J−1

[
γξ
γη

]
= J−1N̂

⎡
⎢⎢⎢⎣

γA
η

γB
ξ

γC
η

γD
ξ

⎤
⎥⎥⎥⎦ , (34)

in which

N̂ =
1
2

[
(1−ξ ) 0 (1+ξ ) 0

0 (1−η) 0 (1+η)

]
,

(35)

J is the Jacobian matrix and the midside nodes A,
B, C, D are shown in Figure 1. Expressing γA

η , γC
η

and γB
ξ ,γD

ξ in terms of the discretized fields u, we
obtain the shear matrix

Bsi = J−1
[

0 0 Ni,ξ −b12
i Ni,ξ b11

i Ni,ξ
0 0 Ni,η −b22

i Ni,η b21
i Ni,η

]
,

(36)

where

b11
i = ξix

M
,ξ , b12

i = ξiy
M
,ξ , b21

i = ηix
L
,η , b22

i = ηiy
L
,η

(37)

in which ξi ∈ {−1,1,1,−1}, ηi ∈
{−1,−1,1,1} and (i,M,L) ∈
{(1,B,A); (2,B,C); (3,D,C); (4,D,A)}.
Finally the element stiffness matrix can be ob-
tained as follows

K̃e = K̃e
mb +K

e
s

=
nc

∑
C=1

B̃T
pCCpB̃pCAC +

∫
Ωe

B
T
s CsBsdΩ,

(38)

where the shear term K
e
s is still computed by

2× 2 Gauss quadrature while the element bend-
ing stiffness Ke

mb in Equation (21) is replaced by
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the smoothed strain technique on each smoothing
cell of the element.

Once the displacement variables are known, the
in-plane stresses σσσ k

p for the kth layer are obtained
by

σ̃σσ k
p = Q

k(ε̃εε◦m + zε̃εε ◦
b), (39)

and the transverse shear stresses are calculated by
a simple approach of Rolfes and Rohwer (1997).

4 Numerical results and discussions

The analysis described above forms the ba-
sis of a new four-node quadrilateral element
named MISQ20 (Mixed Interpolation Smooth-
ing Quadrilateral element with 20 DOF). The 5
DOF at each node are: u,v,w,θx,θy. In this sec-
tion, we will test and assess the MISQ20 element
through several application studies. Two smooth-
ing cells as shown in Figure 2 are used for calcu-
lating the smoothed membrane-bending stiffness
matrix of the element. Particular plates having
different shapes, boundary conditions, thickness
ratios, number of layers, fibre orientations are an-
alyzed with this element and the obtained results
are discussed and compared with those obtained
from other analytical and/or numerical solutions
if available. The material properties considered in
the numerical examples here are given in Table 1.

Table 1: Material properties.

Moduli
HM graphite epoxy
M1 M2 M3 M4

E11 ×106 25.0 40.0 40.0 5.6
E22 ×106 1.0 1.0 1.0 1.2
G12 ×106 0.5 0.6 0.5 0.6
G13 ×106 0.5 0.6 0.5 0.6
G23 ×106 0.2 0.5 0.5 0.6
ν12 = ν23 = ν13 0.25 0.25 0.25 0.26

4.1 Example 1: Simply supported cross-ply
laminates under uniformly distributed load

The symmetric [0◦/90◦/0◦] and unsymmetric
[0◦/90◦] cross-ply laminate square plates of ma-

terial M1 with length a and thickness h , sub-
jected to simply supported boundary SS1 [Reddy
(2004)] under a uniform transverse load qo = 1 are
studied. The shear correction factors are constant
and equal to 5/6.

