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Abstract 

 

This paper presents specific features of solitary wave dynamics within the framework of the 

Ostrovsky equation with variable coefficients in relation to surface and internal waves in a 

rotating ocean with a variable bottom topography. For solitary waves moving toward the beach, 

the terminal decay caused by the rotation effect can be suppressed by the shoaling effect. Two 

basic examples of a bottom profile are analyzed in detail and supported by direct numerical 

modelling. One of them is a constant-slope bottom and the other is a specific bottom profile 

providing a constant amplitude solitary wave. Estimates with real oceanic parameters show that 

the predicted effects of stable soliton dynamics in a coastal zone can occur, in particular, for 

internal waves. 
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1. Introduction 

As is well-known, the Korteweg–de Vries (KdV) equation, generalized to include the effect of 

the Earth rotation (the Ostrovsky equation) [1], does not have solutions in the form of stationary 

propagating solitary waves [2, 3]. Nevertheless, nonstationary solitary waves in the form of KdV 

solitons can propagate over long distances, experiencing a gradual decay due to the radiation of 

small-amplitude quasi-linear waves if the rotation effect is relatively small. In such cases a KdV 

soliton completely decays over a finite distance [4–6], whereas the radiation emitted by a soliton 

eventually transforms into an envelope soliton [7–12]. However, solitary waves can exist as 

stationary formations on the background of long periodic waves [13–16] or stably propagating 

along such waves periodically accelerating and decelerating, growing and decaying [16, 17]. 

In a non-homogeneous environment the dynamics of solitary waves can be more complex 

because of the interplay of several concurrent effects such as dissipation, inhomogeneity and 

possible vanishing of nonlinearity or dispersion. As a result, solitary waves propagating onshore 

can preserve the amplitude of surface or pycnocline displacement. It will be shown below, such 

preservation can happen within the adiabatic theory at the special bottom profile. To author’s 

best knowledge, such a possibility has not previously been considered despite numerous studies 

of solitary wave dynamics in oceans with a variable environment (see [18–21] and references 

therein).   

This paper is devoted to the specific analysis of adiabatic transformation of KdV solitons in a 

rotating fluid over a sloping bottom; it demonstrates that the terminal damping caused by wave 

radiation due to the rotation effect can be suppressed. In some cases, a soliton on a water surface 

can formally arrive at a beach before it completely vanishes; however, in fact, the adiabatic 

theory becomes invalid earlier. In the case of internal waves on the interface between two layers, 

a solitary wave can attain a point where the thickness of the layers becomes equal. At this point, 

the coefficient of nonlinearity becomes zero together with the soliton amplitude within the 

framework of adiabatic theory.  

A certain interest can represent the case of a specific bottom profile on which the soliton 

amplitude remains constant upon propagation (whereas the fluid velocity varies to conserve the 

total wave energy flux). Such bottom profiles have been found for both surface and internal 

waves.  
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The paper is organized as follows. In Sec. 2 the general formula similar to that derived in 

Ref. [19] is obtained from the conservation of wave energy flux in the time-like Ostrovsky 

equation with variable parameters. In Sec. 3 the adiabatic solution for surface wave soliton 

propagation is considered. This section first studies a model of a constant bottom slope and 

demonstrates a competitive contribution of the effects of terminal damping and inhomogeneity 

for onshore propagation. A specific bottom profile is then found, providing a constant soliton 

amplitude in the course of its propagation toward the beach. In Sec. 4, a similar but more 

complicated analysis is applied to internal wave solitons in a two-layer fluid with the varying 

thickness of the lower layer. The analytical solutions are also obtained and analysed. In Sec. 5, 

the obtained adiabatic solutions are confirmed by direct numerical modeling within the 

framework of the variable coefficient Ostrovsky equation. In the Conclusion, the results obtained 

are briefly discussed and summarized. 

 

2. Rotation modified KdV equation with variable coefficients 

As mentioned above, the adiabatic solution for the internal solitons propagating in a rotating 

fluid with a spatially varying topography was first obtained in [19]. Here the similar results are 

briefly reproduced in a slightly different, but equivalent, form, and then they are used as the basis 

for the derivation of important outcomes for surface and internal waves. 

Consider the Ostrovsky equation with the variable coefficients for the displacement of a 

water surface : 

                                   
3

3 2

dc
c

x t x x x dx

    
  

     
     

     
,                                         (1) 

For surface waves the coefficients of this equation are  
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where h(x) in the fluid depth and f is the Coriolis parameter [5]. For internal waves in a two-layer 

fluid, (x, t) stands for a displacement of a pycnocline, and the coefficients in the Boussinesq 

approximation are:  
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Here h1,2 are thicknesses of the upper and lower layers, and it is assumed that h1 = const., and h2 

= h2(x). 

For the boundary-value (signaling) problem with (t, 0) = f (t), this equation can be presented 

in the alternative form dubbed here the time-like Ostrovsky equation: 
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In the absence of rotation in a fluid with constant parameters Eq. (4) has a family of solitary 

solutions which can be presented as: 
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where the soliton velocity V and characteristic duration T are linked with the amplitude A: 
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where  12 A    is the characteristic half-width of a soliton. We remind the reader that Eq. 

(4) and all subsequent formulae, as well as the Ostrovsky equation per se, are valid for weakly 

nonlinear perturbations; in particular, for a soliton it is required that  A/3c << 1. 

If the boundary condition for the time-like Ostrovsky equation (4) at x = x0 is given in the 

form of a KdV soliton (5), then as known [4–6], it experiences adiabatic decay due to the 

influence of small radiation, provided that  << 1. However, inhomogeneity can either enhance or 

diminish this effect, depending on the gradient of the background. 

