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ABSTRACT

Barycentric correctionsmadeto thetiming of Kepler observations, necessitated by variationsin
light arrival time at the satellite, break the regular timessampling of the data the time stamps
are periodically modulated. A consequence is that Nyquist aiases are split into multiplets
that can be identi ed by their shape. Rea pulsation frequen cies are distinguishable from
these aliases and their frequencies are completely recoverable, even in the superNyquist
regime, i.e. when the sampling interval islonger than half the pul sation period. We provide an
analytical derivation of the phenomenon, alongside demonstrations with simulated and real
Kepler datafor Sct, roApand sdBV stars. For Kepler data sets spanning morethan one Kepler
orbital period (372.5d), there are no Nyquist ambiguities on the determination of pulsation
frequencies, which are the fundamental data of asteroseismology.
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1 INTRODUCTION

Itiswell known that al light emitted or received is Doppler shifted
by the motion of the emitting or receiving body. In astronomy the
Doppler shift from the emitting body is used to deduceradial veloc>
ity; the Doppler shift of the receiving body, the Earth, is removed
from the observations by correcting the times of observation to
the Solar System barycentre. All of this is standard practice. The
Doppler shift from emitting bodies has traditionally been used to
deduce orbital motion for binary stars and for exoplanets with spec>
troscopic radial velocities, and with O C analysesin the cases of
binary pulsars and orbiting pulsating stars (Hulse & Taylor 1975;
see also Sterken 2005b). Recently, Shibahashi & Kurtz (2012) have
shown how this orbital Doppler shift can be seen directly in the
Fourier transform of light variations in binary pulsating stars and
used to derive the mass function without the need of spectroscopic
observations. Now, we show here, both analytically and in practice,
that the Doppler shift at the receiving body in this case the Ke>
pler Space Telescope alows the unique identi cation of periodic
frequencies in the emitting body without any Nyquist ambiguity.
TheNyquist frequency of equally spaced datarepresentsan upper
limit on a range of frequencies over which a Fourier transform is
unique. Itiswell de nedas fyy D 1=(21t), where 1 tisthe sampling
interval between two consecutive points; this is also known as the
‘cadence’ of the data. In perfectly equally spaced data there is
an innity of frequencies that t the data equally well. External
physical constraints are mandatory to select the frequency range
that is appropriate for pulsating stars. Commonly, the cadence is
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selected so that the known plausible frequency range for the type of
star liesin the range [0, fyy], and the in nity of ambiguous higher
frequency Nyquist aliases are ignored as unphysical.

However, it is not possible to adjust the observing cadence for
Kepler mission data to accommodate the study of pulsating stars
in different frequency regimes. The Kepler mission’s prime goal
of detecting Earth>like planetsin the habitable zone led to adesign
whereKepler dataare availableintwo cadences: long>cadence (LC)
at 29.43 min, and short>cadence (SC) at 58.85s, with correspond>
ing Nyquist frequencies of 24.469 and 734.07d 1, respectively. The
number of SC observing slots is limited to 512 by telemetry con»
straints, and most of those observing slots are needed for higher
time resolution studies of exoplanet transits. With this limitation
most classical pulsators observed by Kepler have used LC, even
though many such pulsators suchas  Sct, roAp, sdBV, pulsating
white dwarf and Cep stars  have pulsation modes with frequen»
cies that can exceed the LC Nyquist frequency. Murphy (2012)
showed some of the dif culties encountered with Nyquist aliases
when studying Sct starswith Kepler LC data; Dawson & Fabrycky
(2010) did the same for planet searches with radial velocity data.

Now, we show in this paper how the correction of the times of
observations of Kepler data to the Solar System barycentre gener>
ates a time>dependent Nyquist frequency, and that this completely
removes al Nyquist alias ambiguities in the amplitude spectrum.
For datasetslonger than one Kepler orbit, true pul sation frequencies
can always be distinguished from all Nyquist aliases. The observing
cadencefor Kepler dataisnot abarrier to asterosei smic modelling of
pulsation frequencies because of Nyquist ambiguity thereisnone.
In practice, of course, higher frequencies have reduced amplitude
with L C data(see Murphy 2012), and that affectsthe signal>to>noise
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ratio, which decreases with increasing frequency. Thus, as stated by
Eyer & Bartholdi (1999), in the irregular-sampling case, the fre>
quency limit becomes dominated by exposure time (and intrinsic
amplitude), not sampling rate, wherewith Kepler the effective expo»
suretimeis 91 per cent of the sampling interval for both cadences.