Owing to symmetry, only a quarter of the plate
is discritized using 3×3, 6×6, 12×12 meshes
with regular as well as highly distorted ele-
ments as shown in Figure 3. Table 2 shows the

(a) (b)

(c) (d)

Figure 3: Example 1. Meshes of a quarter of sim-
ply supported plate: (a) typical regular mesh 6×6;
(b) irregular mesh 3×3; (c) irregular mesh 6×6;
(d) irregular mesh 12×12

prediction accuracies and convergence rate for
the dimensionless plate center deflections w =
100E2wh3/(qoa4) with two types of meshes. It
is found that the accuracy of the present element
is better than EML4 (Enhance Mixed Linked
4 node) element [Auricchio and Sacco (1999)],
HASL (Hybrid Assumed-Strain Laminate) ele-
ment [Cazzani, Garusi, Tralli, and Atluri (2005)]
in the case of regular meshes 12×12. Numerical
results in Table 2 also indicate that element per-
formance, in terms of rate of convergence and ac-
curacy, with respect to exact solution is excellent.

It is interesting to note that the proposed MISQ20
yields not only accurate results in a wide range
of thick to thin plates but also rapid convergence,
especially when plates are thin for both regular



166 Copyright c© 2007 Tech Science Press CMC, vol.6, no.3, pp.159-175, 2007

Table 2: Example 1. Simply supported cross-ply [0◦/90◦] and [0◦/90◦/0◦] square plate under uniform
load: Convergence of normalized central deflection w∗ = 100E2wh3/(qoa4) and comparison with available
literature.

h/a Lay-up Mesh
EML4 HASL MISQ20

Exact
12×12 12×12 3×3 6×6 12×12

0.001 Regular – – 1.6897 1.6943 1.6952 –
Irregular – – 1.6813 1.6918 1.6947

0.01 [0◦/90◦] Regular – – 1.6923 1.6967 1.6979 1.6980
Irregular – – 1.6862 1.6928 1.6973

0.1 Regular 1.9470 – 1.9465 1.9469 1.9469 1.9468
Irregular – – 1.9516 1.9478 1.9466

0.001 Regular – – 0.6736 0.6676 0.6664 –
Irregular – – 0.6728 0.6676 0.6667

0.01 [0◦/90◦/0◦] Regular – 0.6700 0.6773 0.6713 0.6700 0.6697
Irregular – – 0.7006 0.6736 0.6702

0.1 Regular 1.0220 1.0262 1.0367 1.0254 1.0227 1.0219
Irregular – – 1.0735 1.0312 1.0232

Table 3: Example 2. Simply supported 2-layer angle-ply [θ/−θ ] square plate under uniform load: Conver-
gence of the normalized central deflection w∗ = 100E2wh3/(qoa4) with different fibre angles and compari-
son with available literature.

Fibre
angle

Exact
MQH3T SQUAD4 RDTMLC RDKQ-L20 MISQ20

6×6 10×10 8×8 10×10 4×4 6×6 8×8 10×10
(665DOF) (605DOF) (605DOF) (605DOF) (605DOF)

±5◦ 0.4736 0.4764 0.4776 0.4776 0.4742 0.4987 0.4793 0.4758 0.4748
±15◦ 0.7142 0.7160 – 0.7014 0.7139 0.7328 0.7191 0.7164 0.7155
±25◦ 0.7870 0.7870 0.8030 0.7638 0.7854 0.7980 0.7901 0.7886 0.7880
±35◦ 0.7561 0.7555 0.7745 0.7329 0.7538 0.7633 0.7581 0.7571 0.7567
±45◦ 0.7322 0.7315 0.7506 0.7106 0.7302 0.7381 0.7340 0.7331 0.7327

Table 4: Example 3. Clamped 2-layer angle-ply [θ/− θ ] square plate under uniform load: Convergence
of normalized central deflection w∗ = 100E2wh3/(qoa4) with different fibre angles and comparison with
available literature.