Multiplying Eq. (4) by u and then integrating it over t, we obtain the energy balance equation 

in the form: 
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where the quantity 21

2
E dt





   is usually treated as the “soliton energy” or wave action [19]. 

This quantity is proportional to the real wave energy, which follows from the primitive set of 

hydrodynamic equations in the long-wave approximation (see Appendix). 

Substituting here the solution in the form of the KdV soliton (5), we derive the equation 

determining soliton amplitude variation with x: 

 1/2 .
2 12

ln
3

dA A d
A

dx c dx

  

 
     (8) 

Note that by integration of Eq. (4) over t, one can derive the equation of mass balance, which 

looks rather as the constraint in the case of Ostrovsky equation [1, 5, 26, 29]: 0dt




 . This 

equation does not allow any derivation of the equation for the variation of soliton amplitude in 

space, whereas Eq. (7) is not only a consequence of the heuristic approach, but also follows from 

the rigorous application of the asymptotic method as described, for example, in [18, 6]. 

Equation (8) can be readily solved (cf. [19]): 
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where Y (x) = β(x)/α(x). 

As mentioned above, the total mass of wave perturbation within Eq. (4) is zero. The total 

mass consists initially of the mass of a soliton Ms(0) and the total mass of a “pedestal” which 

compensates the soliton mass. The latter can be readily calculated, using Eq. (5): 

          2( ) ( , ) ( ) 2 ( ) ( ) .
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Here, the relationship between the soliton amplitude and duration was used, as per Eq. (6). In the 

process of evolution soliton produces a shelf [18] and radiates a wave train [6]. The soliton 

amplitude varies with x, and accordingly its mass also varies, but the total mass of the soliton, 

shelf and radiated wave remains the same as at x = 0. This allows us to determine the total 

radiated mass from the soliton: 



6 
 

                                 0

0
0

0 0

( ) ( ) ( ) .
3 ( )4 4 3 ( ) ( )

( ) ( ) ( ) ( )
r s sM x M x M x

A x A x x

c x x c x x

 

 
                    (11) 

Substituting here solution (9), we finally obtain (cf. [30]): 
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Thus, within the adiabatic theory, the initial soliton mass ultimately transfers to the mass of 

the radiated wave. 

The variation of “soliton energy” E and energy flux J = Ec with x can be established when 

the variation of soliton amplitude with x is determined. The quantity E as defined here is treated 

conditionally as the wave energy in physical applications; it conserves in a homogeneous ocean, 

but it is not a Hamiltonian for the Ostrovsky equation [5, 26]. On the soliton solution (5) the 

energy is: 
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Then, using solution (9) for the dependence of soliton amplitude on x, we derive: 
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This formula represents the variation of energy flux in a rotating inhomogeneous medium; 

without rotation (when   0) this quantity conserves. 

For a homogeneous medium, when c, α, β, and γ are constants, Eq. (9) reduces to the well-

known formula for the terminal decay of KdV soliton [4–6]: 

 

2

0 1 .A A x
c

 
 
 


    (15) 

According to this formula, a soliton completely decays (transforms to the radiated wave 

train) at a finite distance Xe = c/γ ∆. As shown in the papers [7–12], after a long evolution the 

radiation of a KdV soliton can transfer into a stationary moving nonlinear wave train – an 
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envelope soliton. This transformation is not considered here, because it is assumed that the 

inhomogeneity effect manifests itself at shorter distances. 

The general solution (9) indicates the potential existence of singularities. Indeed, according 

to Eqs. (2) and (3), at the beach Y  ∞, so that the factor before the curly parentheses in Eq. (9) 

diverges. Another singularity appears in the two-layer case; if initially h2 > h1 is at some point far 

from the beach, but then h2 decreases approaching the beach, it will be a point where h2 = h1 and 

therefore  = 0 as per Eq. (3). Soliton amplitude turns to zero in such a point. One more 

singularity can arise when the terminal damping occurs. This can happen when the integral in the 

curly parentheses grows and attains 1/(x0); this depends on specific bottom profiles, which will 

be considered below. 
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Fig. 1. Bottom profiles h/h0 as functions of distance for the case of (i) constant bottom slope (line 

1) and (ii) special bottom profile (will be discussed in subsection 3.2). A surface solitary wave is 

shown schematically, not in scale. 

 

3. Influence of the Earth’s rotation on the dynamics of surface solitons in the basins with a 

decreasing depth 

Let us consider some interesting specific applications of the general formulae to the surface 

waves over a sloping bottom. We will consider two examples of bottom profile: (i) the constant 

sloping bottom, h(x) = h0(1 – x/L) (see line 1 in Fig. 1) and (ii) a special bottom profile, h(x) = 

h0(1 + x/2L)–2 (see line 2 in Fig. 1), which provides soliton propagation with a constant 
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amplitude of surface displacement. The results obtained in this Section are rather model aiming 

to illustrate the solitary wave dynamics with the help of relatively simple expressions. More 

realistic physical examples will be considered in the next Section with application to internal 

waves, where the corresponding formulae are not so transparent. 

 

3.1. Dynamics of a KdV soliton over a bottom with a constant slope 

In this subsection it is assumed for simplicity that the bottom has a constant slope, h(x) = h0(1 – 

x/L), where L is the characteristic distance of bottom variation (see line 1 in Fig. 1). In the 

considered case of the constant-slope bottom, the spatial variations of coefficients in Eq. (1) are 

(see Fig. 2): 
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Fig. 2. Spatial variation of parameters in Eq. (2) for surface waves propagating in a water with 

linearly varying bottom profile. Line 1 shows h(x)/h(0); line 2 – c(x)/c(0); line 3 –  (x)/ (0) and 

 (x)/ (0); line 4 –  (x)/ (0). The plot was generated for h0 = 500 m and L = 7.6107 m. 