The Kepler spacecraft isin a372.5d, heliocentric Earthrtrailing
orbit. Four times per orbit the satellite must perform aroll to keep
its solar panels facing the Sun, so the data are divided into quarters
(denoted Qn) and a brief gap in observations occurs. In addition to
the data downlink that takes place at each quarterly roll, two more
downlinks occur at approximately 30>d intervals in the middle of
each quarter, effectively dividing the data into three ‘months’ per
quarter (thus denoted Qn.m for SC data).! These events represent
the most frequent gaps in Kepler data which are otherwise nearly
continuous at their micromagnitude precision. Other gaps due to
occasional safemode events have occurred, and we refer the reader
to the Data Characteristics Handbook? for more information. How»
ever, the important property of the observations with respect to the
gaps is that observations are always taken at regular intervals ac
cording to the spacecraft’s clock, which can be expressed as some
integer product with 1t from some ( xed) arbitrary start time, i.e.
t, D to C nlt. In this regard, the Kepler data may be described as
equally spaced.

Timing onboard the spacecraft is in Julian Date, but the space>
craft isin orbit around the Solar System'’s barycentre and as such
the arrival times of photons from the Kepler eld are shifted sea
sonally by upto  200sfrom those of the Solar System barycentre.
Although data are sampled regularly onboard, the time stamps are
subsequently modi ed when converted into Barycentric Julian Date
(BJD) and hence becomeirregularly sampled: no longer can the ob»
servation times be represented in theform t,, D to C nlt for integer
values of n. The effect on superNyquist frequencies has been ob»
served by Baran et al. (2012), and described as a‘smearing’ of the
frequencies. In this paper we show how the satellite motion results
in multiplets being generated out of the Nyquist aliases, and how
this can be used to distinguish these aliases from real pulsation
frequencies.

2 ANALYTICAL DERIVATION

2.1 Discrete Fourier transform

2.1.1 General description

Let us consider rst ageneral case of discrete data Xx(t,)g, which
can be regarded as the following function of any value of t:

X
Xn (t) X(t) (t  tn); D
nDO
where x(t) on the right>hand sideis a continuous function, (t  t)
is Dirac’s delta function and the number of measurementsis N C
1. It iswell known that the Fourier transform of xy(t) is expressed
as a convolution of the Fourier transform of x(t) and the sampling
window spectrum Wy(1):

tN

En(D)  —— x() exp(itt)

NC1 ,
D (F Wn)(1); @

NC1

1LC dataare not separated into different les around these mon ths like the
SC data are, but the gaps are still present.
2 Available at http://keplergo.arc.nasa.gov/Documentation.shtml
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where
a1
F(1) x(t) exp(i 1) dt 3)
a1
isthe Fourier transform of the continuous function x(t) and
1 N i1
Wa(h) eg &Pl )
nDO
Here, we have used the following expression of the deltafunction:
z a1
t)D exp( irt)dr!: (5)
a1

That is, the Fourier transform of discretely sampled datais equal to
the convolution of the Fourier transform of the original continuous
function and the window function. If we assume x(t) D cos(!ot C

), i.e. pulsation with a single mode of angular frequency !y, re>
garding this as amodel of a pulsating star, then

F(!)D%f(!C!o)C (D (6)

Thus the Fourier transform of the sample series Fy(1) consists of a
superposition of the shape of the window spectrum, shiftedby 1.

2.1.2 The case of a uniform cadence

If the sampling is taken with a uniform cadence with atimeinterval
1t, thent, D tg C nlt, and

1 sSnf(NC1)11t=2g
NC1 sin(11t=2)

The window spectrum jWiy(1)j has a series of sharp, high peaks at
1 Dnls, where

2
ETY ®

and n denotes integers (see Fig. 1). Then Fy(!) has sharp peaks
a ! Dnls 1, These apparent multiple peaks are the Nyquist
aliases, and they look identical except for their frequencies.
Thepeak intherangeof [0, 1s=2] correspondsto thetrue angular
frequency as long as 215 < g (here, we take 15 > 0). Hence,

JWn(1)i D @)