Fibre
angle

Exact
MQH3T SQUAD4 RDTMLC RDKQ-L20 MISQ20

6×6 10×10 8×8 10×10 4×4 6×6 8×8 10×10
(665DOF) (605DOF) (605DOF) (605DOF) (605DOF)

±5◦ 0.0946 0.1083 0.1040 0.1095 0.1046 0.1143 0.1010 0.1013 0.1023
±15◦ 0.1691 0.2009 – 0.1944 0.1990 0.2096 0.1961 0.1964 0.1971
±25◦ 0.2355 0.2572 0.2602 0.2466 0.2600 0.2723 0.2578 0.2579 0.2580
±35◦ 0.2763 0.2844 0.2914 0.2726 0.2908 0.3073 0.2909 0.2895 0.2889
±45◦ 0.2890 0.2929 0.3013 0.2809 0.3004 0.3181 0.3013 0.2993 0.2986
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and extremely distorted meshes. The effect of dis-
torted mesh and decreasing thickness ratio h/a on
the convergence of the results is shown in Figure
4. It is found that the convergence solution of w
for unsymmetric cross-ply [0◦/90◦] with h/a =
0.1 is faster than h/a = 0.01 in both types of
mesh. For symmetric cross-ply [0◦/90◦/0◦], the
convergence rate of w∗ with h/a = 0.1 is slower
than with h/a = 0.01.
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Figure 4: Example 1. Convergence behaviour of
the normalized central deflection w∗.

4.2 Example 2: Simply supported angle-ply
square plate under uniformly distributed
load

A simply supported two-layer angle-ply [θ ◦/−
θ ◦] square plate of material M3 with length a =

10 and thickness h = 0.02, subjected to a uni-
formly distributed transverse load qo = 1 is an-
alyzed. Shear correction factors are: k2

1 = k2
2 =

5/6. The total thickness of θ ◦ and −θ ◦ layers
are equal. Due to asymmetry, the entire plate is
modelled using 4×4, 6×6, 8×8, 10×10 meshes.
A representative sketch of the 6×6 mesh used in
this analysis is shown in Figure 5.

Figure 5: Example 2. Finite element and geome-
try data for unsymmetric angle-ply plate.

Table 3 presents a convergence study of the nor-
malized central deflection w∗ = 100E2wh3/(qoa4)
for the simply supported two-layer square plate
with different fibre orientation angles. The nor-
malized central deflection w∗ is compared with
the numerical solutions obtained using MQH3T
[Spilker, Jakobs, and Engelmann (1985)] (hy-
brid laminated element), SQUAD4 [Wilt, Saleeb,
and Chang (1990)] (mixed laminated element),
RDTMLC [Ge and Chen (2002)] (refined dis-
crete triangular laminated element), RDKQ-L20
[Zhang and Kim (2004)] (refined discrete quadri-
lateral laminate element) and the exact solution
given by Whitney [Whitney (1969); Whitney
(1970)]. The effect of fibre orientation on the ac-
curacy of the methods is also shown in Figure 6.

From Table 3 and Figure 6, it can be seen that the
accuracy of the present element compares very
favorably with other elements and the method is
convergent with mesh refinement as shown in Ta-
ble 3. The accuracy obtained with the present
MISQ20 element is quite insensitive with fibre an-
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Figure 6: Example 2. The effect of θ on the accu-
racy of w∗.

gles while other methods bahave badly in some
cases as shown in Figure 6 and Table 3.

4.3 Example 3: Clamped angle-ply square
plate under uniformly distributed load

The same plate as in example 2 (section 4.2)
is analyzed here except that all the plate edges
are clamped. The obtained numerical re-
sults of the normalized central deflection w∗ =
100E2wh3/(qoa4) is shown in Table 4. The effect
of fibre orientation on the accuracy of different
methods is also shown in Figure 7.
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Figure 7: Example 3. The effect of θ on the accu-
racy of w∗.