 

Then we have in Eq. (9):      
33

01 9 1Y x h x L  and       
1

0

2 2 1x c x gh x Lf


  . Here 

the parameter L represents the distance from the initial point x0 = 0 to the beach. Substituting 

these expressions into Eq. (9), we obtain for the soliton amplitude: 
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where A0 = A(0). If there is no rotation (f = 0), then the normalized soliton amplitude A(x)/A0 

does not depend on the initial amplitude A0 and gradually increases with distance in accordance 

with the hyperbolic law – see line 1 in Fig. 3. 

It is easy to verify that in the limit of a flat bottom, L  ∞, this formula reduces to Eq.  (15) 

describing terminal decay of a KdV soliton (see line 2 in Fig. 3). Variations of soliton amplitude 

upon onshore propagation for different initial amplitudes are shown in Fig. 3. 
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Fig. 3. Spatial variation of KdV soliton amplitude with distance as per Eq. (15) for different 

initial amplitudes. Line 1 shows the amplitude dependence when the rotation is absent (f = 0); 

line 2 pertains to the case when a soliton of initial amplitude A0 = 1 m experiences a terminal 

decay in a basin with a flat bottom; line 3 – the same as in line 2, but in the basin with linearly 

increasing bottom; line 4 – the same as in line 3, but for a soliton of amplitude A0 = 0.2 m; and 

line 5 – the same as in line 3, but for a soliton of amplitude A0 = 2.5 m.The plot was generated 

for h(0) = 500 m, L = 7.6104 km, and f = 10–4 s–1. 

 

The analysis of Eq. (17) demonstrates that in the case of onshore propagation a soliton can 

attain a beach only if its amplitude is big enough. In the case of a flat bottom this can occur if A0 

≥ Acr  h0 f
 4L2/3g2. In particular, if we set h0 = 500 m, L = 7.6104 km, and f = 10–4 s–1, then we 

obtain that solitary waves of initial amplitudes A0 ≥ 1 m attain a beach (all these parameters 

except L are quite realistic); line 2 in Fig. 3 illustrates such a case, when the terminal decay 

formally occurs for a soliton of A0 = 1 exactly at x = L. Solitons of smaller amplitudes do not 
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reach a beach in the ocean with a flat bottom, as they completely vanish within the framework of 

asymptotic theory (actually, they transfer into envelope solitons after long-term evolution [7–12], 

as has been mentioned above). However, in the ocean with a linearly increasing bottom, solitons 

of even smaller initial amplitudes can attain a beach. Line 3 in Fig. 3 shows that a soliton of 

initial amplitude of 1 m does not experience terminal decay at the given parameters. The terminal 

decay can occur at such parameters if the initial soliton amplitude is small enough (see, for 

example, line 4 in Fig. 3 for A0 = 0.2 m). As follows from the formula for the critical soliton 

amplitude, Acr quickly decreases, when L decreases. In particular, if we set L = 3.8104 km, 

which is two times less than was chosen above, we conclude that solitary waves of initial 

amplitudes A0 ≥ Acr = 0.25 m are capable attaining a beach in the ocean with a flat bottom. 

At a certain condition a soliton can keep its initial amplitude nearly unchanged for a 

relatively long distance (see, for example, line 5 in Fig. 3 for x < 0.4L). This suggests the 

possibility that a bottom profile exists, which allows a soliton amplitude to be unchanged with 

distance, at least formally, until the asymptotic theory remains valid. In the next Section we will 

show that such a possibility can indeed occur, and here we present the formulae for the mass of 

radiated wave train, soliton energy, and energy flux as per Eqs. (12)–(14). The mass of radiated 

wave train monotonically increases in accordance with the formula (see line 1 in Fig. 4):  
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The energy flux in this case monotonically decreases due to the influence of rotation (see line 

2 in Fig. 4), whereas without rotation it would be constant:  
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And the wave energy, as defined in Eq. (13), varies with x non-monotonically; it decreases 

first, but then abruptly increases when soliton approaches a beach (see line 3 in Fig. 4): 
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Fig. 4. Spatial variation of wave mass transferred from the KdV soliton of initial amplitude A0 = 

1 m to the trailing wave Mr(x)/Mr(0) (line 1), the energy flux associated with the KdV soliton 

J(x)/J(0) (line 2), and the soliton energy E(x)/E(0) (line 3). All parameters are the same as in Fig. 

3. 

 

3.2. Dynamics of a KdV soliton with a constant amplitude over a special bottom profile 

As follows from Eq. (9), the effects of shoaling and rotation can compensate for each other at 

certain conditions. In such special cases, a solitary wave can propagate onshore keeping the 

amplitude unchanged. However, the energy of the soliton gradually decreases due to the 

permanent radiation of small-amplitude waves caused by the rotation effect [4–6].  

