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Abstract: We consider approximate, exact, and numerical solutions to the cylindrical Korteweg—de
Vries equation. We show that there are different types of solitary waves and obtain the dependence of
their parameters on distance. Then, we study the interaction of solitary waves of different types.
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1. Introduction

The study of weakly nonlinear cylindrical waves in dispersive media has a long
history. In 1959 | ordansky derived the cylindrical version of the Korteweg—de Vries (cKdV)
Equation [1] for surface waves in a fluid. A similar equation was later derived for water
and plasma waves by various authors [2-8]. Currently, the cylindrical KdV equation is
one of the basic equations of contemporary mathematical physics. In application to the
description of outgoing waves with axisymmetric fronts, the equation in the proper physical
coordinates reads:
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where c is the speed of long linear waves for which dispersion is negligible (8 = 0), « is
the nonlinear coefficient, and § is the dispersive coefficient. Here r stands for the radial
coordinate and t is time. The derivation of this equation is based on the assumption that
the last three terms that describe the effects of weak nonlinearity, dispersion, and geometric
divergence are relatively small (compared to the first two linear terms) and are of the same
magnitude of smallness. The smallness of the geometric divergence presumes that the cKdV
equation is valid at big distances from the centre of the polar coordinate frame where r > A,
and A is the characteristic width of a wave perturbation. A similar equation describing
incoming waves can be also derived; it differs from Equation (1) only by the sign minus in
front of the second term. In such a form the cKdV equation was used for the interpretation
of physical experiments with plasma waves in laboratory chambers [4,6,9] (however, it
becomes invalid when a wave approaches the origin). The importance of the cKdV equation
in water wave problems is related to circular perturbations which can appear due to “point
sources” produced by underwater earthquakes, volcanoes, atmospheric pressure, fallen
meteorites, etc. Moreover, there are many observations when quasi-cylindrical internal
waves are generated due to water intrusion in certain basins (see, for example, in the
Internet numerous satellite images of internal waves generated by Atlantic water intrusions
in the Mediterranean Sea due to the tide).

The generalised cKdV equation was derived by McMillan and Sutherland [10] who
considered the generation and evolution of solitary waves by intrusive gravity currents
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in a two-layer fluid. Another generalised cKdV model was derived for the description
of surface and internal ring waves subject to shear flows [11-13]. However, in this paper,
we do not consider the influence of intrusions or shear flows, as well as the environment
inhomogeneity on wave dynamics focusing on the structure of solitary waves and their
interactions within the standard cKdV equation.

In 1976 Dryuma discovered that the cKdV equation is completely integrable [14]
and found self-similar (but singular) solutions to this equation. Nonsingular self-similar
solutions were found later in several papers [5,15-17]. There were also derived approximate
solutions in the form of KdV solitons with gradually varying parameters (amplitude, width,
and speed) [18,19]. As was shown in all these papers, amplitudes of outgoing waves
decay as A(r) ~ r~2/3, and their characteristic duration increase as T(r) ~ r1/3. Later exact
solutions to the cKdV equation were derived by Calogero and Degasperis [20] (see also [15]),
as well as by Nakamura and Chen [21]. The structure of exact solutions constructed by
these authors was mathematically very similar to N-soliton solutions to the KdV equation.
Despite the numerous publications on cylindrical waves described by the cKdV equation,
the structure of cylindrically diverging solitary waves was not been properly analysed in
detail until now. Their role in the dynamics of initial pulse-type perturbations as well as
interactions with each other was not studied too. Therefore, the main aim of this paper is
to fill in the gap in the knowledge in this field.