From Table 4, it is evident that with an 8×8
mesh for the whole plate, the present element
gives more accurate results than the SQUAD4 ele-
ment with a 10×10 mesh and the RDKQ-L20 el-
ement with a 10×10 mesh. The present results
with a 10×10 mesh are comparable to those of
MQH3T with a 6×6 mesh and RDTMLC with an
8×8 mesh but the degrees of freedom associated
with MQH3T elements are much larger (665 DOF
compared with 605 DOF).

4.4 Example 4: Antisymmetric angle-ply 2-
layer [−45◦/45◦] and 8-layer [−45◦/45◦]4
square plate with simply supported edges
under a double sinusoidal load

To study the combined effect of bending-inplane
shear, extension twist coupling caused by B16 and
B26 in Equation (12) and transverse shear flexibil-
ity on the performance of the proposed element,
simply-supported 2-layer [−45◦/45◦] and 8-layer
[−45◦/45◦]4 angle-ply square plates, with length
a and thickness h subjected to doubly sinusoidal
loading q = q0sin(x/a)sin(y/a) as shown in Fig-
ure 8, are analyzed. The SCFs for the plate made
of material M3 are assumed 5/6.

Figure 8: Example 4. Geometry data for unsym-
metric angle-ply square plate.

Due to anti-symmetry, the whole plate is mod-
eled with 10×10 meshes. The numerical results
shown in Table 5 demonstrate the accuracy of the
present method. Note that calculations are per-
formed for the normalized central deflection w∗ =
1000E2wh3/(qoa4); the normalized stress σ∗

x =
σxh2/(qoa2) at point (a/2,a/2,h/2); the shear
stress τ∗

xy = τxyh2/(qoa2) at point (0,0,−h/2)
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Table 5: Example 4. Simply supported 2-layer [−45◦/45◦] and 8-layer [−45◦/45◦]4 angle-ply square plate
under doubly sinusoidal loading: Comparison of normalized central deflection and normalized stresses.
Note that σ∗

x is computed at point (a/2,a/2,h/2); τ∗
xy at point (0,0,−h/2) and τ∗

xz at point (0,a/2,h/4).

h/a Model
[−45◦/45◦] [−45◦/45◦]4

w∗ σ∗
x τ∗

xy τ∗
xz w∗ σ∗

x τ∗
xy τ∗

xz

0.01 CTMQ20 (8×8) 0.6519 0.2474 0.2295 0.1194 0.2463 0.1459 0.1356 0.1791
RDKQ-L20 (10×10) 0.6533 0.2488 0.2302 0.1245 0.2466 0.1464 0.1359 0.1813
MFE (8×8) 0.6558 – – – 0.2472 – – –
MISQ20 (10×10) 0.6553 0.2459 0.2304 0.1884 0.2475 0.1427 0.1368 0.2358
Exact (FSDT) 0.6564 0.2498 0.2336 0.2143 0.2479 0.1384 0.1384 0.2487

0.1 CTMQ20 (8×8) 0.8218 0.2543 0.2349 0.2005 0.4157 0.1507 0.1361 0.2384
RDKQ-L20 (10×10) 0.8241 0.2517 0.2316 0.2053 0.4171 0.1512 0.1370 0.2420
MFE (8×8) 0.8257 – – – 0.4189 – – –
MISQ20 (10×10) 0.8286 0.2459 0.2304 0.1884 0.4208 0.1427 0.1368 0.2358
Exact (FSDT) 0.8284 0.2498 0.2336 0.2143 0.4198 0.1445 0.1384 0.2487

Table 6: Example 5. Clamped 9-layer [(0◦/90◦)2/0]s cross-ply square plate under uniform load: Compari-
son of normalized central deflection w∗ = 1000E2wh3/(qoa4).

h/a
QUAD4 TRIPLT MFE RDTML RDKQ-L20 MISQ20

SQH8×8 4×4 8×8 10×10 5×5 5×5
(405DOF) (375DOF) (486DOF) (605DOF) (180DOF) (180DOF)

0.0001 0.944 – – 0.957 0.969 0.940 –
0.001 0.944 0.934 0.949 0.957 0.969 0.940 0.949
0.01 0.957 0.964 0.963 0.969 0.983 0.955 0.963
0.1 2.316 2.320 2.331 2.318 2.351 2.341 2.319

and the normalized transverse shear stress τ∗
xz =

τxzh/(qoa) at point (0,a/2,h/4).