Is

1.0 T T T T
N=10
| N=100 ——

() R R [ — S —
: 0.6 1§ ””1 o o H o o 1”” - ”1” T T
Z
Z 04 Ko _

(7 LS S 1 —— -

0.0 D iy, el ot (b el

00 05 10 15 20 25 30 35 40 45
(wAt/2)/7

Figure 1. The sampling window spectrum Wy(!) in the case of sampling
with a constant time interval. The abscissais 11t=(2 ), where 1t is the
sampling timeinterval. Thered curve showsthe case of N D 100 data points,
whilethe green curve showsthe case of N D 10. The window function shows
conspicuous peaksat I D n!s, where 's D 2 =1t isthe sampling angular
frequency and n denotes integers.
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for a given angular frequency 1o, if we select the sampling rate
1t < (2 =1p)=2, wecanidentify uniquely the true frequency from
the Fourier transform of the sampled data. This condition of 1t <
(2 =1p)=2isasuf cient condition for unique identi cation of the
true frequency, not a necessary condition.

Now let us consider a case that the sampling rate is given in ad>
vance. Inthiscase, if thetrue angular frequency islower than 1s=2,
the lowest frequency peak of the Fourier transform of the sampled
data gives the true angular frequency. Note that thisis again a suf »
cient condition, not a necessary condition. The Nyquist frequency
is this frequency limit, under which we can identify uniquely the
true angular frequency:
11sg 1
22 21t’ ©

The reason why the true frequency is not uniquely identi ed
without external constraintsin the case of sampling with auniform
cadenceisthefact that all the Nyquist aliases|ook identical and are
indistinguishable. Inversely, if we could distinguish the individual
Nyquist aliases, we would be able to identify uniquely the true
frequency evenif 15> 15=2. Wewill seein the case of Kepler data
thisisindeed possible.

Ty

2.1.3 Sampling with a periodically modulated time interval

In the case of Kepler, observations are taken at regular intervals
according to the clock on>board the spacecraft. Data sampling is
made at

t, D to C nlt; (10

wherenDO, ..., N, and 1tisaconstant. The LC data have 1t D
29.4 min. However, since Kepler isorbiting around the Solar System
barycentre, the resulting annual variation in the distance between
the stars and the spacecraft leads to modulation in the phase of
observed stellar pulsation, and the time stamps are converted to
barycentre arrival times. As a consegquence, the time stamp interval
of the Kepler datais periodically modulated.

To make the modelling simple, we ignore in this section the
difference between the barycentre and the heliocentre. Also, we
approximate Kepler's orbit as a circle with aradius of a D lau.
Then, the arrival time of the light from the star to the spacecraft
delays from that to the heliocentre by

t(t)D%cos cosf (t) g; (11)

which is often called the Rtmer delay, in honour of Ole Rtmer,
who discovered observationally the fact that the speed of light is
nite by comparing the observed timing of the eclipses of Jupiter's
satellite |o with the estimate made at histime (Sterken 2005a). Here,
and arethe ecliptic longitude and latitude of the star,  (t) is
the geocentric ecliptic longitude of the Sun and c denotes the light
speed (see Fig. 2). With the present assumption,

OD (t to); (12)

where 2 =365radd ! and ty is the vernal equinox passage
time of the Sun. It is instructive to write down here, for later use,
the light time with the equatorial coordinates,

a
t(t) D < COS  COS CO0S
C sn (cos"sin cos Csin"sin ); (13)

where and aretheright ascension and the declination of the star
and " is the obliquity of the ecliptic.
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Figure 2. A schematic picture showing geometric relations among the
Earth, the Sun and the star. The Sun is moving around the Earth on the
ecliptic plane. The geocentric ecliptic longitude is measured from the vernal
equinox. The star's positionis ( , ), and the geocentric ecliptic longitude

of theSunis  (t). The difference in the path length is shown with a thick
segment. The path difference is obviously given as acos( )cos .
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Figure 3. Thetime correction for thecaseof DO, DO (red)and for
the Kepler eld>ofsview ( D 300, D 50 ) (green) as a function of the
Sun'’s ecliptic longitude

By taking account of this light time effect, the Kepler data are
stored as a function of the arrival time at the heliocentre:®

tn tC cos( tn ) (14
where
gcos (15)
c

gives the amplitude of modulation of the time stamps of the Kepler
data. The second term on the right>hand side of equation (14) is
the heliocentric time correction. Fig. 3 shows this time correction
(the Rtmer delay) for the eldof DO, DO (red)and for the

3 Strictly speaking, the data are stored as a function of the Barycentric
Dynamical Time (TDB) referenced to the Solar System barycentre. The
difference between the time referenced to the heliocentre and that to the
Solar System barycentre is - 4s. The main cause of this difference is the
acceleration of the Sun due primarily to Jupiter and Saturn.
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Kepler eld>ofsview (green). Thecase of
correction; D 500s. In the case of the Kepler eld,

DO givesthemaximum
7 190s.

