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Abstract 
Analysis of Direct Numerical Simulation (DNS) data is performed to identify the effects on the mixture fraction probability 

density function (pdf) of the evaporation region. For the current conditions, the initial droplet field comprises half the initial volume 

and a spark is used to evaporate and ignite the core of the droplet field. It is found that there is a potentially significant influence on 

the overall mixture fraction pdf due to the major evaporation region of the droplets. Furthermore, there is a smaller but potentially 

significant influence on the overall pdf due to the leading edge of the evaporation region. The near-field evaporation field surrounding 

the droplets can also be significant. 
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1. Introduction 

 

Spark ignition for spray combustion is common in 

gas turbine engines while the automotive industry is 

adopting it as DISI (Direct-Injection Spark-Ignition) 

engine technology: an active research area [1–5]. Classic 

experiments showed that spray flames need more spark 

energy than equivalent gaseous mixtures to overcome the 

latent heat of vaporisation, with turbulence impacting 

negatively on ignition success [6, 7]. The behaviour is 

sensitive to the droplet size, with fine droplets able to 

sustain lean flames (when the equivalent gaseous flame 

cannot) because the gaseous distribution of fuel is more 

variable, producing local stoichiometric conditions [6]. 

Conditional Moment Closure (CMC) [8] is a model 

that advocates argue is well suited to modelling spray 

flames [8–10]. A derivation of the CMC transport 

equation for spray combustion [11] has allowed its 

application [12, 13]. However, there have been few 

investigations into the mixing of two-phase flows [9], so 

the -function probability density function (pdf) is often 

used to model the mixture fraction pdf, following the 

single-phase model. Indeed, it was proposed that a model 

for the gaseous phase in the far-field from the droplets 

would obey a -function distribution [10]. In this model, 

the pdf would be defined so that the limits of mixture 

fraction would be [0,1] even though the realisable upper 

limit will almost certainly be much lower. This model 

deliberately neglects the near-field probability, which 

occurs at the upper range of realisable mixture fraction. 

Zhu et al. [14] derived transport equations for a 

range of joint-pdf definitions, including droplet size 

distributions and also level-set descriptions to distinguish 

the probabilities of liquid and gas.  However, this work 

does not seem to have translated into a working model 

for the mixture fraction pdf. Demoulin & Borghi [15] 

presented a sketch of how they thought the pdf should 

look. It contained a high probability at zero mixture 

fraction, which decays until there is a secondary peak at 

some finite value of mixture fraction. This bimodal 

behaviour cannot be modelled by a -function pdf due to 

a tail at the largest realisable mixture fractions. They 

then presented an algebraic model for the pdf. 

Direct Numerical Simulations (DNS) provide a tool 

for characterising the behaviour of spray flames [16] and 

some DNS studies have presented their mixture fraction 

pdf with the -function pdf matching their results well 

[17, 18]. Other studies have presented the DNS pdf 

without comparing to a model because the pdf is clearly 

more complex [19, 20]. This could be due to the near-

field region producing high values of mixture fraction 

that essentially act as an independent distribution [21, 

22]. A model for the pdf was proposed [22] based on a 

suggested model for the near-field distribution [8]. 

All of those DNS results have been based on 

analysis of autoigniting spray flames. An analysis [23] of 

DNS results for spark-ignition spray flames [24] was 

conducted with the mixture fraction defined to be based 

on the gas-phase only. The study found that the Favre 

mixture fraction pdf could be decomposed into a -

function pdf for the lowest values of mixture fraction, 

with the secondary peak (similar to that described in 

[15]) modelled by a Gaussian distribution. When the 

mixture fraction was normalised by the mean mixture 

fraction, the location of the peak of this secondary 

Gaussian remained fixed and after the effects of the 

spark had dissipated, the profile became self-similar. 