4.5 Example 5: Clamped 9-layer
[(0◦/90◦)2/0]s cross-ply square plate
under uniformly distributed load

A clamped 9-layered symmetrically laminated
cross-ply [(0◦/90◦)2/0]s plate of length a and
thickness h under uniform load qo is considered.
The SCFs are: k2

1 = 1.054 and k2
2 = 0.917 [Zhang

and Kim (2004) ]. The total thicknesses of 0◦ and
90◦ layers of material M1 are the same. This par-
ticular lay-up is known as especially orthotropic
as it does not exhibit any coupling. Making use
of this feature, only one quarter of the plate is
discretized. The normalized central deflection
w∗ = 1000E2wh3/(qoa4) of the clamped square
plate with various aspect ratios h/a is calculated
with a 5×5 mesh, and the results are compared

in Table 6 with those from QUAD4 [Somashekar,
Prathap, and Babu (1987)] with an 8×8 mesh,
TRIPLT [Pagano (1970)] with a 4×4 mesh MFE
[Singh, Raveendranath, and Rao (2000) ] with
an 8×8 mesh, RDTMLC [Ge and Chen (2002)]
with a 10×10 mesh, RDKQ-L20 [Zhang and Kim
(2004)] with a 5×5 mesh and exact solution from
FSDT [Reddy (2004)].

Table 7: Example 5. Clamped 9-layer
[(0◦/90◦)2/0]s cross-ply square plate under uni-
form load: Comparison of normalized central mo-
ment resultant M∗

x = 100E2Mx/(qoa2).

h/a QUAD4 TRIPLT MFE MISQ20
0.01 -6.61 -6.62 -6.58 -6.50
0.1 -5.66 -5.66 -5.59 -5.57

The comparison of normalized central moment
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M∗
x = 100E2Mx/(qoa2) is also presented in Table

7.

4.6 Example 6: Simply supported 9-layer
[(0◦/90◦)2/0]s cross-ply square plate under
uniformly distributed load

To assess the effect of boundary conditions on
MISQ20 element, the plate in the previous exam-
ple 5 is re-analyzed with simply supported bound-
aries. The results are listed in Table 8 and Table
9 which show that the present results are accurate
and comparable with those obtained with other el-
ements. The present element can provide accurate
prediction of the solution with much reduced de-
grees of freedom in some cases.

Table 8: Example 6. Simply supported 9-layer
[(0◦/90◦)2/0]s cross-ply square plate under uni-
form load: Comparison of normalized central mo-
ment resultant M∗

x = 1000E2Mx/(qoa2).

h/a QUAD4 TRIPLT MFE MISQ20 Exact
0.001 8.88 8.42 8.90 9.02 8.89
0.01 8.88 8.81 8.90 9.02 8.88
0.1 8.84 8.42 8.44 8.80 8.42

4.7 Example 7: A clamped circular plate sub-
jected to uniform pressure

A clamped circular plate of material M4 with
radius R and various aspect ratios of R/h sub-
jected to uniformly distributed load is consid-
ered. The laminate is unidirectional with fibers
oriented at θ = 0o with respect to the global co-
ordinates. The SCFs are 5/6. Owing to sym-
metry, only a quarter of the circular plate is
modelled with 12 and 48 elements as shown in
Figure 9. The results are compared with nu-
merical results of the SQUAD4 element [Wilt,
Saleeb, and Chang (1990)], the RDKQ-L20 el-
ement [Zhang and Kim (2004)], RDTMLC ele-
ment [Ge and Chen (2002)] and the exact solution
[Reddy (2004)] in Table 10. Note that the nor-
malized central deflection of the circular plate in
Table 10 is w∗ = wD/(qR4) with D = 3(D11 +
D22) + 2(D12 + 2D66), where D11,D22,D12,D66

(a) 12 elements (b) 48 elements

Figure 9: Example 7. Finite element meshes of a
quarter of circular plate.

are bending rigidity coefficients of the laminate
found by laminate theory.