2.2 Thewindow spectrum of periodically modulated sampling

Our aimisto carry out Fourier analysis of the Kepler data of pulsat>
ing stars. Since the Fourier transform of the sample seriesFy(1) is
a superposition of the window spectrum, the prol isessentialy
what the window spectrumWy (1) D (N C1) 1 N exp(itt ..)
looks like in the case of periodically modulated sampling. The
problem is then how to treat the terms exp(i! cos t) and
exp(i! sin t).

2.2.1 Bessel coef cients

These terms can be expressed with a series expansion in terms of
Bessel functions of the rst kind with integer order. With the help
of Jacobi Anger expansions

cos( cos’)DJo()C2 ( 1)"JIx( )cos2n” (16)
nD1

and

sin( cos”)D 2 ( 1D"Jonci( )cos(2nC 1)7; a7)

nDO

we easily obtain the following relations:

cos(# cos’) D

nD 1

Jonca( ) sinf# C (2n C 1)7gg (18)

( )™Jzn( )cos(# C 2n”)

and

sin(# cos’) D ( D™ I ( )sin@# C 2n7)
nD 1

Jonc1( ) cosf# C (2n C 1) gg: (19

Here Jn( ) denotes the Bessel function of the rst kind of integer
order n.

2.2.2 Analytic expression of the window spectrum

By applying these relations, after somewhat lengthy but straightfors
ward manipulations, we eventualy get

(N C %Wy (1)j?

sinf(N C 1)(1 Ck )1t=2g 2
sinf(! Ck )1t=2g

X
D J(? )
kD 1
2
x>k !
c4 Jak (¥ )z (Y )
kD 1KD 1

cos 2k kY % 2(k kY

o !
C Jakc1 (¥ )awica(? )
kD 1k'D A
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Figure4. The Bessel coef cients Jy( )withnDO, ..., 8for D [0:5.5].
The vertical linesshow Dnl!s (nDO, ..., 8), a which the window
spectrum has sharp multiplet peaks (see text).

cos 2k K) g Ak K
XK

C Ja (¥ )aeca(? )
kD 1k'D A

sn 21C[2kcCk)C1]
3
f2kck)c1l 5

N1t
2

snf(N C1)(! Ck )1t=2g 2

sinf(! Ck )1t=2g ’
where  * means summation for K except for when K D k.
The Bessel coef cients of different orders are orthogonal to each

other (see Fig. 4). Hence, among the terms on the right>hand side,
the rst term is dominant. Then,

(20)

1
. ni -
JWN(D)] NC1

Snf(N C1)(1 Ck )1t=2g
() snf(1 Ck )1t=2g 2D

kD 1

This means that the window spectrum jWy(1)j consists of asinglet
sharp peak at ! D 0 and multiplets of sharp peaksat ! D n1s C
k ,wherenandk areintegersand !'s 2 =1t. The amplitude of
each peak isjJ(n!s )j, since 15 (see Table1).

It should be stressed here that jWy(1)j is highly dependent on
frequency ! through 1 | the argument of the Bessel function.
For 1, the dominant termisonly Jo( ) 1 2=4 and dll
the higher order Bessdl functions are negligibly small. However,
with the increase of , the rsborder Bessel function J;( ) comes
larger as J1( ) =2, and eventually it becomes larger than Jo( )
around 7 1.5. But the higher order terms Ji( ) for k & 4 are
still negligibly small. This means that jW(1)j looks like a triplet
with an equa spacing of if 1 _ (2 ) 1. With the further in>
crease of , the secondborder Bessel function J,( ) also becomes
non>negligible. As a consequence, jWi(!)j comes to look like a
quintuplet. This tendency continues further: the high>order Bessel
functions become nonsnegligible with theincrease of 1. Therefore,
the individual Nyquist aliases are distinguishable from each other.
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Table 1. Thewindow spectrum.

n k 1 Amplitude
0 0 0 1
Is Jo(!s )
1 Is Ji(*s )
2 Is 2 (s )
2 0 21g Jo(21s )
1 21g Ji(2¥s )
2 21 2 J32ls )
21s 3 J3(21s )
3 0 3lg Jo(31s )
1 3Is Ji(31s )
2 3l 2 Jo(31s )
3 31s 3 J3(3s )
4 31s 4 Js(3s )

This characteristic is different from the case of sampling with a
uniform cadence.