Let us calculate the bottom profile, which allows a KdV soliton to keep its amplitude 

unchanged. Equating the left-hand side of Eq. (9) to unity and differentiating the resultant 

equation with respect to x, we obtain (see line 2 in Fig. 1): 
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where L = gh0/f
 20. For relatively small distances, x << 2L, the bottom profile (21) reduces to the 

same linear profile as in subsection 3.1, whereas for x >> 2L, we obtain from Eq. (21) h(x)  

h0(2L/x)2. For h0 = 500 m,  f = 10–4 s–1, and initial soliton amplitude A0 = 1 m (0  12.9 km), we 

obtain L = 3.8104 km. This estimate agrees with what was obtained for the linear bottom profile 

and shown in Fig. 3 by line 5 – on the distances up to x  L/3 soliton amplitude remains almost 

unchanged.  
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The spatial dependences of coefficients (2) in the Ostrovsky equation (1) for this special case 

are shown in Fig. 5 (cf. Fig. 2). The spatial dependence of soliton amplitude in the course of 

soliton propagation onshore over the bottom profile (21) is described by the following equation:  

                                       

2
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where A0 is the soliton amplitude at the point where the thickness of the lower layer is h0  h(0). 
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Fig. 5. Spatial variation of parameters as per Eq. (2) for surface waves propagating in a water 

with a specific bottom profile (21). Line 1 shows 1 – h(x)/h(0); line 2 – c(x)/c(0); line 3 –  (x)/ 

(0) and  (x)/ (0); line 4 –  (x)/ (0). The plot was generated for h0 = 500 m and L = 3.8107 m. 

 

Figure 6 demonstrates the variations of soliton amplitude upon onshore propagation over the 

bottom profile (21) for different initial amplitudes. If Ac = 4L2f 4h0/3g2, then the soliton amplitude 

remains constant (see dashed line 3 in the figure). Line 1 shows the amplitude dependence A ~       

h–1(x) when the rotation is absent (f = 0); line 2 pertains to the case when a soliton of initial 

amplitude A0 = Ac experiences a terminal decay due to the rotation in a basin with a flat bottom 

[5–6]; line 4 pertains to the case when a soliton of initial amplitude A0 = 2Ac travels onshore in a 

rotating ocean over the bottom profile (21); and line 5 pertains to the similar case as in line 4, but 

for a soliton of initial amplitude A0 = 0.5Ac. 

We can calculate again the variations with x of radiated wave train mass, soliton energy, and 

energy flux as per Eqs. (12)–(14). These quantities are of a special interest for a soliton 
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propagating with a constant amplitude. Then according to Eq. (12), the soliton permanently 

radiates a wave train, whose mass monotonically increases in accordance with the formula:  
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Fig. 6. Spatial variation of KdV soliton amplitude with distance. Line 1 shows the amplitude 

dependence A ~ h–1(x) when the rotation is absent (f = 0); line 2 pertains to the case when a 

soliton of initial amplitude A0 = Ac experiences a terminal decay due to rotation in a basin with a 

flat bottom; line 3 shows constant soliton amplitude when its initial amplitude A0 = Ac; line 4 

pertains to the case when a soliton of initial amplitude A0 = 2Ac travels in a rotating ocean over 

the bottom profile (20); and line 5 pertains to the similar case as in line 4, but for a soliton of 

initial amplitude A0 = 0.5Ac.The plot was generated for h(0) = 500 m, L = 3.8104 km, and f = 

10–4 s–1; for these parameters Ac = 1 m. 

 

The energy flux monotonically decreases:  
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The wave energy now decreases monotonically in contrast to the previous case described in 

subsection 3.1: 
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Figure 7 illustrates the quantities Mr(x)/Mr(0), J(x)/J(0), and E(x)/E(0) as functions of x for 

the special case of soliton propagating with constant amplitude. 
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Fig. 7. Spatial variation of wave mass transferred from the KdV soliton of constant amplitude Ac 

= 1 m to the trailing wave Mr(x)/Mr(0) (line 1), the energy flux associated with the KdV soliton 

J(x)/J(0) (line 2), and the soliton energy E(x)/E(0) (line 3). All parameters are the same as in Fig. 

6. 

 

While the amplitude of a solitary wave of amplitude Ac remains unchanged, its width 

gradually decreases in the course of propagation toward the beach: c(x) = c(0)(1 + x/2L)–3. As 

a result, the dispersion becomes not so small starting from a certain distance. The dispersion 

effect can be estimated as the ratio of the depth to soliton width: h(x)/c(x) = (3A0/4h0)
1/2(1 + 

x/2L). The nonlinearity (the ratio of soliton amplitude to the water depth) also increases because 

of the decreasing depth, A0/h(x) = (A0/h0)(1 + x/2L)2, therefore the small-amplitude 

approximation A0/h(x) << 1 no longer holds. 

Note that the applicability of the asymptotic theory, which requires a smallness of the 

rotation and shoaling effects in comparison with the nonlinear and dispersion effects, becomes 

better and better for the soliton of a special amplitude Ac = const. moving onshore. Indeed, from 

an estimate of the rotation effect in comparison with the nonlinear effect it follows that Ac >> 

f h3/2(x)/g, where h(x) decreases in accordance with Eq. (21). Similarly from the estimate of the 

shoaling effect in comparison with the nonlinear effect we obtain Ac >> h5/3(x)/L2/3. 

A special example in this section, certainly, represents only a model due to an unrealistically 

big characteristic scale L for the variation of bottom topography (whereas other parameters were 

taken to be quite realistic), nevertheless it still of interest from the general point of view as it 
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helps to gain an insight into the physics of solitary wave dynamics under competing of shoaling 

and rotation effects. As will be shown below, a similar effect occurs in the more complicated 

case of internal waves in a two-layer rotating fluid, where a reasonable comparison with the 

realistic oceanic parameters is possible.  

 

4. Internal solitons in a rotating two-layer ocean with a variable depth  

In this Section we consider solitary waves propagating on the interface between two layers of 

stably stratified rotating fluid. The governing equation is the Ostrovsky Eq. (1) or its time-like 

counterpart Eq. (4) with the coefficients (3). 