From the data of Table 10, it can be seen that the
present elements give more accurate solution for
both thick and thin plate than those of cited ele-
ments.

4.8 Example 8: Simply supported cross-ply
[0◦/90◦/0◦] and angle-ply [45◦/−45◦/45◦]
skew laminated plates under uniformly dis-
tributed load

This section deals with symmetric cross-ply
[0◦/90◦/0◦] and angle-ply [45◦/−45◦/45◦] skew
laminated plates of material M1 with length a =
10 and thickness h = 0.1, subjected to simply sup-
ported boundary under a uniform load as shown
in Figure 10. The SCFs are equal to 5/6. The
skew angle α is varied from 0◦ to 45◦. The entire
plate is modelled using 8×8, 10×10 and 12×12
meshes. A representative example of the 10×10
mesh used in this analysis is shown in Figure 10.

Figure 10: Example 8. Finite element and geom-
etry data of skew plate.
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Table 9: Example 6. Simply supported 9-layer [(0◦/90◦)2/0]s cross-ply square plate under uniform load:
Comparison of normalized central deflection w∗ = 1000E2wh3/(qoa4).

h/a
QUAD4 TRIPLT MFE RDTML RDKQ-L20 MISQ20

Exact8×8 4×4 8×8 10×10 5×5 5×5
(405DOF) (375DOF) (486DOF) (605DOF) (180DOF) (180DOF)

0.0001 4.46 – – 4.470 4.475 4.467 4.47
0.001 4.46 4.45 4.47 4.471 4.475 4.467 4.47
0.01 4.47 4.48 4.49 4.483 4.488 4.481 4.49
0.1 5.84 5.85 5.86 5.858 5.851 5.864 5.85

Table 10: Example 7. Clamped circular plate under uniform loading: Comparison of normalized central
deflection w∗ = wD/(qR4).

R/h
RDTMLC SQUAD4 RDKQ-L20 MISQ20

Exact
96 48 12 48 12 48

1000 0.1265 0.1231 0.1269 0.1259 0.1271 0.1258 0.1250
100 0.1266 0.1242 0.1245 0.1251 0.1273 0.1259 –
50 0.1268 0.1247 0.1244 0.1251 0.1277 0.1264 –
25 0.1276 0.1264 0.1244 0.1251 0.1293 0.1280 –
16.67 0.1291 0.1291 0.1244 0.1251 0.1320 0.1308 –
10 0.1344 0.1378 0.1244 0.1251 0.1407 0.1394 –

Since very few results are available for static
analysis of skew composite plates, the present
results are only compared with some results of
Chakrabarti, Sengupta, and Sheikh (2004) based
on FSDT and higher order shear deformation
theory (HSDT) as given in the Table 11. The
present results in general indicate a good agree-
ment. However, it can be observed that the deflec-
tion and stress are closer to those of HSDT than
FSDT.

4.9 Example 9: A clamped triangular plate
subjected to uniform pressure

The last problem considered in this section is that
of a triangular plate, clamped on all sides sub-
jected to a uniform load qo. The unidirectional
laminate of material M4 is investigated with the
fibres oriented at an angle θ = 0◦ with respect
to global x−axis. The reference solution is taken
from Wilt, Saleeb, and Chang (1990) and a typ-
ical mesh of 48 elements as shown in Figure 11
was chosen on the basis of results from SQUAD4
element [Wilt, Saleeb, and Chang (1990)].