2.2.3 Nyquist frequency is no longer the detection limit

Wehave shownin Section 2.1.1 that the Fourier transform of thedis
cretely sampled dataxy(t) is given as the convolution of the Fourier
transform of the original continuous data x(t) with that of the win>
dow spectrum Wiy(!). Hence the Fourier transform of discrete data
with a periodically modulated sampling interval essentially con»
sists of multiplets around the Nyquist aliases of Wy(!) atnlg
1, where n denotesintegers. It should be noted here that the shape
of the multiplets is independent of the frequency of the mode 1,
as long as the amplitude and the frequency of the mode are stable.
It should also be stressed that only the peak at ¥ D 15 withn D
0 is a single peak, while the other Nyquist aliases are multiplets;
n's 1, k ,wherenB 0andkdenotesintegers (see Table 2).
Hence, by nding the unique singlet, we can distinguish the true
pulsation frequency, !, fromits Nyquist aliases. Note also that this
feature is true not only for the case of 1 < 15=2 but aso for the
case of 1 > V14=2. That is, a pulsation frequency higher than the
Nyquist frequency, which is still dened as 1 =(2 1t), is uniquely
determined when the sampling rate is periodically modulated, ir>
respective of the number of multiples of the Nyquist frequencies
crossed.* The Nyquist frequency is no longer the upper limit of fre>
guency determination in such acase. This has been mathematically
proved here.

2.3 Window spectrum for the Kepler LC data

In the case of the Kepler eld, 7 190s ” 220 10 3d. For
therangeof 1=(2 ) D[0;200]d * (! D[0,1.26 10%]radd 1),

4 For truly irregularly (randomly) sampled data, the lowest frequency above
which real frequencies are truly indistinguishable from aliases is equal to
the reciprocal of the accuracy to which time is measured (Koen 2010).
For Kepler thisis around 10’ d 1, so we can distinguish aliases from real
frequenciesfor all frequencieswithin the star that are physically meaningful.

S J. Murphy, H. Shibahashi and D. W. Kurtz

Table 2. Fourier transform of the data sampled with a
periodically modulated interval.

n Angular frequency Amplitude
1 1sC1 Jo(!s )
IsClp J(ls)
IsClpy 2 J(rs )
0 Iy 1
!5 !0 JO(!S)
Is 1o A(Ys )
1s 1, 2 Jo(Ys )
1 1sC1l, Jo(s )
1sC1, Ji(Ts )
1IsClg 2 B(rs )
2 215 I Jo(2Ys )
21 1g J(2ts )
21 15 2 J(21s )
21 13 3 J3(21s )
2 21sC 1y Jo(2's )
21sC 1y Ji(2Ys )
21sC1y 2 B(21s )
3

21sC 1y 3(2's )

Table3. Parametersfor the Kepler

LC sampling.
Parameters Values
220 10 3d
1t 210 10 2d
s 3.02 10%radd !

172 10 2radd 1

I DJ[0,2.77] rad. Fig. 4 showsthe Bessel coef cients J,(! ) with
nDO,...,8for! D[O0,55].Fromthis gure, it isobvious that
Jn(? )withn 8arenegligibly small in thisrange.

Let usconsider thecaseof LC of Kepler. If wetake 1t D 30 minD
21 10 2d, then 's 2 =1t D 3:016 10?radd !. Then
15 D 0.663rad. As for the modulation, D 2 =365radd 1 D
1:72 10 %radd 1,then =15D5.69 10 5. Parametersforthe
Kepler LC sampling are given in Table 3.

Fig. 5 shows the dependence of jJ(! )snf(N C 1)(! C
k )1t=2g=sinf(! Ck )1t=2gjon !=VsforkDO,..., 8. Here,
we assumed N D 10°, i.e. the observational time>span was assumed
tobe 5.75yr. Insuch acase, the high peaks are so sharp that their
self>cross terms dominate over the other cross terms. As seen in
Fig. 5, the high peaks appear as multipletsaround ! D n I, where
15D 2 =1t and n denotes integers. The multiplets have the equal
splitting of theorbital frequency, ( ='sD5.69 10 ®inFig.5).