2. Solitary Wave Solutions to the Cylindrical Korteweg—-De Vries Equation
2.1. Dimensionless form of the cKdV Equation and Connection of cKdV with the Plane
KdV Equation
It is convenient to study solutions of the cKdV equation in the dimensionless form. To
this end, we make the transformation:

r=r, T=—(p/2) Pt —r/c), v=w(2?/B)u/6 @

and present Equation (1) in the form (the symbol prime of r can be omitted):

60— s+ 5 =0 3)

If we omit the last term in this equation, we obtain the classical KdV equation; one of

its exact solutions in the form of a soliton is:
o(r,T) =A sechzﬁ. 4)

Here, A is the soliton amplitude, T = 1/2/ A is its characteristic duration, and V =1/ (24)
is soliton speed. (Note that in this variable the speed looks a bit unusual; it is inverse
proportional to the soliton amplitude A. However, in the original physical variables,
the dimensional soliton speed is determined as 1/Vs = 1/c — (B/ 2c5)1/ 3(1 /V)=1/c—
(B/ 2c5)1/ 32A = 1/c — aAs/3c, where A; is the dimensional soliton amplitude—see the
transformations (2). This gives Vs = ¢/ (1 — aAs/3) ~ ¢(1+ aA;/3), where approximation
is valid for small-amplitude solitons which is in agreement with the assumption of a weak
nonlinearity in the KdV equation.) Below we present an approximate and exact solutions
to the cKdV Equation (3).

There is a relationship between the ordinary KdV equation and cKdV equation es-
tablished for the first time by A.A. and B.A. Lugovtsovs [22], and then found also in
Refs. [23,24]. Making the transformation:

v =-2t/r, ¥'=4/r*, o =(v+1/4)/r (5)

one can reduce the classic KdV Equation (Equation (3) without the last term on the left-hand
side) to the cKdV Equation (3). Formally, this allows us to obtain wide classes of exact solu-
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tions from the corresponding solutions of the KdV equation, including N-soliton solutions
(some examples are presented in Refs. [24,25]). However, all such solutions, apparently, are
physically meaningless as they contain time-dependent nonuniform background.

2.2. Asymptotic Solution of the Cylindrical KdV Equation

In the cylindrical case, the soliton solution (4) is no longer the exact solution; however,
if the last term in the cKdV Equation (3) is small compared to the nonlinear and dispersive
terms, then we can assume that the structure of a pulse having a shape of the KdV soliton (4)
given at some distance ry > A = VT remains the same in the outgoing wave, whereas its
amplitude and other parameter are slowly varying function of r. Therefore, the approximate
solution can be presented as:

zr—fdr/V(r).

v(r,T) = A(r) sech T0)

©
The dependence of soliton amplitude on r can be found from the equation of energy
flux conservation. Multiplying Equation (3) by v and integrating over T from minus to plus

infinity, we obtain:
—+00

r / v?(r,7) dT = const. (7)

—00

Substituting here solution (6) and bearing in mind the relationship between T and A, we
derive:
A(r) = Ao(r/r0) 27, T(r) = To(r/r0)' ">, ®)

These are the laws of parameter variations in the nonlinear outgoing waves which were
obtained in the papers cited above [18,19] and in many others (see, for example, Refs. [26-29]).
Both the experimental and numerical data confirm the dependencies (8) derived in the adi-
abatical approximation for cylindrical solitons (see, e.g., [27,29] and references therein). For
the numerical study, we used the explicit finite-difference scheme described by Berezin [30]
(see also [28]). Figure 1 illustrates a comparison of a typical cylindrical solitary wave as a
function of T plotted on the basis of the adiabatic Formulae (6), (8) and as obtained from
the direct numerical solution of Equation (3).

The initial amplitude of the KdV soliton was chosen to be Ag = 1 at T = 500 (for
other amplitudes, the results were very similar). After a while at T = 809.6, the amplitude
dropped to A(809.6) = 0.625. As one can see from Figure 1, the shapes of approximate
and numerical solutions are not distinguishable by the naked eye. In a more detailed
comparison, one can notice that a small amplitude long tail of negative polarity forms
behind the soliton in the numerical solution as shown in Figure 1b). The tail shape can be
described in the next approximation of the asymptotic theory (see, for example, [31,32]).
The same results were obtained by Johnson [33] who also derived the analytical expression
for the tail (see also Appendix C in Ref. [2] where Grimshaw estimated the decay of the tail
amplitude of the negative polarity as r~2/3).