However, it was found that the addition of the tails 

between the primary -function pdf and the secondary 

Gaussian pdf did not account for all of the probability in 

this region of mixture-fraction space. It was discovered 

that to model this intermediate region required a tertiary 

Gaussian pdf. The purpose of this paper is to investigate 

which regions of physical space produce these three 

modelled distributions. It will also investigate the need 

for a fourth distribution at the highest mixture fractions. 
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2. Background 

 

The three-dimensional compressible DNS code 

SENGA [25] was used with periodic boundary 

conditions in the y- and z-dimensions and partially non-

reflecting boundary conditions [26] for the x-direction. 

The fuel was initially solely contained in the liquid 

phase, with the droplets uniformly distributed in the 

central portion of the domain, leaving pure air between 

the boundaries in the x-direction and the droplet field. 

This is because the boundary conditions for droplets 

entering the domain are unclear. The droplet transport 

equations accounted for the relaxation to the gaseous 

phase values of velocity and temperature in addition to 

the effect of evaporation on droplet temperature and 

diameter [27, 28]. The gas phase was coupled via droplet 

source terms in the continuity, momentum, energy and 

species transport equations. A single-step irreversible 

chemical mechanism was used [29], while the spark was 

modelled by the deposition of energy for a fixed duration 

tsp, with the spatial distribution of the power a Gaussian 

distribution as a function of radius from the centre of the 

domain. Full details on the implementation for the case 

under consideration can be found elsewhere [24, 30].  Of 

primary interest here is the definition of mixture fraction 

used, which is based solely on the gaseous phase: 
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where Y is the mass fraction of either Fuel or Oxidiser, 

with i representing the inlet stream value, and s is the 

stoichiometric mass of oxidiser per unit mass of fuel. For 

the fuel considered (n-heptane), the values in this case 

are YF,i = 1.0, YO,i = 0.233 and s = 3.52, while the 

stoichiometric mixture fraction is 0.062. 

3. Results 

 

The case of interest is what is defined as the “base 

case” in Ref. [24]: a case where the spark evaporated 

sufficient fuel to create an ignitable mixture with the 

flame propagating successfully for the duration of the 

simulation. Figure  shows the mixture fraction Favre pdf 

for the instant at 0.5tsp; at this time the mean mixture 

fraction was 0.0140, so essentially no mixture was above 

the stoichiometric value. Note that the pdf is determined 

for the entire computational domain and is based on the 

mixture fraction values occurring at each node in the 

DNS grid. The modelled pdf is the summation of the 

component pdfs, where each component pdf is scaled so 

that its integral is no longer unity. When determining the 

modelled pdf for this instant, it was observed that only 

using the primary -function pdf with the secondary and 

tertiary Gaussian pdfs grossly under-predicted the pdf 

beyond the peak at Z  1.8Z. Another phenomenon is 

occurring at these high mixture fraction values, which 

requires modelling by a Gaussian distribution. Once this 

is done, the modelled pdf predicts the actual pdf well. 

 
Figure 1: Mixture fraction Favre pdfs at t = 0.5tsp, when 

Z = 0.0140. DNS [24], —; model, – ·; primary -

function pdf, secondary, tertiary and quaternary 

Gaussian pdfs, – –. 

 
Figure 2: Slice of normalised mixture fraction Z/Z at 

time corresponding to Fig. 1 for z = 0.5. 

 
Figure 3: Mixture fraction Favre pdfs at t = 4tsp, when 

Z = 0.0387. As per Fig. 1. 

 

An explanation for the behaviour is shown in Fig. 2: 

a sample of the mixture fraction field. The quaternary 

pdf is due to the field immediately surrounding the 

droplets, which occupies a substantial amount of space 

(has high probability) because of the evaporation due to 

the ambient temperature (ignition is yet to occur [24, 

30]). The secondary pdf is created as the gaseous fuel 
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mixes with the surroundings. The primary -function pdf 

dominates due to insufficient spread of the fuel. 

 
Figure 4: Slice of normalised mixture fraction Z/Z at 

time corresponding to Fig. 3 for z = 0.25. 

 
Figure 5: As per Fig. 4 for z = 0.5. 