Strictly speaking, each multiplet hasin nite peaks. However, the
tiny amplitude peaksare practically undetectable, and each multiplet
looks like a nite number of components; the rst Nyquist alias
looks like a triplet, the second looks like a quintuplet and so on.
The degree of the apparent multiplicity becomes higher with the
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Figure 5. The dependence of (N C 1) 1jJi (! )sinf(NC 1)(! C k )1t=2g=sinf(! C k )1t=2gjon =15, forkDO, ..., 8 where I'g
colour codes, corresponding to the order of the Bessel coef cientsk, arein common with Fig. 4. The parametersare 1t D 30min; s D 3.016
D190sD220 10 3d; s D 0.663rad; N D 10°.

D2 =365radd %; =1gD569 10 5.
increase of n, because the Bessel coef cients with n ® 0 become
important with the increase of 1.

The amplitudes of the pesaks in the individual multiplet are de>
termined by !s .Since ~ 190s~ 220 10 3d, !s D 0.663,
215 D 1.326, 31 D 1989, 415 D 2652, 51 D 3.315,
6's D3978,71s D4.641and81s D 5.304. The Bessel coef>
cients at these values are graphically seen in Fig. 4.

2.4 Multipletsof the Kepler LC data

It should be stressed here again that only thepeak at ! D 14 with
n D 0 is asingle peak. The aiases with frequencies Is I,
look like atriplet, while those with 215 1, areaquintuplet. The
aliasesassociated with 315,415, 51 sand 61 5 1ook like aseptuplet,
anonuplet, an undecuplet and a tredecupl et, respectively.

3 EXAMPLES WITH SIMULATED DATA

3.1 Importance of alarge observational timespan

With the real Kepler datawe are limited in our observational time>
span by the length of the mission thus far. Stars that have been
observed continuously since the mission began will have been cov»
ered for three complete orbits of the satellite, at the time of writing.
However, with simulated data we are not so restricted. In Fig. 6 we
show theimportance of alarge observational time>span onresolving

7.0000

o/
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the multiplets into which Nyquist aiases are split. Although these
simulated data are without noise, it is clear that when one orbit
(four mission quarters) of data is available, aiases are no longer
single peaks, but are split into sets of partialy resolved peaks and
can thus be distinguished from real peaks (which are neither split
nor similarly distorted). With two or more orbits, an obvious mul>
tiplet emerges, but the full width at half>maximum of each peak is
till large compared to the separation of the multiplet peaks, hence
the window pattern of each peak can interfere with its neighbours.
Increasing the number of orbits further sharpens the peaks and re»
solves the pattern for comparison with the analytical patterns we
derived, shown in Fig. 5.

3.2 Effect of varying coordinates

It is the barycentric time corrections that cause the splitting of
Nyquist aliases. For a satellite that orbits around the Solar System
barycentre in the ecliptic plane, these time corrections are deter>
mined by the ecliptic latitude of the target star, because this de»
termines the difference in light arrival time at the satellite and the
barycentre. We show how the multiplet shape changes with varying
ecliptic latitudein Fig. 7. In the more familiar celestial coordinates,
both right ascension and declination affect the ecliptic latitude, so
we expect the arrival times and thus the multiplet shape to change
when either coordinate is varied. Since neither of these coordinates
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Figure 6. Simulated data showing the frequency resolution achieved with
different numbers of orbits of the satellite. For short observational time>
spans, the window pattern of each member of the multiplet distorts the
shape of its neighbours. Calculated for Kepler eld coordinates, at the rst
Nyquist alias of a10d ! pulsation frequency.
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Figure 7. Variation in multiplet shape for changing ecliptic latitude. Note
that, because the ecliptic is inclined to the equator, varying either right
ascension or declination will change the ecliptic latitude. At an ecliptic
latitudeof 90 , asingle peak is seen because thereisno longer any difference
in light arrival time. Calculated for 20 orbits, at the rst Ny quist alias of a
10d ! pulsation frequency.
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changes greatly over the Kepler eld, the multiplet shape is amost
identical, too.