As has been mentioned, the approximate solution is valid at a big distance from the
centre of a polar coordinate frame, where  >> A and when the last geometric term is
small compared to the nonlinear and dispersive terms. However, in the course of solitary
wave propagation, its parameters vary and the used approximation can become invalid.
Therefore, it is of interest to estimate the validity of the approximate soliton solution (6), (8)
at different distances. To this end, let us compare the last term in Equation (3) with the
nonlinear term on the soliton solution:

Y62, T To(r/r)'? T _ Ay

~ = = . 9
2r ot 12A(r)r  12A¢(r/ro)"2/3r  12A¢ 6v/2 ©
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From this formula one can see that the ratio of these two terms does not depend on r; it
remains small if it was small at the beginning when r = ry.
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Figure 1. (colour online). Comparison of the approximate solution (6), (8) with the numerical solution
for the initial pulse in the form of a KdV soliton. Panel (a) demonstrates that the numerical solution
(red line) is indistinguishable from the approximate solution (blue line). However, a small-amplitude
long tail of negative polarity can be seen behind the soliton in the numerical solution when the plot is
zoomed in as shown in panel (b).

It is worth remembering that in this paper we study solitary waves within the frame-
work of the cKdV equation when it is applicable to particular physical systems. In general,
the amplitude decay of cylindrical waves can be different from the soliton amplitude de-
pendence A ~ r=2/3. As is well known, amplitudes of linear waves in cylindrical systems
without dispersion vary as A ~ r~1/2, and linear waves in cylindrical systems with disper-
sion vary as A ~ r~1. All these amplitude dependencies for pulse-type initial perturbations
were observed in experiments with electromagnetic waves in 2D lattices [19,26]. Similar
results were obtained in the numerical study of radially spreading axisymmetric intrusions
and solitary waves [10].

Diverging KdV-like solitons interact in a similar manner as classical KdV solitons.
Figure 2 illustrates the typical overtaking interaction of two KdV-like solitons within the
framework of cKdV Equation (3) obtained by direct numerical modelling of this equation
with the initial condition in the form of two KdV solitons of different amplitudes (A; = 0.2;
Ay =1).
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Figure 2. (colour online). The typical overtaking interaction of two KdV-like solitons in outgoing
cylindrical waves.

2.3. Exact Solutions of the cKdV Equation

The first nontrivial exact solutions to the cKdV equation were obtained by Calogero
and Degasperis [20]. Solutions were presented in terms of the Airy function Ai(z). As was
shown later by Nakamura and Chen [21], exact solutions can be presented through the
Hirota transform: v(r, T) = 20%f(r, T) /972. Then, the simplest solution is:

2

fr,t) =1+ (1285)1/3{[2(7’,17) —z1(r, )] A% (z — 21) — [AY'(z — zl)]z}, (10)

where ¢, p, and 17 are some arbitrary constants, and

T

T

z(r,T) = W

z1(r, 1) = (11)

The symbol prime in Equation (10) stands for differentiation with respect to the function
argument. Note that in terms of the function f(r,7), solution (10) is the typical self-
similar solution on the constant pedestal. However, in the original variable v(r, T), the
corresponding solution is more complicated, it is neither self-similar nor a travelling-
wave solution. One of the typical exact solutions is plotted in Figure 3 for the particular
parameters ¢ = —0.01, p = 1, and 7y = 150. This solution represents a wave that pulls
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into the origin as one can see from the right column of Figure 3. Approaching the origin,
the wavelength drastically decreases and goes to zero. However, in the vicinity of the
origin solution becomes invalid anyway because, as mentioned above, the cKdV equation
is applicable only at relatively big distances from the origin. Apparently, such solutions are
out of physical interest.
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Figure 3. (colour online). The typical exact solution of the cKdV equation in terms of the Airy function
Ai(z) (10) with the following parameters: ¢ = —0.01, p = 1, and 7y = 150. In the left column one can
see the dependence of v(7) for two distances, ¥ = 50 and r = 100; in the right column solution is
presented as a function of r for two different times, T = 0 and T = 20. (Note that in the vicinity of the
origin, the plot is simply cut; therefore, it appears that the solution is constant.)