 

4.1. Dynamics of internal KdV soliton over a bottom with a constant slope 

Let us assume again for simplicity that the bottom has a constant slope so that the thickness of 

the lower layer varies with x as h2(x) = h0(1 – x/L), whereas the thickness of the upper layer h1 

remains constant. Such a relatively simple model of linear bottom profile is nevertheless a 

typical approximation of a real topography in coastal zones (see, e.g., [19]). The spatial 

dependences of coefficients in Eq. (1) are shown in Fig. 8 for the particular set of hydrological 

parameters. 
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Fig. 8. Normalised dependences of coefficients of the Ostrovsky equation (1) for internal waves 

on distance for the linearly varying bottom. Line 1 shows c (x)/c (0), line 2 –  (x)/ (0); line 3 – 

 (x)/ (0); line 4 –  (x)/ (0). Dashed vertical line 5 shows the distance where h2 = h1, and 

dashed vertical line 6 shows the distance where h2 = 0. The plot was generated for h1 = 50 m, h0 

= 450 m, f = 10–4 s–1, g' = 2.910–2 m/s2, and L = 103 km. 
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In this case, the solution to Eq. (9) can be formally presented in the analytic form: 
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,                      (26) 

where  = 2g'h1/f
 2L, and F(a, b, c, d) is the hypergeometric function. 
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Fig. 9. Dependence of soliton amplitude on distance. Line 1 pertains to the case of non-rotating 

fluid; line 2 – to the case of rotating fluid with a flat bottom and A0 = 10 m; line 3 – to the 

rotating fluid with a linearly varying bottom and A0 = 10 m; line 4 – the same as line 3, but A0 = 

50 m; line 5 – the same as line 3, but A0 = 100 m; line 6 – the same as line 3, but A0 = 1 m. 

Dashed line 7 shows the distance where h2 = 2h1, and dashed line 8 shows the distance where h2 

= h1. The plot was generated for h1 = 50 m, h0 = 450 m, f = 10–4 s–1, g' = 2.910–2 m/s2, and L = 

103 km. 

 

In the non-rotating ocean (f = 0) this formula reduces to the earlier derived dependence of 

soliton amplitude on distance in the linearly varying bottom topography [21, 22] – see line 1 in 

Fig. 9. In such case, the amplitude of a solitary wave can be enhanced first if the thickness of the 

lower layer is greater than 2h1. Then it rapidly decreases and completely vanishes within the 

framework of adiabatic theory when h2 decreases and becomes equal to h1 (see the portion of line 
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1 between the vertical dashed lines 7 and 8). The maximum possible amplitude gain is attained at 

h2 = 2h1 and equals 

                            

1 3

max 1 1

0 0

4 1
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A h h

A h h



  
   
   

.                (27)       

When a soliton approaches the position of the critical depth h2 = h1, it experiences a 

significant transformation. At this depth the nonlinear coefficient  in Eq. (1) vanishes (see Eq. 

(3)), and then becomes positive if h2 < h1. Soliton transformation at the critical point in a non-

rotating fluid has been studied in many papers (see, e.g., [23, 24] and references therein). The 

change of sign of the nonlinear coefficient  implies a change of polarity for a solitary wave 

solution in the KdV equation. In the case h2 > h1, only solitons of negative polarity in the form of 

pycnocline depressions can exist, whereas in the case h2 < h1 only solitons of positive polarity in 

the form of pycnocline humps can exist. Therefore, when a soliton of negative polarity 

approaches a critical point where  = 0, its further fate depends on the width of the transient 

zone. As was shown in Ref. [23], there are no solitary waves after wave passage through the 

critical point if the width of the transient zone is relatively short. However, if the width of the 

transient zone is very wide, much greater than the width of the approaching soliton, then one or 

more secondary solitons of positive polarity can appear after wave passage through the critical 

point. 

In the case of a flat bottom, formula (26) provides the well-known result of terminal soliton 

decay [4–6] (see Eq. (15)). In the ocean with a sloping bottom, the extinction distance Xe 

becomes greater for the soliton of the same initial amplitude as in the case of a flat bottom (cf. 

lines 3 and 2). But if the initial soliton amplitude decreases, and its widths increases, then the 

extinction distance decreases (cf. lines 6 and 3). In the opposite case, when the initial soliton 

amplitude increases (and its width decreases), the extinction distance increases and starting from 

a certain critical amplitude it completely disappears, because a soliton approaches a position 

where it is destroyed due to the vanishing of the nonlinear coefficient  at h2 = h1 (see lines 4 

and 5). For the set of parameters used to generate the plots shown in Fig. 9 this occurs when the 

soliton amplitude attains 50 m which corresponds to a strongly nonlinear solitary wave with A0 = 
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h0. The Ostrovsky model is formally inapplicable to such strong waves, but fortunately, it still 

provides quite reasonable estimates even in such cases (see, for example, [25–27]). 