 

Note that the tertiary pdf is necessary to model other 

behaviour which is not captured by the primary and 

secondary pdfs. An explanation for the cause of the 

tertiary pdf is more easily observed at the later time 4tsp, 

when the effects of the spark have dissipated. Figure 3 

shows that while the peak of the secondary pdf has 

remained at approximately the same normalised mixture 

fraction value, its relative width has diminished (the 

greatly increased value of Z means the absolute width 

has increased). This has caused the tertiary pdf to move a 

large distance to the right. Looking at the representative 

samples throughout the domain of the distribution of 

(normalised) mixture fraction (Figs. 4–7), the value of 1 

is observed on the edges of the interface between the 

pure air and the droplet region. While its effect may be 

small compared to the primary and secondary pdfs, it has 

a significant influence in the vicinity of the mean 

mixture fraction at the later time. Its creation is due to 

the large gradients of mixture fraction at the leading edge 

of the evaporation region. This phenomenon can be seen 

in the DNS because it spatially resolves the leading 

edges. 

The quaternary pdf is only responsible for a smaller 

amount of the overall distribution and this is restricted to 

the region surrounding the spark centre (located at 

[0.5,0.5,0.5]): Figs. 4 and 5. This region corresponds to 

the only part of the domain where combustion has 

occurred (Figs. 8 and 9), and this has accelerated the 

droplet evaporation. 

 
Figure 6: As per Fig. 4 for z = 0.75. 

 
Figure 7: As per Fig. 4 for z = 1. 

 
Figure 8: Slice of non-dimensional temperature for same 

conditions as Fig. 4. 

 

The primary -function pdf represents the pure air, 

so its strength would be greater for a substantially wider 

computational domain (the initial droplet region was half 

the volume). Its significant influence above the mean 

mixture fraction at later times is probably due to the 

large regions near the boundaries of the domain with low 

gradients of mixture fraction ahead of the mean mixture 

fraction (e.g. Fig. 6 for y  0.2 at the highest x). 

4. Conclusions 
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This study has demonstrated that while the mixture 

fraction pdf is dominated by a -function distribution, 

there can be a significant influence of the droplet 

evaporation region on the shape of the pdf at values of 

mixture fraction greater than the mean. Furthermore, the 

leading edge of the evaporation region produces a 

smaller, yet potentially significant, influence on the 

overall pdf. This effect could be important when 

considering the modelling of the edges of spray jets. 

Finally, there is a localised effect due to the evaporation 

of the droplets. This effect was greatest in the current 

case before the spark had ignited the mixture, when the 

entire droplet field was evaporating due to ambient 

conditions. Once the spark ignited the mixture in the 

centre of the domain, the greatly increased temperature 

accelerated the droplet evaporation and caused the 

quaternary distribution to have a relatively minor 

influence overall due to the relatively small spark size. It 

can therefore be hypothesised that autoignition cases will 

be dominated more by this effect. 

Nonetheless, if the overall volume of the domain 

under consideration contains substantially more pure 

oxidiser than droplet-laden oxidiser, it is likely that the 

secondary peak will have an insignificant mode 

compared to the -function pdf component for the 

corresponding range of mixture fraction values. This 

potentially validates the assumptions that were made in 

using a -function pdf to model the mixture fraction pdf 

[10]. Firstly, neglecting the near-field (which is not fully 

resolved in the current results) due to its low probability: 

the percentage of volume that could be considered to be 

occupied by the droplets here is very small. Secondly, 

applying the limits used in defining the -function pdf to 

be the full range of mixture fraction, rather than a subset 

which accounts for the low realisable range. Stretching 

the tail in this manner would likely assign a higher 

probability to the mixture fractions influenced by the 

secondary pdf and thereby account for some of the 

effects of it and the quaternary pdf, while removing the 

need for the tertiary pdf. 

Future work will investigate the extent to which the 

current results are sensitive to variables such as droplet 

number density, initial diameter and flame success. 

 

 
Figure 9: Temperature for same conditions as Fig. 5. 
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