The genuine self-similar solution in terms of function v(r, T) can be obtained if we set
£p2 — o0 [34]. Then, we obtain:

2 42

Uss (1, T) = (127)2/3 a2

In { 2(r,T) — z1(r,71)|Ai%(z — 1) — [Al'(z - zl)]z}. (12)

Such a solution was considered in [35] in application to the water-wave problem.

The self-similar solution to the cKdV equation can be obtained if we seek a solution
in the form v(r, T) = r*F(¢), where & = rPT7 (the similar approach was used in [36] for
the KdV equation). Substituting this form of the solution in Equation (3), we obtain after
simple manipulation that function F({) must satisfy the ODE:

F" 4+ 6FF — 22F 4 3F = (13)
3

provided that « = —2/3, B = —1/3, v = 1. This agrees with the solution (12) if we set
F= 055(121’)2/3/2.

Calogero and Degasperis wrote that solutions that they constructed “are in some sense
the analogous of the single-soliton solutions (although they are not quite localised, having
a slowly vanishing wiggling tail)”. The analysis of solution (10) shows that it describes a
wave perturbation that decays in space as r~%/3 whereas its duration increases with the
distance as /3, i.e., these quantities vary in space in the same manner as the parameters
(amplitude and duration) of a solitary wave in the approximate solution (6), (8). Even more
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complicated solutions mathematically similar to N-soliton solutions can be constructed but
all of them are far from real solitary waves.

Nakamura and Chen [21] found that compact pulse-type solutions can be obtained if
one replaces the first-kind Airy function Ai(z) in the solution (10) with the second-kind
Airy function Bi(z). Then, the simplest solution looks pretty much the same as the KdV
soliton, at least in its leading part.

As an example, we show in Figure 4a the comparison of solution (10) with the function
Bi(z) with the KdV soliton of the same amplitude at 7 = 25. As one can see, the leading
parts of these solutions are practically the same; the only difference is in the rear parts
of the solutions. The same good agreements were confirmed for the solutions of equal
amplitudes at other distances. However, in contrast to KdV-like solitons, solitary waves in
the solution of Nakamura and Chen [21] are accompanied by well-visible positive polarity
tails (cf. Figure 1b). Solutions with Airy functions of the second-kind Bi(z) are also singular
atr = 0, similar to solutions with Airy functions of the first-kind Ai(z) (see, for example,
Figure 4b). However, in this kind of solutions, the leading part being far from the origin,
make sense and their shapes are well-approximated by KdV solitons as shown in Figure 4a.

Vv
r=25
0.3
a) o2
r =100
0.1 KdV soliton r=250
0 — 3
25 50 75 100 125 150
Vv
A0 17T= 30
b)
1
=50
=70
0
0 12 24 36 48 60

Figure 4. (colour online). Exact solution of the cKdV equation in terms of the second-kind Airy
function Bi(z) (10) with the following parameters: ¢ = 1074, p = 1073, and 7; = 10. Panel (a) shows
the dependence of the solution on time 7 for the fixed distances, and panel (b) shows the dependence
of the solution on distance r for the fixed times.

Despite solutions (10) with either first-kind or second-kind Airy functions are not
exactly self-similar or travelling-wave solutions, we will call, conditionally solution (10)
with the second-kind Airy function Bi(z) the self-similar soliton (ss-soliton). Figure 5 shows
the diverging ss-soliton at different time moments. In the last frame at 7 = 100, one can see
a singularity at the centre r = 0.
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Figure 5. (colour online). The typical cylindrically diverging self-similar soliton described by
function (10) with the Airy function of the second kind Bi(z) (10). The plot was generated for the
same parameters as in Figure 4. Here x and y are the Cartesian coordinates such that 72 = x% 4 2.