A similar analysis can be carried out for the case when at the initial point x = x0 the thickness 

of the lower layer is h2 < h1, and then decreases with x when a soliton moves onshore (note that 

in this case soliton amplitude is positive, i.e. it looks like a hump on a pycnocline). Formula (26) 

is still applicable and provides the results for the soliton amplitude as the function of a distance 

shown in Fig. 10. This figure again clearly illustrates the competing effects of rotation and 

shoaling. In a non-rotating fluid soliton amplitude increases due to shoaling in accordance with 

the formula (see line 1 in the figure): 
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Fig. 10. Dependence of soliton amplitude on distance. Line 1 pertains to the case of non-rotating 

fluid as per Eq. (28); other lines pertain to a rotating fluid: line 2 – corresponds to the case a flat 

bottom and A0 = 10 m; other lines 3–6 correspond to the linearly decreasing bottom and A0 = 5 m 

(line 3); A0 = 7.5 m (line 4); A0 = 10 m (line 5); A0 = 15 m (line 6). Dashed line 7 shows the 

reference case when soliton moves in the non-rotating fluid with a flat bottom. The plot was 

generated for h1 = 50 m, h0 = 49 m, f = 10–4 s–1, g' = 2.910–2 m/s2, and L = 103 km. 

 

In the rotating fluid with a flat bottom a soliton of initial amplitude A0 = 10 m terminally 

decays at Xterm = 0.16L (see line 2), whereas a soliton of the same initial amplitude does not 
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disappear in the fluid with a linearly increasing bottom (see line 5). Its amplitude slightly 

increases in the beginning, then gradually decreases, and, at last, abruptly increases when the 

thickness of the lower layer becomes very small. Similar behavior occurs with a soliton of A0 = 

7.5 m (see line 4), whereas a soliton of initial amplitude A0 = 5 m experiences a terminal decay, 

but over a longer distance than in the flat bottom case (cf. lines 2 and 3). Solitons with the initial 

amplitudes A0 > 15 m always have amplitudes greater than the initial one (see line 6). 

 

4.2. Dynamics of a KdV soliton with a constant amplitude over a special bottom profile 

The similar effect of a competition between the rotation and shoaling can be considered for 

internal waves in a two-layer fluid. In this case, using Eq. (9) and coefficients of the Ostrovsky 

equation (3), we obtain the equation for the depth profile: 
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  (29) 

where g' = g / (see Eq. (3)).  

The solution to this equation depends on the initial thickness of the lower layer h0 when a 

soliton commences its motion toward the beach. If h2 > 2h1, then the solution in the implicit form 

is:  
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where L = (g'/f 2)(|A0|/6h1)
1/2 is the characteristic scale of depth variation. This dependence is 

shown in Fig. 11 by line 1. 

If the initial thickness of the lower layer is in the range h1 < h2 < 2h1, then the solution in the 

implicit form is:  
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    (31) 
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This dependence is shown in Fig. 11 by line 2 with the choice of the arbitrary parameter, which 

provides matching of lines 1 and 2 at the level h2 = 2h1 (see dashed line 7). 
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Fig. 11. Normalised depth z/H where H = h1 + h2(0) as a function of x according to Eqs. (30) and 

(31). Line 1 pertains to the case when h2 > 2h1, line 2 – to the case when h1 < h2 < 2h1, and line 3 

– to the case when 0 < h2 < h1. Line 4 shows a free surface, and line 5 – a pycnocline with the 

solitons of negative polarity, if h2 > h1, and positive polarity if h2 < h1. Line 6 shows the critical 

depth where h2 = h1, and the vertical dashed line 8 shows the distance where the bottom attains 

the level where h2 = 2h1 (see line 7). 

 

As is well-known, solitary waves on the interface have negative polarities (depression waves 

as shown schematically in Fig. 11) if the lower layer is thicker than the upper layer; otherwise 

solitary waves have positive polarities. For such a hydrology configuration when h2 < h1 the 

bottom profile providing soliton propagation in a rotating fluid with the constant amplitude is 

also possible. It follows from the solution of Eq. (29) where h2 and h1 should be inter-replaced; 

the corresponding solution reduces again to Eq. (31) and is shown in Fig. 11 by line 3. 

The dependences of coefficients in Eq. (1) on the distance for the specific bottom profiles are 

shown in Fig. 12. Vertical dashed lines show the distances where h2 = 2h1 (line 5), h2 = h1 (line 

6), and h2 = 0 (line 7). 
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Fig. 12. Normalised dependences of coefficients of Ostrovsky equation (1) for internal waves on 

distance in a water with a specific bottom profile as per Eqs. (30) and (31).  Line 1 shows c (x)/c 

(0), line 2 –  (x)/ (0); line 3 –  (x)/ (0); line 4 –  (x)/ (0). Dashed vertical line 5 shows the 

distance where h2 = 2h1, dashed vertical line 6 shows the distance where h2 = h1, and dashed 

vertical line 7 shows the distance where h2 = 0. The plot was generated for h1 = 50 m, h0 = 450 

m, f = 10–4 s–1, g' = 2.910–2 m/s2, and L = 103 km. 

 

In the particular case, when the amplitude of internal soliton remains constant in the course 

of propagation over the bottom of a special profile, its width varies as:  
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This dependence in the normalized form 
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 is shown in Fig. 13 for three 

intervals of x-axis: (1) where h2 > 2h1 (line 1), (2) where h1 < h2 < 2h1 (line 2), (3) where 0 < h2 < 

h1 (line 3).  Soliton width decreases at the first interval until it reaches the minimum value (x) = 

42(0)/9. 

Note that a similar effect of reflectionless propagation of linear internal waves in two-layer 

fluid was considered for specific bottom configurations (see [20] and other references therein). 

This allows internal waves travelling over large distances to transfer significant portions of 

momentum and energy toward the beach. 
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Fig. 13 (color online). Normalised dependences of soliton width for internal waves on distance in 

a water with a specific bottom profile as per Eqs. (30) and (31). Dashed vertical line 4 shows the 

distance where h2 = 2h1, dashed vertical line 5 shows the distance where h2 = h1, and dashed 

vertical line 6 shows the distance where h2 = 0, dashed horizontal line 7 shows the minimal value 

of soliton width. The plot was generated for h1 = 50 m, h0 = 450 m, f = 10–4 s–1, g' = 2.910–2 

m/s2, and L = 103 km. 