4 SUPER-NYQUIST ASTEROSEISMOLOGY

4.1 Demonstration with real data

We now compare our theory with real Kepler data by examining
the case of a highvamplitude Sct (HADS) star. These stars are
the main>sequence counterparts to the classical Cepheids, having
large amplitudes and normally few pulsation modes often the
fundamental radial mode aone or with the rst radia overtone.

Sometimes harmonics of the frequencies of these modes are seen,

Super>Nyquist asteroseismology 2993
as with the case we present here: that of KIC 6861400. We used
the LC data from quarters 1 through 9 (Q1 9), which have been
processed with the PDC>MAP pipeline (Smith et al. 2012; Stumpe
et al. 2012). The star features three independent mode frequencies
and many harmonics of the two mode frequencies with the highest
amplitudes. We applied a preewhitening procedure, in which the
frequencies are tted with least>squares routines and subtracted
from the data in the time domain, to al harmonics and kept only
the highest amplitude mode of the three, leaving a single, high»
amplitude peak to make our example. No data points were del eted.
Asexpected, thereisonealiasin each frequency range[nfyy, (NC
Dfny] (upper panel, Fig. 8), for integer n. Even values of n, counting
fromn D 0 a 0d 1, are multiples of the sampling frequency. In
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Figure8. Theupper panel shows the frequency distribution of Nyquist aliases. In the lower panels, which are all to the same scale in frequency and amplitude,
theleft>hand column showsthe real peak, aslabelled in the upper panel, and its window function. Panels () (d) show alia ses (also labelled in the upper panel),
and their relationship to the sampling frequency and the real frequency. The pattern of the number of peaks, p, as afunction of the coef cient of the Nyquist

frequency straddled, n, is apparent: p D 2n C 1. As such, there are three peaks at f D fs C fg, three at fs

Fig. 5. The example shown is KIC 6861400, using Q1 9 PDC>MAP data.

fr, veeachat 2fs fr and so on, as shownin
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Figure9. Intheleft-hand panel, the SC (top) and L C (bottom) data are displayed. L C Nyquist frequency and sampling frequency are represented with vertical
orange lines. The LC data lying above their Nyquist frequency are coloured magenta; those below are red. There are Nyquist aliases in the LC data where
real peaks have been aliased across the Nyquist frequency. By comparison with the SC data, we can see these aliases have no real partner in the SC data. An
example of thisisthe alias peak labelled ‘&, corresponding to thereal peak labelled ‘r' thereisno peak inthe SC dataat the same frequency aspeak ‘a. We
zoominon‘a and ‘r’ fromthe LC datain the right>hand panel. The real peak takes on the typical sinc>function shape as expected in the Fourier transform. The
effect of periodically modulated sampling, however, isthat the aliased peak is split into amultiplet, provided the time>span of the datais at |east one complete

Kepler orbit. The example givenisthe Sct star KIC 8590553. SC data cover Q4.3 only, but L C data are from Q0 to 9.

Fig. 8, two peaks straddle each of these, and are identical in the
Fourier transform. For this reason, only the peak to the left of each
multiple of the sampling frequency is presented in the lower panels
for a closer look. The multiplet structure is clearly present in all
but the real peak, which is represented by a unique singlet pesk.
The spacing in the multiplets is approximately equal to the orbital
frequency of the satellite, but due to the small number of orbits
covered (2.25), the frequency resolution is insuf cient to separate
fully the window patterns of the members of the multiplets. The
window pattern of each peak of the multiplet thus interferes with
nei ghbouring multiplet members, and distorts the shape somewhat,
aswe showed in Fig. 6.

As the frequency increases when we study consecutive aliases
of higher n, the argument to the Bessel functions is also higher
and the higher order (higher k) terms become more signi cant. As
such, the number of peaks seen increases. The amplitudes of the
more distant members of the multiplet increase we begin to see
the expected quintuplets, septuplets and so on (cf. Section 2.4), as
these peaks' amplitudes climb above the noiselevel. The amplitude
ratios of the peaks with respect to each other also change. In panel
(a), the central peak isdominant, but it is absent in panel (c), where
only the window pattern of the rst>order sidelobes can be seen in
its place. The amplitudes of the Bessel orders that determine these
peaks amplitudes were shown as afunction of frequency in Fig. 5.

The frequency dependence of the shape of the multiplet ison the
sampling frequency straddled, only. The multiplet generated at the

rst Nyquist alias of a pulsation frequency at 20d * looks exactly
the same that of a 10>d * frequency, and so on. Only the frequency
of the alias changes, not the multiplet shape.