The “two-soliton solution” in terms of function f(, T) can be presented in the form [21]:

_ o| a1n ap | _ | T4eann  eap
R e I I I A
where the quantities a;; are defined by the following expressions:
i wi(z —zj) wi(z — zj) —wi(z —z)) wi(z —z;) § 5
ai]' — (121’)1/3 Zi — Zj , 1 7& ] ( )
2

- 2 o

a; = (12i)’l)1/3{(z_2i)wlz(z_2i) — [wi(z — z)] }, i=j. (16)

where i,j = 1,2, and w;(z) are either Airy function of the first kind Ai(z) or Airy function
of the second kind Bi(z). However, as has been aforementioned, solutions with the function
Ai(z) do not represent pulse-type waves; therefore, we consider further only solutions with
the second-type Airy function Bi(z).

A typical two-soliton solution described by Equations (14)-(16) with w(z) = Bi(z) is
illustrated by Figure 6. In this figure, one can see the time dependence of function v(7) at
three distances from the centre. The interaction of two ss-solitons resembles the overtaking
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type interaction of KdV solitons [37] when two peaks merge at some distance (at » = 400 in
our figure) and then, they slowly separate. However, the separation lasts a very long time
and even at big distances the pulses remain coupled as illustrated by Figure 6.

\'
0.8 r=10
r =400
0.6
r=2.10°

0.4

0.2 r =10*

-
0 100 200 300 400 500 600 7

Figure 6. (colour online). Exact two-soliton solution of the cKdV equation in terms of the second-kind
Airy function Bi(z) as per Equations (14)—(16) with the following parameters: ¢ = 1074, p; = 1073,
p2 = 107%, 7 = 25,and 1, = —10. To make graphics clearly visible, we multiplied function v(7) by 4
atr =400, by 16 atr = 2- 103, and by 25 at r = 10*.

There is also the process of fission of an initial pulse-type perturbation into ss-solitons
that looks very similar to the pure soliton breakdown of a pulse in the plane KdV equation.
An example of such a process is shown in Figure 7.

Vv
1 r=10
08 r=50
0.6 {
r=10°
0.4
/\ r =10*
0.2
0 J
0 600 T

Figure 7. (colour online). Fission of initial pulse at r = 10 onto two ss-solitons within the exact
solution described by Equations (14)—(16) with the following parameters: ¢ = 1074, p1 = 01,
p2 =107%, 11 = 0,and 7» = —10. To make graphics clearly visible, we multiplied function v(t) by 5
atr =50, by 15at r = 103, and by 45 at r = 10*.

The physical importance of such solutions is not clear but mathematically they are
very interesting. Johnson in his paper [35] mentioned that the “choice of either Bi or Ai
functions does not lead to a proper solution of the cKdV equation” but he assumed that,
perhaps, there is some mileage in describing the evolution of pulse-type initial profiles in
terms of such functions.
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3. Pulse Disintegration into KdV-like Solitons and Interaction of KdV Solitons
with ss-Solitons

As was shown above, a KdV soliton is very robust in the cylindrical system and keeps
its identity even in the process of decay due to geometrical divergence. The interaction
between two KdV-like solitons is very much similar to the interaction of KdV solitons in
the plane case. It is natural to expect that solitons can emerge from wide initial pulses in
the same manner as in the plane case. To confirm this conjecture, we conducted numerical
experiments with wider initial pulses which gives rise to the emergence of several solitons
in the plane KdV equation. The typical example with three solitons emergence is shown
in Figure 8. This example corresponds to the pure soliton decay of a sech?-pulse in the
plane KdV equation. We see that in the cKdV equation the same pure soliton decay occurs
at the early stage of evolution and then, each soliton experiences the adiabatic decay in
accordance with the asymptotic Formulae (6) and (8).