 

5. Numerical solution for soliton dynamics in inhomogeneous rotating fluid 

From the numerical point of view, it is convenient to present Eq. (4) in the dimensionless form, 

following the well-known procedure (see, for example, [19]: 
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Equation (33) was numerically solved with the periodic boundary conditions on  using a 

solitary wave (5) as the boundary condition at s = 0 (the numerical algorithm was described in 

Ref. [28]).  Results of computations for surface waves are shown in Fig. 14; similar results were 

obtained for internal waves in a two-layer fluid. 

First of all, it was validated that the numerical code provides the correct data for a KdV 

soliton moving toward a shore over the linearly decreasing bottom without the rotation effect. As 

one can see, the numerical data around line 1 (triangles) are in a good agreement with the 
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theoretical prediction which follows from Eq. (17) with f = 0 (see line 1 in Fig. 3). The numerical 

data around line 2 (rhombuses) also agree well with the corresponding theoretical dependence 

for the case of rotating fluid with the linearly decreasing depth as per Eq. (17) and A0 = 2 m. The 

numerical data shown by dots pertain to the case when soliton of a constant amplitude 

propagates over the bottom of a special profile as per Eq. (21) and A0 = 4 m. In the latter case 

soliton amplitude remains constant, but its width decreases in accordance with the formula 

derived in Section 3.2, c(x) = c(0)(1 + x/2L)–3. 
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Fig. 14. Normalised soliton amplitude as a function of distance. Line 1 – theoretical dependence 

in the case of non-rotating fluid with the linearly decreasing depth; line 2 – theoretical 

dependence for the rotating fluid with the linearly decreasing depth and A0 = 2 m, and line 3 is 

the constant amplitude predication for the case of special bottom profile as per Eq. (21) and A0 = 

4 m. Symbols represent numerical data for the corresponding theoretical dependences. The plot 

was generated for h(0) = 500 m, L = 7.6104 km, and f = 10–4 s–1. 

 

In Fig. 15 one can see a comparison of initial surface soliton (line 1) at the position where the 

total depth was H = 500 m with the soliton at the positions where the total depth has decreased 

up to H = 329 m (line 2), and then further decreased up to H = 225 m (line 3). If the bottom was 

plane, then the soliton would disappear travelling over the same distance. However, travelling 

over the bottom of a special profile as per Eq. (21), the soliton keeps its amplitude, but 

noticeably shrinks, as predicted. In the tail part of a soliton shown by line 2 one can see 

formation of a secondary soliton which becomes well pronounced in line 3. This is a typical 
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process accompanying terminal decay of KdV solitons [29, 6, 8] which eventually ends up with 

the formation of an envelope soliton in the fluid with a flat bottom [7–12]. In the fluid with the 

decreasing bottom, formation of envelope solitons at certain conditions can be suppressed by the 

shoaling effect. However, the study of long-term evolution of solitons and the possibility of 

envelope soliton formation in a fluid with an uneven bottom is beyond the scope of this paper. 
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Fig. 15. Soliton profiles at different positions. Line 1 shows the initial KdV soliton at the depth H 

= 500 m; line 2 shows the soliton travelling over some distance where the total depth is H = 329 

m, and line 3 shows the soliton travelling further for the same distance where the total depth 

decreases up to H = 225 m. 

 

The asymptotic theory used in this paper is applicable, when the perturbation terms in the 

generalized KdV equation (1) proportional to  and dc/dx are relatively small in comparison with 

the nonlinear and dispersive terms (which, in turn, are assumed to be small in comparison with 

the first two terms). Therefore, the developed here theory is applicable to solitary waves of 

relatively small or moderate amplitudes. In the meantime, it is of interest to investigate soliton 

behavior in the cases, when the perturbative terms are not so small, but comparable with the 

nonlinear and dispersive terms. The non-adiabatic evolution of a solitary wave in a coastal zone 

with a relatively strong bottom inhomogeneity has been studied numerically. Figure 16 

demonstrates the dependences of soliton amplitude with the initial value A0 = 2 m for several 

bottom slopes in the model with the linearly decreasing depth starting from h(0) = 500 m (see 

line 1 in Fig. 1); the Coriolis parameter was fixed, f = 10–4 s–1. Lines 1 and 2 in this figure are the 

same as in Fig. 14; they are shown here again as the reference plots for the sake of comparison 
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with the cases when the asymptotic theory is applicable. Line 1 pertains to the case, when there 

is no fluid rotation; triangles are the numerical data. Line 2 is the theoretical dependence 

provided by the asymptotic theory with the numerical data (rhombuses) for the rotating fluid 

with a very small bottom slope (L = 7.6104 km). Line 3 represents the interpolation of numerical 

data (boxes) in the case of rotating fluid with a moderate bottom slope (L = 7.6103 km), but still 

beyond the asymptotic theory, and line 4 is the same as in line 3, but with a big bottom slope (L 

= 7.6102 km). 
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Fig. 16. Normalised soliton amplitude as a function of distance. Line 1 – theoretical dependence 

in the case of non-rotating fluid with the linearly decreasing depth; line 2 – theoretical 

dependence for the rotating fluid with the linearly decreasing depth and L = 76,000 km, line 3 – 

the best feet line for the numerical data in the case of linearly decreasing depth with L = 7,600 

km in the rotating fluid, and line 4 is the same as line 3, but with L = 760 km. Symbols represent 

numerical data. The plot was generated for h(0) = 500 m, f = 10–4 s–1, and the initial soliton 

amplitude is A0 = 2 m. 