4.2 Distinguishing real peaksfrom Nyquist aliases

Thedif culty inobserving  Sct starswith Kepler isthat the typical
pulsation frequency range of  Sct stars spans both sides of the
LC Nyquist frequency. Those pulsation frequencies above the LC
Nyquist frequency are aliased to lower frequencies in the Fourier
transform, meaning that they overlap with the real peaks. Distin
guishing these aliases from the real peaks is impossible with data
that aretruly equally spaced intime (cf. Section 2.1.2), even if gaps

exist in the data (Koen 2010). It has been argued that SC data are
required to study the Sct stars so that this problem of overlapping
real and aliased frequencies is removed, because the SC Nyquist
frequency is so much higher than the LC one. With a periodically
modulated sampling, however, one can use the shape of a peak to
determine whether it isreal or aliased. Fig. 9 shows how area peak
exists asasingle peak in the Fourier transform, but a Nyquist alias
will be a multiplet (resolved or not) split by the satellite’s orbital
frequency.

Use of this technique to distinguish Nyquist aliases opens up
asteroseismic possibilities for many Kepler targets that have been
observed in LC only. With data sets that have time>spans greater
than one Kepler orbital period there is no Nyquist ambiguity in
selecting the true pulsation frequencies for al types of pulsating
stars. While there are till benets of SC over LC data (Murphy
2012), the SC data are not needed to resolve Nyquist aliases.

4.3 Beyond the Nyquist frequency

The rapidly oscillating Ap stars are a population of chemically
peculiar Astype starsthat pul sate with frequencies much higher than

Sct stars  frequencies between about 70 and 250d 1. As such,
when viewed with L C data, these pul sations are many multiples of
the Nyquist frequency away from falling into the range [0, fyy]. Itis
still possible, however, to identify thetruefrequency (fr D 10=2 )
of the pulsations with LC data, even though the sampling period is
much longer than the pulsation period, if the Fourier transform is
calculated over afrequency range that includes fr.

We present an example in Fig. 10 using the star KIC 10195926,
whose roAp pulsations have periods among the longest known
and whose freguency spectrum features an oblique dipole mode
a  84d ! that is rotationally split into a septuplet (Kurtz et al.
2011). We have run a high>pass Iter on the data to preewhiten the
low frequency content. Thus the Q1 11 L C data presented contain
only the high>frequency pulsation. With this gurewe present afew
nal examples of the application of the techniqueto LC data.

First, it is clear that despite being substantially higher in fre»
quency than the Nyquist frequency, thereal peak isrecoverable and
frequency analysis can be conducted without SC data. Secondly,
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Figure10. Inthisexample of the roAp star KIC 10195926, areal multiplet of peaks appears around 84d 1, and is shown zoomed in the top right>hand panel.
The many aliases thereof are visible along with the real multiplet in the top left. The Nyquist frequency and itsinteger multiples are indicated as vertical orange
lines. In the lower panels, we demonstrate the effect of periodically modulated sampling on the shape of the highest amplitude peak in each dipoleemode
multiplet, all to the same scale. The real peak (farleft, top) has the typical sinc>function shape, even in these LC data and well beyond the Nyquist frequency.
It can be compared to the window function in the farleft, bottom panel. The remaining lower panels, (a) (f), correspond to labels in the upper panel, and are
in frequency order, clockwise. The dataare Q1 11 LC data. Se e thetext for further explanation.

peaks with the same rel ationship to the sampling frequency, i.e. the
pairsmatching nfs  fg, are split into multiplets of the same shape,
e.g. the multiplets corresponding to 2fs  fr and 2fs C fr have the
same shape, as is seen by comparing the lower panels (a) and (f).
Thirdly, even though the peaks have low amplitudes (being only
about an order of magnitude higher in amplitude than the noise),
it is a testament to the quality of Kepler data and con rmation of

the validity of our theory that we can see so many orders of each
multiplet. Speci cally, panel () of Fig. 10 corresponds to the fth

Nyquist alias. We thus expect 5n C 1 D 11 equally spaced peaksto
be visible. We plot blue circles at intervals of (1/372.5)d 1, i.e. the
orbital frequency, from the central component of the multiplet. Each
multiplet member can be seen to lie at its predicted position, be>
neath abluecircle. Thereare 11 bluecircles, and al but the leftmost
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