The deflections w∗ = 1000E2wh3/(qoa4) for var-
ious plate aspect ratios are given in Table 12. As

Figure 11: Example 9. Finite element and geom-
etry data for triangle plate.

shown, the discrepancy between the present and
SQUAD4 results decreases when the h/a ratio de-
creases, except for the case h/a = 0.001. How-
ever, in all cases of the thickness to span h/a ratio,
the difference between the two results is always
lower than 4%.
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Table 11: Example 8. Simply supported skew plate: Comparison of normalized central deflection and stress.

α Model
[0◦/90◦/0◦] [45◦/−45◦/45◦]

w∗(a/2,a/2,0) σ∗
x (a/2,a/2,h/2) w∗(a/2,a/2,0) σ∗

x (a/2,a/2,h/2)
0◦ MISQ20 (8×8) 6.7365 0.7846 5.9825 0.2770

MISQ20 (10×10) 6.7219 0.7930 6.0128 0.2766
MISQ20 (12×12) 6.7146 0.7975 6.0397 0.2771
HSDT (16×16) 6.7222 0.8211 5.9502 0.2739
FSDT (16×16) 6.7090 0.8159 5.9515 0.2743

15◦ MISQ20 (8×8) 6.4526 0.7493 6.4700 0.2559
MISQ20 (10×10) 6.4417 0.7587 6.4873 0.2622
MISQ20 (12×12) 6.4367 0.7634 6.5027 0.2656
HSDT (16×16) 6.4437 0.7858 6.4391 0.2692
FSDT (16×16) 6.4321 0.7812 6.4332 0.2693

30◦ MISQ20 (8×8) 5.4708 0.6321 5.8039 0.2511
MISQ20 (10×10) 5.4681 0.6424 5.8150 0.2563
MISQ20 (12×12) 5.4687 0.6476 5.8234 0.2593
HSDT (16×16) 5.4732 0.6664 5.7955 0.2658
FSDT (16×16) 5.4654 0.6634 5.7904 0.2651

45◦ MISQ20 (8×8) 3.6305 0.4208 3.5984 0.2210
MISQ20 (10×10) 3.6333 0.4326 3.6149 0.2251
MISQ20 (12×12) 3.6396 0.4387 3.6275 0.2270
HSDT (16×16) 3.6323 0.4516 3.6324 0.2329
FSDT (16×16) 3.6300 0.4505 3.6301 0.2323

Table 12: Example 9. Clamped triangular plate
under uniform load: Comparision of normalized
centroidal deflection w∗ = 1000E2wh3/(qoa4).

h/a SQUAD4 MISQ20 %Error
0.001 0.9452 0.9795 3.629
0.01 0.9975 0.9890 -0.852
0.02 1.0406 1.0174 -2.229
0.04 1.1641 1.1289 -3.024
0.06 1.3517 1.3085 -3.196
0.1 1.9200 1.8515 -3.568

5 Concluding remarks

An accurate simple four-node 20-DOF
displacement-based quadrilateral element
MISQ20 has been developed and reported in this
paper for linear analysis of thin to thick laminated
plates of various shapes. The element is based
on mixed interpolation with strain smoothing

technique used in Galerkin mesh-free method and
it is easy to implement. With this combination,
the element maintains a sufficient rank and free
from shear locking and any spurious modes.
Several numerical examples are studied and
the obtained results are in excellent agreement
with analytical solution. It is found that the new
proposed element is fully robust, reliable and
is not sensitive to mesh distortion. It can yield
accurate result even with coarse discretization
irrespective of the thickness ratio and stacking
sequence.

Althrough only plate bending problems are con-
sidered in this work, there is no difficulty to ex-
tend this element to other problems such as dy-
namic analysis, geometric nonlinear analysis of
laminated plates/shells or elasto-plastic nonlinear
problems. All of these perspectives will be shown
in further papers.
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