151V
1
0.5
C) T
0
475 500 525 550
151V
1
0.5
0 b) T
475 500 525 550
151V
1
0.5
a) T
0
475 500 525 550

Figure 8. (colour online). Initial pulse disintegration in the cKdV equation and emergence of KdV-like
solitons. Frame (a) » — rg = 0, frame (b) r — rg = 6, frame (¢) r — rg = 12.

A similar pulse disintegration into a number of solitons was observed for pulses of
positive polarity and different initial duration and amplitudes. A pure soliton disintegration
was observed for the same parameters of an initial pulse as in the plane case. In general, the
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initial pulse breaks into solitons and a trailing dispersive wave train. Fission into solitons
was also observed in a recent paper [38]

It is of interest to study also the interaction of a KdV soliton with an ss-soliton. This
can be performed numerically for the initial condition consisting of one KdV soliton and
one ss-soliton. The result of such interaction is shown in Figure 9.

0.6
0.4

0.2

150 200 250

0.6

0.4

0.2

150 200 250

0.6
0.4

0.2

b)

150 200 250

0.6 KdV soliton

0.4

02 a) ss—soliton
0 /\

150 200 250 T

Figure 9. (colour online). Interaction of the KdV-like soliton with the ss-soliton in outgoing cylindrical
waves. The amplitude of the KdV soliton was Ay = 1 at rg = 100. The parameters of the ss-soliton
were e = 10710, p =1, 7 = 1. Frame (a) r — rp = 160, frame (b) r — ry = 190, frame (c) r — rg = 210,
frame (d) r — rp = 240.

Thus, we see that the travelling KdV-type soliton overtakes the ss-soliton and after the
interaction, both of them restore their shapes and continue moving and decaying due to
the geometrical divergence. Thus, we can conclude that in the weakly nonlinear physical
systems with a small dispersion, the outgoing pulses with cylindrical fronts evolve in
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a similar way as in the plane KdV equation but experience amplitude decay due to the
geometrical divergence.

4. Concluding Remarks

In this paper, we have presented a detailed analysis of solitary wave solutions to the
cylindrical KdV equation. It was shown that soliton-like solutions in the form of KdV soli-
tons exist in this equation. In the process of geometrical divergence, such solitons gradually
decay so that the total energy of the initial pulse is conserved, E = [ 5?rdt = const, where
the integration should be carried out over 7 in the infinite limits, —co < T < +o0. There are
also exact solutions of the cKdV Equation [21] which have pulse-type shapes (ss-solitons)
that are very similar to KdV solitons of the same amplitudes. Their parameters (amplitudes
and duration) vary with the distance in the same manner as in the diverging KdV-like
solitons, A ~ r=2/ 3T ~ r1/3, However, such solutions are not travelling waves but are
closer to self-similar solutions.

A numerical study of interactions between KdV-like solitons, ss-solitons, as well
as between KdV-like and ss-solitons revealed that all of such solitons are robust and,
apparently, interact elastically. A general pulse-type initial perturbation of positive polarity
in the course of evolution experiences a breakdown into a number of KdV-like solitons and
trailing dispersive wavetrain. Each of emerged KdV-like solitons decays then individually
due to the geometrical divergence.

In conclusion, we note that some asymptotic solutions to the cKdV equation were
obtained in Refs. [39,40]. Using symbolic computation, Gao and Tian [41] constructed a few
self-similar solutions to the cKdV equation; some of them were mentioned in this paper
and obtained by other authors using analytical methods. However, all these solutions are
out of our current interest as they are not of a soliton-type.

In perspective, we plan to study quasi-cylindrical waves within the cylindrical version
of the Kadomtsev—Petviashvili Equation (alias Johnson equation) [35]. The important
problem to be studied is the stability of a soliton front with respect to small azimuthal
perturbations and lump formations. One more problem to be studied in perspective is the
dynamics of solitons within the cylindrical Gardner equation containing both quadratic
and cubic nonlinearities. Such an equation is applicable to the description of internal waves
in the ocean and the results obtained can be of practical interest.
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