  

As follows from this figure, soliton amplitude monotonically increases upon approaching the 

coast. In the case of a moderate bottom slope, the amplitude dependence on distance (line 3) is 

qualitatively similar to the prediction of asymptotic theory for the non-rotating (line 1) and 

rotating (line 2) fluids. However, in the case of a big bottom slope, the character of amplitude 

dependence on distance is different (see line 4); under the synergetic action of rotation and 

bottom topography, the amplitude changes very slowly first, and then it abruptly increases 
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When the bottom slope is moderate (L = 7,600 km), the solitary wave profile remains 

qualitatively the same as in the case of a very small slope (see Fig. 17a). However, in the case of 

a big slope (L = 760 km), the incoming solitary wave breaks into a number of secondary solitary 

waves as shown in Fig. 17b). Line 4 in Fig. 16 shows the amplitude of only the first solitary 

wave growing with distance when it approaching the coast. 
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Fig. 17. Soliton profiles at different positions. Lines 1 in both frames show the initial KdV 

soliton at the depth H = 500 m. In frame a) solitary wave profiles are shown at the depths H = 

203.5 m (line 2), 174.8 m (line 3), 143.5 m (line 4), 108.4 m (line 5). In frame b) solitary wave 

profiles are shown at the depths H = 153.5 m (line 2), 122.5 m (line 3), 86.9 m (line 4), 41.1 m 

(line 5). 

 

6. Discussion and conclusion 

The main aim of this paper was to demonstrate the specific interplay of two effects, fluid 

rotation and shoaling, on the dynamics of solitary waves in coastal zones. It has been shown that 
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even within the framework of a relatively simple model of the Ostrovsky equation with the 

linearly decreasing bottom, some interesting and non-trivial effects can occur. In particular, the 

shoaling effect can suppress the terminal decay of solitary waves caused by the effect of the 

Earth’s rotation. 

It was suggested that with some special arrangements, solitary waves can propagate toward 

the beach with a constant amplitude of surface or pycnocline displacement. This idea has been 

confirmed and the corresponding conditions relating to the bottom profile and initial soliton 

amplitude have been found for both the surface and the internal waves. Note that, as follows 

from the linearised Euler equation, the particle velocity in a long surface wave is u ~ g /c(x). 

Therefore in the case of a soliton moving with a constant amplitude A0 over the bottom of the 

special profile as per Eq. (21), the particle speed increases as 0 0 0( ) (1 2 )u A g h x A x L g h . 

All theoretical derivations have been validated by direct numerical modelling within the 

framework of the Ostrovsky equation with the variable coefficients. The estimates for the 

applicability of asymptotic theory used in this paper have been presented.  

The numerical modelling within the framework of original Ostrovsky equation has confirmed 

the theoretical predictions for the relatively small bottom slope, when the asymptotic theory is 

applicable. It was found a very good agreement between the theoretical outcomes and numerical 

data in such cases, both for the constant slope bottom profile and for the special bottom profile, 

which provides soliton propagation with a constant amplitude. However, the range of 

applicability of asymptotic theory for oceanic waves can be very limited (especially for surface 

waves), because it requires relatively small bottom slopes and, as the result, very long distances 

for the manifestation of effects described in this paper (perhaps, in other fields, e.g., in plasma 

physics, there is a wide range of theory applicability). In the case of relatively big bottom slope, 

the numerical data provide the results, which are qualitatively similar to those predicted by the 

asymptotic theory, but quantitatively different (cf. lines 3 and 2 in Fig. 16). When the bottom 

slope is too big, the incoming solitary wave breaks into a number of secondary solitons (see Fig. 

17b); this process is beyond the formal range of applicability of asymptotic theory developed in 

this paper. Nevertheless, even in this case the dependence of first solitary wave amplitude on 

distance is close to the prediction of asymptotic theory (cf. lines 4 and 2 in Fig. 16).   

The results obtained can be useful for the analysis of observations of internal wave dynamics 

in coastal zones (see, e.g., [19]). With minor modifications, the ideas and results of this paper can 
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be used in other physical areas, for example, in plasma physics and solid-state physics where 

similar Ostrovsky equations have been derived. 
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Appendix 

The primitive set of hydrodynamic equations in the long-wave approximation for surface gravity 

waves is [31]: 

  0h
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where  is the perturbation of a free surface, q = (u, ) is the depth averaged fluid velocity with 

two horizontal components, longitudinal u and transverse , f = f n, where f = 2 sinis the 

Coriolis parameter,  is the angular frequency of Earth rotation,  is the local geographic 

latitude, n is the unit vector normal to the Earth surface, and  = (/x, /y). The similar 

equations were derived for internal waves [1, 5, 7].  

In the linear approximation for waves propagating in the x-direction, we obtain from these 

equations: 
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Then, the wave energy density integrated over a depth h through the cross-section x = 

constant and averaged over a wave period T is: 
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where the angular brackets stand for time averaging. This quantity conserves in the 

homogeneous fluid, whereas in the spatially inhomogeneous case the conserved quantity is the 

wave energy flux through the cross-section x = constant, i.e. J = <E>c(x) = constant.  

In the case of wave processes described by the Ostrovsky equation (1), it is assumed that f << 

, therefore the rotation-induced correction to the wave energy is very small and can be 

neglected. Then the expression for the wave energy <E> coincides with the well-known formula 

for the non-rotating fluid (f = 0) (see, for example, [32, 33] and references therein).  
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